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PREFACE. 



rr^HIS work IB intended to give in one book a thorough prepara- 
tory course for Colleges and Scientific Schools, and in addition 
a safficiently full treatment of the subjects usually read by students 
in general in such institutions. In short, it provides a course 
parallel to the course covered by the author's School and College 
Algebras together. The elementary part is as full as the Schx>ol 
Algebra; the advanced part, however, is briefer than the College 
Algebra. The book is substantially equivalent to the author's 
Complete Algebra, but is greatly superior to that work in the 
arrangement of topics and in the methods of presenting them. 

Preparatory Schools and Academies, if their pupils have had a 
thorough drill in Arithmetic before they begin the study of Algebra, 
will find this book specially suited to their needs. The brighter 
boys of the class can read the advanced chapters while the duller 
boys review the elementary chapters. 

Colleges and Scientific Schools, if their pupils, owing to lack 
of previous drill, have to review carefully the preparatory work 
of the schools before entering upon the college work proper, will find 
in this a convenient and sufficiently full book for their requirements. 

Answers to the problems are bound separately, in paper covers, 
and will be furnished free for pupils when teachers apply to the pub- 
lishers for them. 

Any corrections or suggestions relating to the work will be 

thankfully received. 

G. A. WENTWORTH. 

Phillips Exeteb Aoademt, 

ExETEB, N.H., May, 1891. 
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CHAPTER I. 

DEFINITIONS. 

1. Unite. In counting separate objects the standards by 
which we count are called imite ; and in measuring contin- 
uous magnitudes the standards by which we measure are 
called unite. 

Thus, in counting the boys in a school, the unit is a boy ; in sell- 
ing eggs by the dozen, the unit is a dozen eggs ; in selling bricks by 
the thousand, the unit is a thousand bricks ; in measuring short dis- 
tances, the unit is an inch, a foot, or a yard ; in measuring long 
distances, the unit is a rod or a mile. 

2. ITumbers. Repetitions of the unit are expressed by 
numbers. If a man, in sawing logs into boards, wishes to 
keep a count of the logs, he makes a straight mark for 
every log sawed, and his record at diflferent times will be 
as follows : 

/ // /// //// rw tw I 
mi II fw III iw nil nil tw 

These representative groups are named one, two, three, 
four, five, six, seven, eight, nine, ten, etc., and are known 
collectively under the general name of numbers. It is 
obvious that these representative groups will have the 
same meaning, whatever the nature of the unit counted. 
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DEFINITIONS. 3 

These general symbols are of great advantage in investi- 
gating and stating general laws ; in exhibiting the actual 
method in which a number is made up ; and in represent- 
ing unknown numbers which are to be discovered from 
their relations to known numbers. 

6. Frmoipal Signs of Operations. The signs of the funda- 
mental operations are the same in Algebra as in Arith- 
metic, and are 

The sign + (read phis), the sign of addition. 

The sign — (read Tninus), the sign of subtraction. 

The sign X (read times or into), the sign of multiplication. 

The sign -^ (read divided by), the sign of division. 

The multiplier is sometimes written after the sign, and 
then the sign is read multiplied by. 

The operation of division is often indicated by writing 
the dividend over the divisor with a line between them. 
Thus f means the same as 8 -s- 4. 

7. Signs of Belation. The signs of relation are =, >, <, 
which stand for the words, "is equal to," *'is greater than," 
and " is less than," respectively. 

8. Signs of Aggregation. The signs of aggregation are 

the bar, | ; the vinculum, ; the parenthesis, ( ) ; the 

bracket, [ ] ; and the brace, { { . Thus, each of the expres- 

a 

sions. 



+ h 



, a-{-b, (a+5), [a+5], {a+5}, signifies that 



a+ J is to be treated as a single number. 

9. Signs of Oontinnation. The signs of continuation are 
dots, , or dashes, — , and are read, " and so on." 

10. Sign of Deduction. The sign of deduction is .*., and 
is read, *' hence," or " therefore." 



10 ALGEBRA. 

23. The value of an algebraic expression is the number 
which the expression represents. 

Exercise 1. 

If a=l, 6 = 2, c = 3, rf = 4, e = 5, /=0, find the 
values of the following expressions : 

1. 9a + 2b + Sc-2r. 4. 4ao 8&£_5^ 

•^ b d e 

2. 4e-3a-35 + 6c. 5. Te+bcd-^^- 

2ac 

3. Sabc — bcd+dcde — def. 6. abc^ + bcd^ -— decL* +J^. 

7. e* + 6e''5'^ + 5* - 4c'^> - 4 e6». 

8a' + 35' ■ 4c' + 65' c^ + cf« 
a'5' "^ c'-&' c* * 

9. ^^ 11. ^' + ^' 



b' h'+d^-bd 

10. t+^^ 12. ^^-^^ 



c»_5« e' _|. cc^ 4. c^a 

Note. In finding the value of a compound expression the opera- 
tions indicated for each term must be performed hefore the operation 
indicated by the sign prefixed to the term. Indicated divisions 
should be written in the fractional form, and the sign X should be 
omitted between a figure and a letter, or between two letters. Thus, 

{h^c)^2xc-\-2'^ should be written ^^^ + 26. 

A C 

Simplify the following expressions : 

13. 100 + 80-^4. 16. 25 + 6x4 — 10 -J- 5. 

14. 76-25x2. 16. 24-6x4-^10 + 3. 

17. (24 - 6) X (4 -^10 + 3). 

If a = 2, 5 = 10, a; = 3, y = 5, find the value of 

18. a;y + 4ax2. 20. 3a;+ 7y-T- 7 + a X y. 

19. xy — lbb^b. 21. 66 - 8y-f-2y X 6 -26. 
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nine from six, we cannot do it, because, when we have 
counted backwards as far as zero, the natural series of 
numbers comes to an end. 

13. In order to subtract a greater number from a smaller, 
it is necessary to assume a new series of numbers, begin- 
ning at zero and extending to the left of zero. The series 
to the left of zero must ascend from zero by the repetitions 
of the unit, precisely like the natural series toi;he right of 
zero ; and the opposition between the right-hand series and 
the left-hand series must be clearly marked. This opposi- 
tion is indicated by calling every number in the right-hand 
series a positive number, and prefixing to it, when written, 
the sign -f- ; and by calling every number in the left-hand 
series a negative number, and prefixing to it the sign —, 
The two series of numbers will be written thus : 

-4, -3, -2. -1, 0, +1. +2, +3, +4, 

If, now, we wish to subtract 9 from 6, we begin at 6 in 
the positive series, count nine units in the negative direction 
(to the left), and arrive at — 3 in the negative series. That 
is, 6—9=— 3. 

The result obtained by subtracting a greater number 
from a less, when both are positive, is always a negative 
number. 

If a and b represent any two numbers of the positive 
series, the expression a—b will denote a positive nutnber 
when a is greater than b ; will be equal to zero when a is 
equied to b ; will denote a negative number when a is less 
than b. 

If we wish to add 9 to —6, we begin at —6, in the 
negative series, count nine units in the positive direction 
(to the right), and arrive at -f 3, in the positive series. 
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10 ALGEBRA. 

23. The value of an algebraic expression is the number 
which the expression represents. 

Bxercise 1. 

If a=l, 5 = 2, <? = 3, d = 4, e = 5, /=0, find the 
values of the following expressions : 

1. 9a + 26 + 3(? — 2/. 4. — — | ; 

ode 

2. 4e-3a-3Z> + 5c. 6. le + hed-^^^ 

2ac 

3. 8 abc — bed +9ede — def. 6. ahc^ + hed^ — dea^ +/'. 

7. e* + 6e*5^ + Z>* - 4e»5 - 4 c5'. 
^ 8a^ + 35^ , 4(?» + 65' c' + c?* 



- a'6' 


' c'-b' e' 


b' 


b'+d' 
' b' + d' bd 


10 "' + *' 


1„ C - d' 


^•*- c' ¥ 


"■ e' + cd + rf' 



Note. In finding the value of a compound expression the opera- 
tions indicated for each term must be performed hefore the operation 
indicated by the sign prefixed to the term. Indicated divisions 
should be written in the fractional form, and the sign X should be 
omitted between a figure and a letter, or between two letters. Thus, 

(6 - c) -^ 2 X c + 26 should be written ^^^ + 26. 

^ c 

Simplify the following expressions : 

13. 100 + 80^4. 16. 25 + 5x4 — 10-^-5. 

14. 75-25x2. 16. 24-5X4-J-10 + 3. 

17. (24 - 5) X (4 -^10 + 3). 

If a = 2, 5 = 10, a: = 3, y = 5, find the value of 

18. a:y + 4ax2. 20. Zx+ly -^1 + aXy. 

19. xy — lbb-^b. 21. 66 - 8y-^2y X 5 -26. 



ALGEBRA. 



We may illustrate the use of positive and negative 

numbers as follows : 

-5 8 20 



1 1 1 1 

DA C 

Suppose a person starting at A walks 20 feet to the 
right of A, and then returns 12 feet, where will he be? 
Answer: at (7, a point 8 feet to the right of A, That is, 
20 feet -12 feet equals 8 f^et. 

Again, suppose he walks from A to the right 20 feet, 
and then returns 25 feet, where will he now be? Answer: 
at 2), a point 5 feet to the left of A, That is, if we con- 
sider distances measured in feet to the left of ^ as expressed 
by a negative series of numbers, beginning at -4, 20 feet— 
25 feet equals —5 feet. Hence, the phrase, 5 feet to the left 
of -4, is now expressed by the negative quantity, — 5 feet. 

Remabe. In Arithmetic, if the things counted are whole uniU^ 
the numbers which count them are called whole numlMrsi integral niun- 
bersi or integerti where the adjective id transferred from the things 
counted to the numbers which count them. But if the things counted 
are only parts of unitSj the numbers which count them are called 
fraotional iinm1)er8, or simply fraotionsy where again the adjective is 
transferred from the things counted to the numbers which count 
them. ' 

In Algebra, if the units counted are negative, the numbers which 
count Uiem are called negative nnmbers, where the adjective which 
defines the nature of the units counted is transferred to the numbers 
that count them. 

14. Numbers with the sign + or — are called algebraio 
numbers. They are unknown in Arithmetic, but play a 
very important part in Algebra. Numbers not affected 
by the signs + or — are called absolute numbers. 

Every algebraic number, as +4 or —4, consists of a 
sign + or — and the absolute value of the number ; in this 
case 4. The sign shows whether the number belongs to 



CHAPTER II. 

ADDITION AND SUBTRACTION. 

Integeal Expressions. 

24. If an algebraic expression contains only integral 
forms, that is, contains no letter in the denominator of 
any of its terms, it is called an integral expression. Thus, 
3? ■\- 1 cot? — <? — bc^ X and ^ax ~ihoy are integral expres- 

sions, but ; — — — IS a fractional expression. 

ar — ab + lr 

An integral expression may have for some values of the letters a 
fractional value, and a fractional expression an integral value. If, 
for instance, a stands for | and h for \, the integral expression 

2a— bh stands for } — { = J ; and the fractional expression — - stands 

for y -»- 1 = 5. Integral and fractional expressions, therefore, are so 
named on account of the form of the expressions, and with no refer- 
ence whatever to the numerical value of the expressions when defi- 
nite numbers are put in place of the letters. 

26. Definition of Addition. The process of finding the 
result when two or more numbers are taken together is 
called addition, and the result is called the sum. 

26. Definition of Subtraction. The process of finding the 
result when one number is taken from another is called 
snbtractioni and the result is called the difference or le- 
mainder. 

The number taken away is called the subtrahend; the 
number from which the subtrahend is taken is called the 
minuend. 



8 ALGEBBA. 

17. Ooeffidents. A known factor of a product which is 
prefixed to another factor, to show how many times that 
factor is taken, is called a ooeffident. Thus, in 7 c, 7 is the 
coeflScient of <?; in 7 ax, 7 is the coeflScient of aa;, or, if a is 
known, 7 a is the coefficient of x. 

By coefficient, we generally mean the numerical coeffi- 
cient with its sign. If no numerical coefficient is written, 
1 is understood. Thus, clx means the same as 1 ax. 

18. Powers. A product consisting of two or more equal 
factors is called a power of that factor. 

19. Indices or Exponents. An index or exponent is a 
number-symbol written at the right of, and a little above, a 
number. 

If the index is a positive integral number, it shows the 
number of times the given. number is taken as a factor. 

Thus, a^, or simply a, denotes that a is taken once as a factor ; a* 
denotes that a is taken twice as a factor ; . a' denotes that a is taken 
three times as a factor ; and a^ denotes that a is taken n times as a 
factor. These are read : the first power of a ; the second power of a ; 
the third power of a ; the nth power of a. 

a' is written instead of aaa. 

a* is written instead of aaa, etc., repeated n times. 

The meaning of coefficient and exponent must be care- 
fully distinguished. Thus, 

4a = a + a+ a-^ a\ 
a'^ = axaxaxa. 
Ifa = 3, 4a = 3 + 3-f3 + 3 = 12. 

a* = 3x 3x3x3 = 81. 

The second power of a number is generally called the square of 
that number; thus, a' is called the square of a, because if a denotes 
the number of units of length in the side of a square, a' denotes the 
number of units of surface in the square. The third power of a num- 
ber is generally called the cube of that number ; thus, a' is called the 
cvhe of a, because if a denotes the number of units of tength in the 
edge of a cube, a' denotes the number of units of volume in the cube. 
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II. If there are two numbers with unlike signs. Mnd 
the difference of their absolute valu^, and prefix to the result 
the sign of the greater number, 

III. If there are more than two numbers with unlike 
signs. Combine the first two numbers and this result with 
the third number^ and so on; or, find the sum, of the 
positive numbers and the sum of the negative numbers^ take 
the difference between the absolute values of these two sums, 
and prefix to the result the sign of the greater sum, 

29. The result in each case is called the sum. It is often 
called the algebraio sum, to distinguish it from the arith- 
metical sum^ that is, the sum of the absolute values of the 
numbers. 

30. Subtraction of Algebraio Numbers. In order to sub- 
tract one algebraic number from another, we begin at the 
place in the series which the minuend occupies and count, in 
the direction opposite to that indicated by the sign of the 
subtrahend^ as many units as there are in the absolute value 
of the subtrahend. 

Thus, the result of subtracting + 3 from + 4 is found by counting 
from + 4 three units in the negative direction; that is, in the direction 
opposite to that indicated by the sign + before 3, and is, therefore, + 1. 

The result of subtracting — 3 from + 4 is found by counting from 
+ 4 three units in the positive direction; that is, in the direction 
oppotite to that indicated by the sign — before 3, and is, therefore^ -^ 7. 



-5 -4 -3 -2 -1 +1 +2 +3 +4 +5 +6 

1 1 1 1 ! I 1 I I I I 

The result of subtracting + 3 from — 4 is found by counting from 

— 4 three units in the negative direction, and is, therefore, — 7. 

The result of subtracting — 3 from — 4 is found by counting from 

— 4 three units in the potitive direction, and is, therefore, — 1. 
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23. The value of an algebraic expression is the numbe 
which the expression represents. 

Exercise 1. 

If a=l, 6 = 2, <? = 3, d = 4, e = 5, /=0, find the 
values of the following expressions : 

1. ^a + 2h + Zc-2r. 4. i^+8^_M 

•^ h d e 

2. 4.e-^a-U + bc. 6. ^e + bcd-^^- 

2ac 

3. Sabc — bcd+9cde — def, 6. a^c^ + 6cc?' — rfea' +/*. 

7. e* + 6e*Z>^ + Z>*~4e'^6-4c5». 
^ Sa' + Sb'4:c' + 6b' c' + d^ 



"• a^b' 


' c' b' e' 


b' 


b' + d« 
■ 6» + d' 6(f 


10 '° + *"' 


e«-c?» 


^•*- c'-6- 


"■ (?^ed + d^ 



Note. In finding the value of a compound expression the opera- 
tions indicated for each term must be performed before the operation 
indicated by the sign prefixed to the term. Indicated divisions 
should be written in the fractional form, and the sign X should be 
omitted between a figure and a letter, or between two letters. Thus, 

(6 - c) -f- 2 X c + 26 should be written ^^^ + 26. 

2c 

Simplify the following expressions : 

13. 100 + 80-^4. 16. 25 + 5x4-10^5. 

14. 75-25x2. 16. 24-5 x4-f- 10 + 3. 

17. (24~5)x(4-^10 + 3). 

If a = 2, 6 = 10, a: = 3, y = 5, find the value of 

18. a:y + 4ax2. 20. 3a;+ 7y-r- 7 + a X y. 

19. xy — lbb^b, 21. ^b -%y ^2y Xb-2b, 
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31. The Oommntative Law of Addition. If we have a group 
of 3 things and another group of 4 things, we shall have a 
group of 7 things, whether we put the 3 things with the 
4 things or the 4 things with the 3 things. 

That is, 4 + 3 = 3 + 4. 

If now we have — 3 to add to + 4, we begin at + 4 in 
the series, count three units to the left, and arrive at + 1 ; 
and if we have + 4 to add to — 3, we begin at — 3 in the 
series, count four units to the right, and arrive at + 1. 

That is, +4 + (-3) = -3 + (+4). 

Hence, if a and b stand for any two numbers whatever, 
we have 

a-\-b = b '\-a. 

This is called the commutative law of addition, and may 
be stated as follows : 

Additions may be performed in any order, 

32. The Associative Law of Addition. If we have several 
numbers to be added, the result will evidently be the same, 
whether we add the numbers in succession or arrange them 
in groups and add the sums of these groups. 

Thus, a + b + c + d+e 

= a + (b + c) + id + e) 
= ia + b) + {c + d+e). 

This is called the associative law of addition, and may 
be stated as follows : 

The terms of an expression mxiy be grouped in any 
mxxnner. 



CHAPTER II. 

ADDITION AND SUBTRACTION. 

Integral Expressions. 

24. If an algebraic expression contains only integral 
forms, that is, contains no Utter in the denominator of 
any of its terms, it is called an integral expression. Thus, 
:i^-\-*lc7? — ^ — h(?x and \ax — \hoy are integral expres- 

sions, but — — — IS a fractional expression. 

a^ — aO'\- Ir . 

An integral expression may have for some values of the letters a 
fractional value, and a fractional expression an integral value. If, 
for instance, a stands for | and h for }, the integral expression 

2 a— 5 6 stands for f — { = J ; and the fractional expression — stands 

for y -J- 1 = 5. Integral and fractional expressions, therefore, are so 
named on account of the form of the erprenions, and w^ith no refer- 
ence w^hatever to the numerical value of the expressions w^hen defi- 
nite numbers are put in place of the letters. 

26. Definition of Addition. The process of finding the 
result when two or more numbers are taken together is 
called addition, and the result is called the sum. 

26. Definition of Subtraction. The process of finding the 
result when one number is taken from another is called 
snbtraotioni and the result is called the difference or re- 
mainder. 

The number taken away is called the subtrahend; the 
number from which the subtrahend is taken is called the 
minuend. 
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If we are required to find the sum of 

2a» - Sa'b + ^ab' + b\ a' + 4a«6 - 7ai« - 26», 

- 3a» + a% - 3ay ~U\ and 2a» + 2a«6 + 6ai« - 3 J», 

we write them in columns, as follows : 

2a»-3a«5 + 4a6«+ V 

a» + 4a»6-7ai»-26» 

-3a»+ a»^>-3aZ>*~46' 

2a» + 2a»Z> + 6a5»-35' 

The coefficient of a' in the result will he 2 + 1 — 3 + 2, or + 2 ; 
tlie coefficient of a^h will he— 3+4 + 1 + 2, or +4; the coefficient 
of a6* will he 4 — 7 — 3+6, or ; and the coefficient of 6* will be 
1 _ 2 - 4 - 3, or - 8. 

Exercise 3. 
Perform the additions indicated : 

1. (+16) + (-11). 3. (+68) + (-79). 

2. (-15) + (-25). 4. (-7) + (+4). 

6. (+33) + (+18). 

6. (+ 378) + (+ 709) + (- 592). 

7. A man has $5242 and owes $2758. How much is he 

worth ? 

8. The First Punic War began B.C. 264, and lasted 23 

years. When did it end ? 

9. Augustus Caesar was born B.C. 63, and lived 77 years. 

When did he die ? 

10. A man goes 65 steps forwards, then 37 steps backwards, 
then again 48 steps forwards. How many steps does 
he take in all ? How many steps is he from where 
he started ? 
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II. If there are two numbers with unlike signs. Find 
the difference of their absolute values^ and prefix to the result 
the sign of the greater number. 

III. If there are more than two numbers with unlike 
signs. Combine the first two numbers and this result with 
the third number ^ and so on; or, find the sum of the 
positive numbers and the sum of the negative numbers^ take 
the difference between the absolute values of these two sums, 
and prefix to the result the sign of the greater sum. 

29. The result in each case is called the sum. It is often 
called the algebraio BXUHf to distinguish it from the arith- 
metical sum, that is, the sum of the absolute values of the 
numbers. 

30. Subtraction of Algebraio Numbers. In order to sub- 
tract one algebraic number from another, we begin at the 
place in the series which the minuend occupies and count, in 
the direction opposite to thcU indicated by the sign of the 
subtrahend, as many units as there are in the absolute value 
of the subtrahend. 

Thus, the result of subtracting + 3 from + 4 is found by counting 
from + 4 three units in the Tiegative direction; that is, in the direction 
opposite to that iiidicated by the sign + before 3, and is, therefore, + 1. 

The result of subtracting — 3 from + 4 is found by counting from 
+ 4 three units in the positive direction ; that is, in the direction 
opposite to that indicated by the sign — before 3, and is, therefore j + 7. 



-5 -4-3-2-1 0+1+2+3+4+5 +6 

I I I I ! I I I I I I 

The result of subtracting + 3 from — 4 is found by counting from 

— 4 three units in the negative direction^ and is, therefore, — 7. 

The result of subtracting — 3 from — 4 is found by counting from 

— 4 three units in the positive direction, and is, therefore, — 1. 
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10. r*- 3c»» + 2c'»~4c + 7, 2c* + Z<^ + 2c' + bc + e, 

11, 3.r* — XV + J^ — 3v' + 4yz--2;', — 5a;*— ay— arz+Syz, 

C.r» -6y-6r. i.yz-Syz + Sz', 
-4j^+\v" + 3y3*+35*. 

1 a . wi* - 3 ?wSi — G m^}i\ + m^n* + m*n^ — 5 m% 

7 wi*?i* 1-4 m^ii* — 3 7M n\ - 2 mV - 3 mn* + 4n*, 
2 WIN* t- 2 w* + 3m*, - n* + 2m* + 7m*n. 

Exercise 6. 
r«»rfi>nu tho subtractions indicated (§ 30) : 

1. (+2M (+10). 3. (-31) -(+58). 

2. ( -50) -(-25). 4. (+ 107) - (- 93). 

6. Jlonu} was ruled by emperors from B.C. 30, to its fall, 
A.D. 470. How long did the empire last? 

6. The continent of Europe lies between 36® and 71® north 
latitude, and between 12® west and 63® east longi- 
tude (from Paris). How many degrees does it 
extend in latitude, and how many in longitude? 

Exercise 7. 

Perform the operations indicated : 

1. (+5a:)-(-4a:). 6. (+ 17 oar') -(-24 oar*). 

2. (-Sab)-(+bah). 7. (+ 5 a'a;) — (- 3 a*a:). 

3. (+Sab*)-(+10ab'). 8. (- 4a;y) - (- 5a;y). 

4. (+15mV) — (— 7mV). 9. (+Sax) - (-Say). 
6. (— 7 ay) -(-3 ay). 10. (+ 2 a%) - (+ afty). 

11. (+9a:») + (5a:«)-(+8a:»). 

12. (+ 5 a:»y)-(- 18 a:»y) + (- 10 a:»y). 
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3L The OommntatiYe Law of Addition. If we have a group 
of 3 things and another group of 4 things, we shall have a 
group of 7 things, whether we put the 3 things with the 
4 things or the 4 things with the 3 things. 

That is, 4 + 3 = 3 + 4. 

If now we have — 3 to add to + 4, we begin at + 4 in 
the series, count three units to the left, and arrive at + 1 ; 
and if we have + 4 to add to — 3, we begin at — 3 in the 
series, count four units to the right, and arrive at + 1. 

That is, +4 + (-3) = -3 + (+4). 

Hence, if a and b stand for any two numbers whatever, 
we have 

a-\'h = h -\-a. 

This is called the commutative law of addition, and may 
be stated as follows : 

Additions may he performed in any order. 

32. The Associative Law of Addition. If we have several 
numbers to be added, the result will evidently be the same, 
whether we add the numbers in succession or arrange them 
in groups and add the sums of these groups. 

Thus, a + h + c + d+e 

= a + (b + c) + {d + e) 
= (a + h) + {c + d + e). 

This is called the associative law of addition, and may 
be stated as follows : 

The terms of an expression may be grouped in any 
mfOnner, 
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17. Fraal2a<r — S^-9ttke— 7*.- — ^'jEf-r^L 
IB. Fratt~6^-r2a& — 3fi»ttke4y-^&j5-4tf'. 
If. Fr!>a9jy — 4x— 3y-h7ttke3-ry — 2x-r3^-f6. 

M. From — a*fe — oiV -f" afa* — afc 
take a*fc -h a**tf — a&r' -r ofc- 

«1. From 7j:*-2x -r4 take 2j:'-r3x-L 

M. Froim3x*-f2xy — y^take— j:* — 3jy-f3/.andfrom 
the remainder take Sx* -f~ '^•'y ~ ^^' 

». From or* — iy^ take ct» — dy. 

Z4, From ox + &r + iy + cy take ax — 6x — iy 4- ry • 

«5, From 5;r» + 4x-4y + 3y* take 5j:*-3x + 3y + y^. 

26. From a*i'+12a&r — 9ax» take 4ai* — 6acr + 3a»x. 

27. From^ — 2ai + c^-36'take2a*-2ai + 36*. 

28. From the imm of the first four of the following expres- 

sion*, o'+i'+tf' +£p. (P + b^+c", a*-c^ + 6'-cf. 
a^ — V + i^ + cr, V + c^ + cP-<^, take the sum of 
the last four. 

29. From2a:' — 2y*-2*take3y* + 2a:» — 2*, andfromthe 

remainder take 32* — 2y' — x*. 

30. From a* — 2a*c + Scu^ take the sum of aV — 2a' + 200* 

and a*^ac' — a*c. 
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35. Bnles for lemoyiiig Parentheses. From (§ 30), it ap- 
pears that 

a+i+b) = a+b. a — (+b) = a-b. 

a + (—b) = a — b. a — (— 5) = a + i. 

Tlie same rules for removing parentheses hold true 
whether one or more terms are inclosed. Hence, when an 
expression within a parenthesis is preceded by a plus sign, 
the parenthesis may be removed. 

When an expression within a parenthesis is preceded by 
a minus sign, the parenthesis may be removed if the sign of 
every term within the parenthesis is changed. 

Thus, a-\-{b — c) = a'\-b — c. 

a — (b — c) = a—b + c, 

36. Expressions may occur with more than one paren- 
thesis. In such cases parentheses of different shapes are 
used, and the beginner when he meets with a ( or a [ or 
a { must look carefully for the other part, whatever may 
intervene ; and all that is included between the two parts 
of each parenthesis must be treated as the sign before it 
directs, without regard to other parentheses. It is best to 
remove each parenthesis in succession, beginning with the 
innermost one. Thus, 

(1) 5a- {- 3a — [3a — (2a — a — i) - a] + a| 
= 5a-{-3a~[3a — (2a-a + i)-a] + a| 
= 5a— {— 3a — [3 a — 2a + a — J — a] + a| 

= 5a— {— 3a — 3a + 2a — a + i + a + a} 
= 5a + 3a + 3a— 2a + a — ft — a — a 
= 5a + 3a + 3a — 2a + a — a — a — i 
= 8a — i. 

Note. The sign ~ which is written in the above problem before 
th e first term a under the vinculum is really the sign of the vinculum, 
— a — 6 meaning the same as — (a — 6). 
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Exercise 9. 



Simplify the following expressions by removing the 
parentheses and collecting like terms : 

1. (a + b) + (b + c)-(a + c). 

2. (2a — b-c) — (a — 2b + c). 

3. (^x-r/)^(2y-z)-(2z-x). 

4. (a-ar-y) — (6 — ar + y) + (c + 2y). 

6. (2x-y + 3z) + (—x-y — 4:z)-(Zx — 2y-z), 

6. (3a-6+7c)-(2a + 3^>)-(56-4c) + (3c-a). 

7. 1~(1 — a) + (l-a + a')--(l-a + a» — a'). 

8. a-\2b-(Sc + 2b)~a]. 

9. 2a— {6 — (a -26)}. 

10. 3a- {6 + (2a-6) — (a-*)}. 

11. 7a — [3a— {4a-<5a — 2a)}]. 

12. 2a; + (y-3z)-{(3a:-2y) + 2;}+5ar-(4y-34 

13. {(3a-2^>) + (4c-a)}-{a-(26-3a)-c} 

+ {a-(b-bc-a)\, 

14. a — [2a + (3a-4a)]-5a-{6a-[(7a + 8a)-9a]}. 

16. 2a — (3i + 2c) — [56 — (6<?-6J) + 5c 
-{2a-(c + 26)}]. 

16. a-[26 + {3c-3a-(a + 6)} + {2a-(6 + <?)}]. 

17. 16-a;— [7a;-{8a;-(9a; — 3ar — 6a;)}]. 



18. 2a-[3&+(2i-c)-4c+{2a-(36-(?-26)}]. 

19. a- [26 + {3c -3a -(a + 6)} + 2a- (6 + 3c)]. 

20. a — [56 - }a - (3c— 36) + 2c - (a — 26 - c)}]. 
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4L TliB Om i i i HUU fB Liw d MihiplinrtkB. If we have 
fiye lines of dots wiih ten diis in a line, the whole number 
of dots will be expreseed bv 5 X 10. 



If we consider the dots as ten columns with five dots in 
a column, the number will be expressed by 10 X 5. 

That is, 5 X 10 = 10 X 5. 

Hence, if a and 6 stand for any two positive numbers, 

ab = ha. 

42. The BistiibatiTe Law of Multiplication, The expression 
4 X (5 -f 3) means that we are to take the sum of the num- 
bers 5 and 3 four times. The process can be represented 
by placing five dots in a line, and a little to the right three 
more dots in the same line, and then placing a second, 
third, and fourth line of dots underneath the first line and 
exactly similar to it 



There are (5 + 3) dots in each line, and 4 lines. The 
total number of dots, therefore, is 4 X (5 + 3). 

In the left-hand group there are 4x5 dots, and in the 
right-hand group 4x3 dots. The sum of these two num- 
bers (4 X 5) -f- (4 X 3) must be equal to the total number ; 
that is, 

4 X (5 + 3) = (4x5) + (4x3). (1) 



CHAPTER III. 

MULTIPLICATION. 

Integral Expeessions. 

38. Definition of Multiplication. The process of finding 
the result when a given number is taken as many times as 
there are units in another number is called mnltiplicationy 
and the result is called the product. 

This definition fails when the multiplier is a fraction, for 
we cannot take the multiplicand a fraction of a time. We 
therefore consider what extension of the meaning of multi- 
plication can be made so as to cover the case in question. 
When we multiply by a fraction, we divide the multiplicand 
into as many equal parts as there are units in the denomi- 
nator and take as many of these parts as there are units 
in the numerator. If, for instance, we multiply 8 by I, we 
divide 8 into four equal parts and take three of these parts, 
getting 6 for the product. We see that I is I of 1, and 6 
is I of 8 ; that is, the product 6 is obtained from the mul- 
tiplicand 8 precisely as the multiplier I is obtained from 1. 

Again, in 6 X 8 = 48, 
the multiplier 6 is 1 + 1 + 1 + 1 + 1 + 1, 

and the product 48 is 8 + 8 + 8 + 8 + 8 + 8. 

Hence we have for the general definition of multipli- 
cation, 

-The operation of finding from two given numbers, called 
multiplicand and multiplier ^ a third number called product^ 
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43b The Aifooiatm Liw of MuhipHotiwi, The product 
of three or more factors is eyidentlj the same in whatever 
waj the fsurtors are grouped. Thus, 

7 X (3 X 5) = 3 x' (5 X 7) = 5 X ( 7 X 3) = 1 05 . 

Hence, <? x (a X i) = a X (ft X <?) = i X (c x a) = abc, 

where a, &, and c stand for any positive numbers. 

This is called the associative law of multiplication, and 
maj be stated as follows : 

The factors of a product may be grouped in any manner. 

44 Since (§ 40) the absolute value of a product is inde- 
pendent of the signs of its factors, and the sign of a product 
is independent of the order of its factors, it is evident 
that the commutative, the distributive, and the associative 
laws of multiplication apply to algebraic as well as to 
arithmetical numbers. 

46. The Lidez Law of Hnltipliioation. 

Since a' = aa, and a* = aaa, § 19 

a^Xcf = aaX aaa = a* = a^^* ; 

a^Xa = aaaa Xa = a^ = a*+*. 

If a stands for any number, and m and n for any integers, 

since a* = a>aa to m factors, 

and a* = a>aa to n factors, 

arxcC^ = {aaa to m factors) X {aaa to n factors) 

= aaa to (m + w) factors, 

= oT^, Hence, 

The index of the product of two powers of the same num- 
ber is equal to the sum of the indices of the factors, 

46. The commutative, the distributive, the associative, 
the index laws, and the law of signs, constitute the funda- 
mental laws of Algebra. 
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If we are required to find the sum of 

2c? - Za^h + 4a6* + h\ a? + 4a% - 7a6' - 2b\ 

-Za^ + a^b - Zah" - 4:b\ and 2a» + 2a'6 + 6ab* - Zb\ 

we write them in columns, as follows : 

2a!'-Sa'b + 4:ab'+ b' 

a' + ^a'b-7ab'-2b' 

-3a»+ a'b-Sab'-U' 

2a» + 2a*6 + 6a5'-36» 

2a» + 4a^6 -Sb' 

The coefficient of a' in the result will be 2 + 1 — 3 + 2, or + 2 ; 
the coefficient of a^b will be — 3 + 4 + 1 + 2, or + 4 ; the coefficient 
of ab^ will be 4 — 7 — 3 + 6, or ; and the coefficient of 6* will be 
1 _ 2 - 4 - 3, or - 8. 

Exercise 3. 
Perform the additions indicated : 

1. (+16) + (-11). 3. (+68) + (-79). 

2. (-15) + (-25). 4. (-7) + (+4). 

5. (+33) + (+18). 

6. (+ 378) + (+ 709) + (- 592). 

7. A man has $5242 and owes $2758. How much is he 

worth ? 

8. The First Punic War began B.C. 264, and lasted 23 

years. When did it end ? 

9. Augustus Caesar was born B.C. 63, and lived 77 years. 

When did he die ? 

10. A man goes 65 steps forwards, then 37 steps backwards, 
then again 48 steps forwards. How many steps does 
he take in all? How many steps is he from where 
he started ? 



and* a(6 — tf+rf— «) = aft — ac+flrf— oe. 

Ct KiltQty a potyMBDil bj a wmmaUL^ therefore, 

Mviiiply each term cf the pofynomial by the mumomial, 
and add the partial producU. 

Exexcise 1.1. 
Find the prodact of 

1* -17 and 8. 4. —18 and— 6. 

2. -12,8 and 25. 5. 43 and -6. 

3* 3.29 and 5.49. 6. 457 and 100. 

7. (-358-417) and -79. 

8. (7.512 - { - 2.8941) and (- 6.037 + { 13.9e3|). 

0. 13, 8, and -7. 

10. -38, 9, and— 6. 

11. -20.9,-1.1, and 8. 

12. — 78.8, — 0.57, + 1.38, and - 27.9. 
18. - 2.906, - 2.076, - 1.49, and 0.89. 

Exercise 12. 
Find the product of 

1. 6a and— 2a. 3. Saarand— 4Jy. 

2. 67wnand9w. 4. — 8cmandc?n. 
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37. Bnles for Introduoing Parentheses. The rules for in- 
troducing parentheses follow directly from the rules for 
removing them : 

1. Any number of terms of an expression may be put 
within a parenthesis, and the sign plus placed before it. 

2. Any number of terms of an expression may be put 
within a parenthesis, and the sign minus placed before the 
parenthesis; provided the sign of every term wUhin the 
parenthesis is changed. 

It is usual to prefix to the parenthesis the sign of the 
first term that is to be inclosed within it. 

Exercise 10. 

Express in binomials, and also in trinomials : 

1. 2a--36--4c + rf + 3e-2/ 

2. a^2x + 4:t/ — Sz — 2b + c. 

3. aH3a*-2a»-4a' + a-l. 

4. — 3a-2i + 2(?-5rf— e-2/. 

« 

6. ax — by — cz — bx -{- cy + az. 

6. 2a^-Bx*y + 4:x'y'-'5x'y' + xy*-2y^. 

7. Express each of the above in trinomials, each tri- 

nomial having its last two terms inclosed by inner 
parentheses. 

Collect in parentheses the coefficients of a;, y, z in 

8. 2aX'-'6ay + 4:bz — 4:bX'-2cx — Scy, 

9. ax — bx -\- 2ay + By -\- 4iaz — Sbz — 2z. 

10. ax — 2by + b cz — 4:bx — Bey -\- az — 2cx — ay -\- ^bz, 

11. 12ax + I2ay + 4:by — 12bz — Ibex + 6cy + Bcz, 

12. 2ax — Bby — T cz-'2bx + 2cx + Scz — 2cx — cy — cz, 
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53. Polynomials by Polynomials. If we have m + n+p 
to be multiplied by a + 6 + c» we may substitute Jf for the 
multiplicand m + n+p. Then 

(a + i + c) M= aM+ hM+ cM. § 42 

If now we substitute for 2f its value m + n+p^we shall 
have 

a(m + n ^p) + b(m + n +p) + c(m + n -\-p) 
= am + an-\-ap'\- bm + bn -{- bp + cm + en + cp. 

That is, to find the product of two polynomials, 

Multiply every term, of the multiplicand by each term of 
the multiplier^ and add the partial products. 



54. In multiplying polynomials, it is a convenient ar- 
rangement to write the multiplier under the multiplicand, 
and place like terms of the partial products in columns. 

(1) ba - 6 b 

3a - 4 ft 

15a^-lSab 

-20ai + 246« 

15a»-38a6 + 24ft» 

We multiply 5 a, the first term of the multiplicand, by 3 a, the 
first term of the multiplier, and obtain 15 a' ; then —6 b, the second 
term of the multiplicand, by 3 a, and obtain — 18 ab. The first line 
of partial products is 15 o' — 18 db. In multiplying by — 4 6, we 
obtain for a second line of partial products — 20ab + 245', which is 
put one place to the right, so that the like terms — IS ab and — 20ab 
may stand in the same column. We then add the coefficients of the 
like terms, and obtain the complete product in its simplest form. 
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which is formed from the multiplicand as the multiplier is 
formed from unity. 

39. Law of Signs in Hnltiplication. By the definition of 
multiplication, 

since + 3 = (+ 1) + (+ 1) + (+ i), 

... 3x(+4) = (+4) + (+4) + (+4) 
= + 12, 
and 3x(-4) = (-4) + (-4) + (-4) 

= -12. 
Again, since _ 3 = (- 1) + (- 1) + (- 1), 
... (_3)x4 = (-4) + (-4) + (-4) 

= -12, 
and (-3)x(-4) = -(-4)-(-4)-(-4) 

= + 4 + 4 + 4 
= + 12. 

If we use a to represent the absolute value of any num- 
ber, and b to represent the absolute value of any other 
number, we shall have 

(+ a) X (+ 6) = + ab. (1) 

(+ a) X (- 6) = - ab, (2) 

(-a)x(+i) = -aS. (3) 

(-a)x(-i) = + a*. (4) 

Hence, in finding the product of two algebraic numbers. 
Like signs give +, and unlike signs give — . 

40. It will be seen from the above cases that the absolute 
value of the product is independent of the signs of the factors ^ 
and that the sign of the product is independent of the order 
of the factors. 
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Exercise 14. 

Multiply : 

1. x^-Aihjx' + b. 3. a* + aV + a:*bya'-a:*. 

2. y — 6byy+13. 4. a^ + xy + y^hjz — y. 

5. 2x — 1/ hj X -{- 2y. 

6. 2ar' + ix' + Sx + iehjSx-6. 

7. a:'+a;'+^ — 1 by a;--l. 8. a;* — Soar by a: + 3a. 
9. 2Z»» + 3a5 — a'by-5*-f 7a. 

10. 2a + ibya + 2ft. 12. a'-o^ + i* by a + ft. 

11. a' + a5 + 6» by a-*. 13. 2a5 ~56» by 3a' — 4ai. 

14. -a» + 2a'6-i'by4a» + 8a5. 

15. a' + ai + i'by a»-a5 + i'. 

16. a»-3a»6 + 3a*'-i»bya'-2ai + y. 

17. a; + 2y-32bya;-2y + 32;. 

18. 2a:» + 3a:y + 43/*by 3a^ — 4a:y + y2:. 

19. a;* + a^y + y* by a;* + a:2 + 2;'. 

20. a^ + b^ + c^ — ab — ac — bchya + b + c. 

21. ar^ — a;y + y* + ar + y + l by a: + y— 1. 

Arrange the multiplicand and multiplier according to 
the descending powers of a common letter, and multiply : 

22. 5a: + 4a:» + ar^ — 24by a:*+ll-4ar. 

23. a;» + lla: — 4a;» — 24bya;' + 5 + 4a:. 

24. a?* + a;»-4ar-ll + 2ar^bya;»-2a; + 3. 

25. -5a:*-a;»~ar + a:*+13a;»bya;'~2-2ar. 

26. 3a?+a;»-2a:»~4by 2a: + 4a:» + 3a:' + l. 
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Again, the expression 4 X (8 — 3) means that 3 is to be 
taken from 8, and the remainder to be multiplied by 4. 
The process can be represented by placing eight dots in a 
line and crossing the last three, and then placing a second, 
third, and fourth line of dots underneath the first line and 
exactly similar to it. 

*** 

*** 

^^# 

^^# 

The whole number of dots not crossed in each line is 
evidently (8 — 3), and the whole number of lines is 4. 
Therefore the total number of dots not crossed is 

4x(8-3). 

The total number of dots (crossed and not crossed) is 
(4x8), and the total number of dots crossed is (4x3). 
Therefore the total number of dots not crossed is 

(4x8)-(4x3). 
Hence, 4 X (8 - 3) = (4 X 8) - (4 X 3). (2) 

If a, &, and c stand for any positive numbers, (1) becomes 

aX(b + c) = (d> + ac, 
and (2) becomes 

aX (b — c) = ab — ac. 

This is the distributive law of multiplication and may be 
stated as follows : 

In multiplying a compound expression by a simple ex- 
pression, the result is obtained by multiplying each term of 
the compound expression by the simple expression^ and writ- 
ing down the successive products vdth the same signs as 
those of the original terms* 
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42. (a + b + cy'-a(b + c-a) — b(a+C'-b)-c(a+b-c). 

43. (a-b)x-(b + c)a-\{b-x)(b-a)-'(b-c)(b + c)l 

44. (m + 11)171 — {(m — ny — (n — rn^n], 

45. (a-'b + cy-{a(c-a-b)-[b(a + b + c) 

46. (p' + q')r-(p + qXp\r-^q]-q\r-pl). 

48. c^-\2ab -[-(a + lb - c})(a-{b - c])+2ab] 

-Ucl-ib + cy. 

49. {ac-(a-ft)(S + c)}-6{i-(a~c)}. 

50. 5{(a — 6)a: — cy} — 2\a(x — y) — 6a;j 

- {3aa;— (5c-2a)yj. 

61. (x - l)(a? - 2) - 3a;(a; + 3) + 2 {(a; + 2)(a;+ 1) - 3{ . 

52. {(2a + by + (a'-2by\x\(Ba-2by-'(2a-^Sbyi 

53. 4(a-36)(a + 3i)-2(a-66)»-2(a' + 66«). 

54. x'(ix' + y'y-2a^y\x + yXx-y)-(s^-i^y. 

66. 16(a' + i»)(a* - 6») - (2a - 3)(2a + 3)(4a' + 9) 
+ (2*-3)(2i + 3)(46» + 9). 



CHAPTER IV. 

DIVISION. 

Integral Expressions. 

55. Definition of Division. In division the prodicct and 
one factor are given, and the other factor is required. We 
may therefore take for the general definition of division 

The operation by which when the product and one factor 
are given the other factor is found. 

With reference to this operation the product is called 
the dividend, the given factor the divisor, and the required 
factor the quotient 

56. Law of Signs for Division. 

Since (+ a) X (+ 6) = + ah, .'. +ab^(+a) = + h. 

Since (+ a) X (— &) = — ab, .*. —ab-i-(+a)= — b. 

Since (— a) X (+ 6) = — oJ, .'. — ab -i- (— a) = + b. 

Since (— a) X (— &) = + ah, .*. + ai -f- (— a) = — 5. 

That is, if the dividend and divisor have like signs, the 
quotient has the sign + ; and if they have unlike signs, 
the quotient has the sign — . Hence, in division, 

Idke signs give + ; unlike signs give —. 

57. Index Law for Division. If we have to divide a* by 
a*, a* by a*, a* by a, a' by a*, we write them as follows : 

a^ acuxaa • r.q 

— = =aaa = a^=a^^; 

<r aa 

of aaaaaa « ii_4 

-T= = aa ==-a =a^ *; 

a cuma 
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62. Polynomials by Monomials. We have (§ 42), 
a(b + c) = ab + ac; 
and, a(b — c + d—e) = al> — ac + ad — ae. 

To mnltiply a polynomial by a monomiali therefore, 

Multiply each term of the polynomial by the monomial^ 
and add the partial products. 

Exercise 11. 
Find the product of 

1. - 17 and 8. 4. — 18 and — 5. 

2. -12.8 and 25. 5. 43 and -6. 

3. 3.29 and 5.49. 6. 457 and 100. 

7. (-358 -417) and -79. 

8. (7.512- { -2.894}) and (-6.037 + {13.963}). 

9. 13, 8, and -7. 

10. - 38, 9, and - 6. 

11. -20.9,-1.1, and 8. 

12. — 78.3, — 0.57, + 1.38, and - 27.9. 

13. - 2.906, - 2.076, - 1.49, and 0.89. 

Exercise 12. 
Find the product of 

1. 6a and— 2a. 3. 3aa:and— 4Jy. 

2. 5mn and 9m. 4. — S^cm and dn. 
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6. —lab and 2ac, 8. 3aV and 7aV. 

6. bm*x and Sma^, 9. 7a, — 4 J, and — 8c. 

7. bar and - 2ar 10. Sab\ Sac, and — 4c*. 

11. 27 oi, — 397wp, and 18ap. 

12. 6aiy, 26y, and - bay 

13. 7w*a:, Bwic*, and — 2mq. 

14. - Spq\ 6p% and SpY. 

15. 2a'mV, 3awV, and ^a^mx^. 

16. Bar'yz*, — 9a;»y»z*, and 3a;*y2. 

17. Sax J 2 am, — 4m.r, and i*. 

18. 7 am', 3i*n', — 4a6, a^bn, — 26'n, and — mn*. 

19. 2ai», -5a'i, — 3a6, and 7a. 

Exercise 13. 
Find thie product of 

1. (4a'-36)and3ai. 

2. (8«'-9a5)and 3a*. 

3. (3a;»-4y' + 5z*)and2a;»y. 

4. (a'a:— 5aV + aa;* + 2a:*) and aa:*y. 

6. (_ 9a» + 3 aW - 4a'6» - b') and - 3a5*. 

6. (3a^ — 2a;'y'- 73^ + 3^) and — 6a:*y. 

7. (— 4ay + 6a:*y + 8a;') and — Sx'y, 

8. (-3+2a6 + a'J')and-a*. 

9. (—z — 2x^ + 5x^y7?-'6a^ + Saify^z)9i,ni-Soifyz. 
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53. Polynomials by Polynomials. If we have m + n+p 
to be multiplied by a + 5 + ^» we may substitute Mfor the 
multipliicand m-i-n+p. Then 

(a + b + c)M= aM+ bM+ cM, § 42 

If now we substitute for ilf its value m + w +p, we shall 
have 

a(m + n +p) + J(m + n +p) + c(m-}-n -{-p) 
= am -\- an -{- ap -\- hm -^^ hn -\- bp -{- cm -{- en ■\- cp. 

That is, to find the product of two polynomials, 

Multiply every term of the multiplicand by each term of 
the m^ultiplier^ and add the partial products. 

54. In multiplying polynomials, it is a convenient ar- 
rangement to write the multiplier under the multiplicand, 
and place like terms of the partial products in columns. 

(1) ba ~ 6 b 

3a ~ 4 i 

l6a^-lSab 

-20ab + 2U^ 

15a'-38a6 + 24i' 

We multiply 5 a, the first term of the multiplicand, by 3 a, the 
first term of the multiplier, and obtain 15 a' ; then — 6 6, the second 
term of the multiplicand, by 3 a, and obtain — 18 cib. The first line 
of partial products is 15 a' — ISoJ. In multiplying by —46, we 
obtain for a second line of partial products — 20 ab + 246', which is 
put one place to the right, so that the like terms — 18a6 and — 20a6 
may stand in the same column. We then add the coefficients of the 
like terms, and obtain the complete product in its simplest form. 
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(2) Multiply 4rr + 3 + 5a:* — 6ar'by4-6a:«-6a:. 

Arrange both multiplicand and multiplier according to 
the ascending powers of x, 

3+ 4rr+ dx"- 6.r» 

12 + 16a: + 20a:'-24ar» 

- 15a; - 20a:» - 25a:» + 30a:* 

- 18a:« - 24ar» - 30a:* + 36ar^ 

12+ a:-18a:«-73a;» + 36 a;* 

(3) Multiply l + 2a: + a:*~3a;»by a;»-2-2a:. 

Arrange according to the descending powers of a:. 

a:*-3a:' + 2a; +1 
x^-^2x -2 

a:^-3a;*+2a;*+ a^ 

-2ar^ +6ar»--4a;'-2a: 

-2a;* +6a;»-4a;-2 

a;'-5ar^ + 7a;» + 2a;»- 6a:- 2 

(4) Multiply a^ + b^ + c^ — ah — bc — achya + b + c. 

Arrange according to descending powers of a. 

a^ — ab — ac'{- 6'— 6c + (?* 
a + J+ c 

a' — a^b — ofc + oJ' — abc + a& 

+ aV — aJc — ac* + 6'c — ic* + c?* 

a» -3a6c +5' +c?» 

NoTii The student should obseiTe that, with a view to bringing 
like terms of the partial products in columns, the terms of the multi- 
plicand and multiplier are arranged in the mmt order. 
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Exercise 14. 

Multiply : 

1. a;*-4bya:» + 5. 3. a* + aV + a:* by a' - a:». 

2. y — 6byy+13. 4. rc' + ary + y' by ^ — y. 

5. 2a; — y by a: + 2y. 

6. 2ar' + 4a:' + 8a: + 16by 3a:~6. 

7. a^ + a^ + x — lhjx—l. 8. a:* — 3 oa: by a: + 3 a. 
9. 26' + 3ai — a'by-65-f 7a. 

10. 2a + Jbya + 2J. 12. a'-ai + y by a + 6. 

11. a' + ai + 6»bya-i. 13. 2a5- 5i* by 3a'- 4a5. 

14. -a" + 2a'5-6»by4a*+8a5. 

15. a^ + ab + b*hya*-ab + b\ 

16. a»-3a»5 + 3ay-i»by a»--2a6 + 6'. 

17. x+2^-Szhy x — 2t/ + Sz, 

18. 2a:' + 3a:y + 4y'by 3a:2 — 4a:y + y2. 

19. a:* + a:y + ^ by a;* + a:2 + 2*. 

20. a' + 6' + c* — oJ — ac — 6c by a + J + c. 

21. a:* — a;y + y* + a? + y+lbyar + y — 1. 

Arrange the multiplicand and multiplier according to 
the descending powers of a common letter, and multiply : 

22. 5a: + 4a:* + a;» — 24bya;'+ll-4a:. 

23. ar» + lla; — 4a;» — 24bya:» + 5 + 4a:. 

24. a?* + a;»-4a:-ll + 2ar'bya;»--2a: + 3. 
26. -5a?*-a;»-a: + a:*+13a:*bya;»--2-2ar. 
26. 3a:+a»~2a:*-4by2a: + 4a:» + 3a:'+l. 
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27. 5 a* + 2aW + a5» - 3a»J by bdfb - 2a6» + 3aW + b\ 

28. 4a''y— 32ay*-8ay + 16ay byay + 4ay + 4ay. 

29. 3m» + 3w» + 97ww' + 97n'nby 6mV--2wn* 

— 677iV + 2m*n. 

30. 6a'^6 + 3a»J* - 2ai* + ^ by 4a* - 2a5» - 3i*. 

Find the product of: 

31. a: — 3, 0? — 1, a: + 1, and rr + 3. 

32. a;»-a? + l, a;» + a?+l, anda:*-a:»+l. 

33. a' + oi + y, a'-oA + i', anda*--aV + i*. 

34. 4a» - 4a'J + oi*, 4a' + 3a5 + 6', and 2a'i + h\ 
36. a: + a, a? + 2a, rr — 3a, a?-— 4a, and a: + 5a. 

36. 9a« + y, 2Ta?-h\ 2Ta? + b\ and 81a*-.9aW + J*. 

37. From the product of y^ — ^yz — ^ and j^-\-^yz — ^ 

take the product o{i^ — yz — 2z^ and y' + yz — 2z*. 

38. Find the dividend when the divisor = 3 a' — aJ — 8 6', 

the quotient = a'i — 2 J',. the remainder = — 2ab* 

The multiplication of polynomials may be indicated by 
inclosing each in a parenthesis and writing them one after 
the other. When the operations indicated are actually per- 
formed, the expression is said to be simplified. 

SimpUfy : 

39. (a + b-cXa + c-bXb + c-aXa + b + c). 

40. (a + b)(b + c) - (c + d)(d + a)-(a + c)(b - d). 

41. (a + b + c+dy + ia-b'-c+dy 

+ (^a-'b + c - dy + (a + b - c - dy. 
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42. (a + b + cy-a(b + c-a) — b(a+c—b)-c(a+b-c). 

43. (a-b)x-(b + c)a-{(b-x)(b-a)-(b-c)(b + c)]. 

44. (m + n)m — {(m — ny — (n — m)n]. 

46. (a — J + c)»-{a(c-a-6)-[6(a + J + c) 

46. (j>^ + q')r-(p + qXp\r-q]-qlr-p\). 

47. (9a;»y«-4/)(a:'-y')-{3rry-2y»H3a:(^ + y') 

48. a* - {2ai - [-(a + {i - cl)(a - {6 - c})+ 2a6] 

-Uc]-(b + cy. 

49. {a^-(a-J)(J + c)}--6{5-(a~c)}. 

50. 6{(a — b)x — cy} — 2{a(a; — y) — ia:} 

— {3arr — (5c — 2a)y}. 

61. (a: - 1 )(a; - 2) - 3 a: (a; + 3) + 2 { (a; + 2)(a: + 1) — 3 } . 

62. l(2a + by + (a-2by]x\(Sa-2by-(2a^Sby\, 

63. 4(a-3i)(a + 3i)-2(a-6i)'-2(a' + 6i»). 

64. x'(x' + y'y-2x'y\x + i/Xx-y)-(a^--y'y. 

66. 16 (a« + b'Xa' - 6») - (2 a - 3)(2 a + 3)(4 a» + 9) 
+ (2J~3)(2i + 3)(4i' + 9). 



CHAPTER IV. 

DIVISION. 

Integral Expressions. 

66. Definition of Division. In division the prodicci and 
one factor are given, and the other factor is required. We 
may therefore take for the general definition of division 

The operation by which when the product and one factor 
are given the other factor is found. 

With reference to this operation the product is called 
the dividend, the given factor the divisor, and the required 
factor the quotient 

66. Law of Signs for Division. 

Since (+ a) X (+ 6) = + oi, , 

Since (+ a) X (— 6) = — oi, 

Since (— a) X (+ 5) = — ab, 

Since (— a) X (- 6) = + oi, 

That is, if the dividend and divisor have like signs, the 
quotient has the sign + ; and if they have unlike signs, 
the quotient has the sign —. Hence, in division, 

Idke signs give + ; unlike signs give — . 

67. Index Law for Division. If we have to divide a* by 
a*, a* by a*, a* by a, a' by a^, we write them as follows : 

a^ axxaaxi • k.q 

— = = aaa = a^= a^ -* ; 

a* aa 

d^ (taaaaa « a_4 

— = = aa —a^ = a^*] 

a acuta 



+ ah 



— a5 -=- (+ a) = — i. 



ab 



(+a) = + &. 



(_a) = + 6. 



+ ai -f- (— a) = — 6. 
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a* (xaaa • 4-i 

a a 

d^ aa 111 



a* aaaaa aaa of a*"' 



58. To divide one monomial by another, therefore, 

Write the dividend over the divisor with a line between 
them : if the expressions have common factors^ remove the 
common factors. 

Thus, ^ = 2^; li^* = 7ai; .5^!f = - 9^y.; 



3a' 



rr-T=l; -;; r^— r = 4a;V. 



3a**-^ 3a;'-V 

In the last example, (p — 4) — (p — 6)=|j — 4— |j + 6 = 2 and 
(r + 3) - (r- 1) = r + 3 - r + 1 = 4. 

Note. Since a* •*- a* = 1, and by the rule = a*-* = a°, it follows 
that a® = 1. Hence, any letter in the quotient with ztrofor an index 
may be omitted without affecting the quotient. 

69. To divide a polynomial by a monomial, we have, by the 
disi/rihvMve law, the following rule : 

Divide each term of the dividend hy the divisor, and add 
the partial qicotients. 

Thus Q^^ + ^Q^~^^ — Q<^ I ^Q^ ^<^^ 

2a 2a 2a 2a 

= 4tb + 2c-Sd, 

9 a^b'x ~ 12 a^bx" - 3 a'a: _ 9 d'b'x 12 a*bx^ 3 a^x 
Sa*x Sa^x Sa^x Sa^x 

= 3a'5'-4aJa:-l. 

6a^^i^4a;«- _ 6a:^^^ 4a;»- ^3^^» g^i 
2a;^^ 2x*'-^ 2a**-^ * 

Note. Here we have 4rn-l-(2n-l) = 4n + l — 2rn-l = 2n + 2, 
and 3n — (2n — 1) = 3n — 2/1 + 1 = n + 1, as indices of x in the first 
and last terms of the quotient respectively. 
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Exercise 15. 



Perform the operations indicated 



1. 



2. 



8. 



4. 



+ 264 



106.33 



+ 6.8503 



+ 4 


"• -4.9 


«7* 


-61 


-3840 
-8 


-42.435 
■ + 34.5 


10. 


- 7.1560 
+ 324 


+ 3840 


7 -264 
^- +24' 


11. 


-1 


+ 30 


-3.14159 


2568 
+ 12 


. -3670 
-85 


12. 


0.31831 
- 31.4159 



1. 



2. 



3. 



4. 



5. 



6. 



Perform 



Exercise 16. 
the operations indicated : 



+ a 

+ al> 

— a 

— ab 

+ a 

— ab 

— a 

6mx 
2x ' 

12a* 
-3a 

19. 
20. 



7. 



8. 



9. 



10. 



11. 



12. 



4a*mV 
5 a^m^x 

42arVV 



WaJb 
2bc' 

— 12 am 

— 2 in 

Zbabc 
bbd' 

abx 



baby 

27 g^ 
-3a-^ 



21. 



22. 



13. 



14. 



15. 



— Sbmx 
iax' 

abc 



- ^ — 51 abdy^ 
^bdy 

-^ 225 mV 

17. ^• 

25 my* 

18. 30^. 
— bs^y 

Sa'b'c*d' 



- a*b'cd' 

12 am'^n*p^q^ 
4 m'n^p*q^ 
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23. (4 a^hi? X 10 a^h\) ^ 6 a^^V. 

24. (21 a:'^*^' -^ 3 ^y'z)(- 2 ar^y^z). 
26. 104 oJV -^ (91 a^6V ^ 7 a*5*:r). 

26. (24 d'l^x -f- 3 a'5^) + (36 a«5 V ^ - 5 a^^>^). 

27. 85a*^^-^6a*'»-^ 28. 84a**-*-^ 12a^ 

60. To divide One Polynomial by Another. 
If the divisor (one factor) = a + ^ + c?, 

and the quotient (other factor) = ^ +P + 9'» 

an + hyi + en 
then the dividend (product) = < + op + 6p + cp 

t+a(7 + 6(7 + ^2'. 

The first term of the dividend is an ; that is, the product 
of a, the first term of the divisor, by n, the first term of 
the quotient. The first term n of the quotient is therefore 
found by dividing an^ the first term of the dividend, by a, 
the first term of the divisor. 

If the partial product formed by multiplying the entire 
divisor by w is subtracted from the dividend, the first term 
of the remainder ap is the product of a, the first term of 
the divisor, by ^, the second term of the quotient ; that is, 
the second term of the quotient is obtained by dividing the 
first term of the remainder by the first term of the divisor. 
In like manner, the third term of the quotient is obtained 
by dividing the first term of the new remainder by the 
first term of the divisor ; and so on. Hence we have the 
following rule : 

Arrange both the dividend and divisor in ascending or 
descending powers of some common letter. 

Divide the first term of the dividend by the first term of 
the divisor. 
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Write the result as the first term of the quotient. 

Multiply all the tefi^ms of the divisor hy the first term of 
the quotierU. 

Subtract the product from the dividend. 

If there he a remainder^ consider it as a new dividend 
and proceed as before. 

61. It is of fundamental importance to arrange the divi- 
dend and divisor in the same order with respect to a com- 
mon letter, and to keep this order throughout the operatixm. 

The beginner should study carefully the processes in the 
following examples: 

(1) Divide a:* -f 18a: + 77 by ^ -^ 7. 



a;' + 18a;+77 
x^+ Ix 



x+ 7 



.t + 11 



llrr-^77 
lla;+77 



Note. The student will notice that by this process we have in 
•effect separated the dividend into two parts, x^ -\-lx and 11 a; + 77, 
and divided each part by a; + 7, and that the complete quotient is 
the sum of the partial quotients x and 11. Thus, 

»» + 18 a; + 77 = »» + 7 a; + 11 a; + 77 = (a;« + 7 a;) + (11 a; + 77) ; 

. aj* + 18a; + 77 g» + 7a; , lla;-f 77 ^_,^^ 
a? + 7 a? + 7 a; + 7 

(2) Divide 4aV — 4aV + x^ — a* by a;* — a^ 
Arrange according to descending powers of x. 



a;«-4aV + 4aV-a* 



aV 



x"- a' 



x*-Sa^x^ + a* 



-3aV-f4aV-a* 
-3aV-f-3aV 



a V — a* 
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(3) Divide 22a'5' +lbb' + Sa*- 10 a'b - 22 a6' 
by a' + 3i« — 2a5. 

Arrange according to descending powers of a. 



3a* - lOa'b + 22aV - 22ab' + 156* 
3a*- 6a*b+ ^aV 



a^-2ab + ^h' 



3a'-4a^> + 55« 



- ^a!'b + lZa^b^-22aP 

- ^a^b-V Sa'b^- 12 ab' 



ba'b'-lOab^+lbb* 
f^rfj^b' -- 10 ab' + 15 b* 

(4) Divide 6a;' - a; + 1 — 3a;* by 1 + 3a;' - 2a:. 
Arrange according to ascending powers of x. 



1- a; + 5ar* — 3a;* 
l-2a; + 3a;* 



l-2a: + 3a;' 



1+ X- x' 

x — Sx^ + 5a^ — Sx* 
x — 2x' + Sx' 

— a;» + 2ar' — 3a;* 

— a;' + 2ar^ — 3a;* 

(5) Divide a;* + y* + 2* — 3a:yz by a: + y + z. 
Arrange according to descending powers of x. 



3i? — 2fyzx-\-'i^ + :? 
0^ + y^ + g^ 



a? + .V 



31^ —yx — zx + y^ —yz + z^ 



— yo^ — zo^ — Zyzx + 1^ + ^ 

— y7? — y ^ x — yzx 

— z3i?-\- y^x — 2yzx + 'i^ + :? 



— zx^ 



— yzx — z^x 



'ifx — yzx + z^a; + y + z* 



y'x 



+ 3^ + ^'^ 



— yzx + 2^x — y'z + z* 

— yzx —y^z — yz^ 



z'x +y2? + 7? 

z*x + yz^ + :? 
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Exercise 17. 
Divide 

1. a;*-7a;+12byar-3. 

2. a^ + x — 72hyx + 9. 

3. 2af^-3^ + Sx-9hy2x--&. 

4. 6af^+Ux'-4:X+2ihj2x + 6. 
6. 3a:* + a; + 9a;»-l by 3a?-l. 

6. 7ar^ + 58a;--24a,'*--21by 7a;-3. 

7. a;* — 1 by a; — 1. 

8. a» — 2a5* + i»by a-J. 

9. a?* -Sly* by a: -3y. 

10. a^ — ^ hj X — y. 

11. a* + 32i'^bya + 2i. 

12. 2a* + 27a6«-81J*bya + 3i. 

13. a:* + lla;»-12a?-5ar' + 6by 3 + a:*-3a:. 

14. a?*~9a;» + ar'-16a:-4bya;* + 4 + 4a;. 

15. 86 + a:*— 13a:*by 6 + a;» + 5a;. 

16. a:* + 64bya;» + 4a; + 8. 

17. a;* + ar» + 57-35a;-24a:»bya;» — 3 + 2a?. 

18. l-a:-3a;'-a:*by l + 2a: + a:». 

19. a;^ — 2ar'+l bya;* — 2a; + l. 

20. a* + 2a»5' + 9i*bya'-2a6 + 3J'. 

21. 4a;* — a:« + 4a:by 2 + 2a:*+3a:. 

22. a*-243bya-3. 

23. 18a;* + 82a:» + 40-67a?-45a;»by 3a;» + 5-4a?. 

24. a;* — 6a:y — 93:*— y* by ar* + y + 3a;. 



46 ALGEBRA. 

25. :»* + 93:y-6r'y-4y*by a:'-3a;y + 2y». 

26. x^ + 3^%^ + y* by a:* — a;y + y*. 

27. a;* + a;' + a;*y + 3/' — 2a;y' — aj'y* bya:' + a;--y. 

28. 20;* — Sy' + a:^ — a;2 — 4yz — 2* by 2a; + 3y + z. 

29. 12+82a:* + 106a^-70r^-112r»-38a; 

by 3- 5a; + 7a:*. 

30. a;* + y* by a;*~a;'y + a:*3/' — ay + y*. 

31. 2a;* + 2a:*y'-2a;y«~7a;'y-y*by 2a?» + y' — a;y. 

32. 16a;* + 4a;'y' + y*by 4a;»-2a;y + y'. 

33. 32 dl'h + 8 a»6» - ai*^ - 4 a«6* - 56 a'V 

byZ>'-4a'6 + 6ai*. 

34. l + 5a;'-6a:*by l-a; + 3a;». 

35. l-52a*6*-51aWby4a*6» + 3a6-l. 

36. x^y — xy^ hy a?y'+ 23^ — 23i?y* — y\ 

37. a;»+15a;y + 15a;»y* + y*--6a:*y--6a:y*-20a;'y» 

by a;* -- Sa^-'y + 3ay — y*. 

38. a^ + 2a»6*-2a*6»-2a«6-6a*6*--3a6« 

bya»-2a'J-ail 

39. 81a;*y+18a:'y* — 54a:*y» — 18a;*y*-18ay— 9y» 

bySar^ + ^y' + y*. 

40. a* + 2a»6 + 8a*6» + 8a6» + 166* by a« + 4 6^ 

41. 8y*-a;* + 21a;'y'~24ay by 3a:y--a;'-y'. 

42. 16a* + 9 J* + 8a*6' by 4a* + 3 6* - 4a6. 

43. a' + J' + c* — 3a6(?by a + J + c. 

44. a»+86*+c'-6aJcby a* + 46* + c*--ac-2aJ— 26(?. 

45. a« + i» + c' + 3a*6 + 3ai*bya + 6 + (?. 
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62. The operation of division may be shortened in some 
cases by the use of parentheses. Thus : 

3f+(a + b + c)x' + (ab + ac+bc)x+abc \x + b 



3^ + ( +b ^x" 3^+(a+c)x+ac 

(a + c)sc' -\-(cJ}^ac-{-bc)x 
(a +c)x^+lab +bc)x 



OCX +abc 

OCX +ai/? 



Exercise 18. 
Divide 

1. a\b + c) + b\a-c) + c»(a — J) + a6(? by a + i + c. 

2. a:* — (a + 5 + c)a:' + (ai + ac + Jc)a:--aic 

hj a^ — {a + b)x + ab. 

3. a;»-2aa;* + (a» + a*-y)a;-a*6 + ai*byar-a + 6. 

4. X* — {c? — b — c) a^ — {b — c)ax -\-bc hj a^ — ax -^c c. 

6. a;* + (5 + a)r»-(4-5a + J)a:»-(4a + 56)a: + 4J 

by 2:* + 5a: — 4. 

7. x^-{a+b+c+d)a?+{ab+ac + ad+bc-{'bd+cd)x^ 

— {abc + abd + (icd + bed) x + cibcd 
by a:* — (a + c) a: + ac, 

8. a? — (m — c)x* '\- (n — cm -\- d)3i? '\- {r -{• en — dm) x* 

+ (cr + dn)x'{- drhy a? — ma? -{-nx + r. 

9. a:* — ma:* + 713:* — war' + ma:— 1 by ar— 1. 

10. ix + yy + Z{x + yyz + ^{x + y)z' + 7^ 
hj{x + yy + 2ix-\-y)z + z\ 



CHAPTER V. 

SIMPLE EQUATIONS. 

63. Equations. An equation is a statement in symbols 
that two expressions stand for the same number. Thus, 
the equation 3 a; + 2 = 8 states that Sx-{-2 and 8 stand for 
the same number. 

64. That part of the equation which precedes the sign 
of equality is called the first member, or left side, and that 
which follows the sign of equality is called the second mem- 
ber, or right side. 

65. The statement of equality between two algebraic 
expressions, if true for all values of the letters involved, 
is called an identical equation ; but if true only for certain 
particular values of the letters involved, it is called an 
equation of condition. Thus, (a + J)' = a' + 2 a6 + 6', which 
is true for all values of a and 6, is an identical eqtiation ; 
and 8 a; + 2 = 8, which is true only when x stands for 2, is 
an equation of condition. 

For brevity, an identical equation is called an identity, 
and an equation of condition is called simply an equation. 

66. We often employ an equation to discover an unknown 
number from its relation to known numbers. We usually 
represent the unknown number by one of the last letters of 
the alphabet, as a;, y, z ; and, by way of distinction, we use 
the first letters, a, J, c, etc., to represent numbers that are 
supposed to be known, though not expressed in the number- 
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symbols of Arithmetic. Thus, in the equation oa: + 6 = <?, 
z is supposed to represent an unknown number, and a, 6, 
and c are supposed to represent known numbers. 

67. Simple Equations. An integral equation which con- 
tains the first power of the symbol for the unknown number, 
Xf and no higher power, ia called a simple equation, or an 
equation of the first degree. Thus, ax'\-b = c is a simple 
equation, or an equation of the first degree in x, 

68. Solution of an Equation. To solve an equation is to 
find the unknown number ; that is, the number which, when 
substituted for its symbol in the given equation, renders 
the equation an identity. This number is said to satisfy 
the equation, and is called the root of the equation. 

69. Axioms. In solving an equation, we make use of 
the following axioms : 

Ax. 1. If equal numbers be added to equal numbers, 
the sums will be equal. 

Ax. 2. If equal numbers be subtracted from equal num- 
bers, the remainders will be equal. 

Ax. 3. If equal numbers be multiplied by equal numbers, 
the products will be equal. 

Ax. 4. If equal numbers be divided by equal numbers, 
the quotients will be equal. 

Ify therefore^ the two sides of an equation be inct^ea^ed hy^ 
diminished hy, multiplied by, or divided by equal numbers, 
the results will be equal. 

Thus, if 8a; = 24, then 8a; -f 4 = 24 + 4, 8a; - 4 = 24 - 4, 
4 X 8 a; = 4 X 24, and 8a; H- 4 = 24 -^ 4. 

70. Transposition of Terms. It becomes necessary in solv- 
ing an equation to bring all the terms that contain the 
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symbol for the unknown number to one side of the equation, 
and all the other terms to the other side. This is called 
transposing the terms. We will illustrate by examples : 

(1) Find the number for which x stands when 

16a; -11 = 7a: + 70. 

First subtract 7x from both sides (Ax. 2), which gives 

9ar-ll = 70. 
Then add 11 to these equals (Ax. 1), which gives 

9ar = 81. 
Divide both sides by 9 (Ax. 4), 

x = 9. 

(2) Find the number for which x stands when x+b = a. 
The equation is x + b~a. 

Subtract b from each side, a: + 6 — J = a — 6. (Ax. 2) 

Since +b and —b in the left side cancel each other 
(§ 14), we have x= a — b. 

(3) Find the number for which x stands when x — b = a. 

The equation is x — b = a. 

Add + b to each side, rr — 6 + 6 = a + 6. (Ax. 1) 

Since — b and + 6 in the left side cancel each other 
(§ 14), we have a: = a + 6. 

71. The eflfect of the operation in the preceding equa- 
tions, when Axioms (1) and (2) are used, is to take a term 
from one side and to put it on the other side with its sign 
changed. We can proceed in a like manner in any other 
case. Hence the general rule : 

72. Ant/ term may be transposed from one side of an 
eqiuxtion to the other provided its sign is changed. 
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73. Any term, therefore, which occurs on both sides with 
the same sign may be removed from both without affecting 
the equality. 

74. The sign of every term of an equation may be 
changed, for this is effected by multiplying by — 1, which 
by Ax. 3 does not destroy the equality. 

75. Verification. When the root is substituted for its 
symbol in the given equation, and the equation reduces to 
an identity ^ the root is said to be verified. 

(1) What number added to twice itself gives 24 ? 

Let X stand for the number ; 
then 2x will stand for twice the number, 
and the number added to twice itself will be a; + 2ar. 

But the number added to twice itself is 24 ; 

:.x + 2x = 2A. 
Combining x and 2x, 3ar = 24. 

Divide by 3, the coefficient of rr, x = 8. (Ax. 4) 

Verification. x + 2x = 2A, 

8 + 2 X 8 = 24, 

8 + 16 = 24, 

24 = 24. 

(2) If 4 a? — 5 = 19, for what number does x stand ? 

We have the equation 4rr — 5 = 19. 

Transpose — 5 to the right side, 4 a; = 19 + 5. 
Combine, 4 a; = 24. 

Divide by 4, x = 6. (Ax. 4) 

Verification. 4 a; — 5 = 19, 

4 X 6 - 5 = 19, 

24 - 5 = 19, 

19 = 19. 
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(3) If 3 a;— 7 stands -for the same number as 14 — 4 a;, 
what number does x stand for ? 

We have the equation 

3a;— 7 = 14 -4a;. 
Transpose 4 a; to the left side, and 7 to the right side, 

3a; + 4a; =14 +-7. 
Combine, 7 a; = 21. , 

Divide by 7, x — 3. 

Verification. 3a; — 7 = 14 — 4 a;, 

3x3-7 = 14-4x3, 

2 = 2. 

(4) Solve the equation {x — 3) (a; — 4) = a; (a; — 1) — 30. 
We have (a; - 3) (a; - 4) = a; (a; - 1) - 30. 

Remove the parentheses, 

a;» - 7a;+ 12 = a;» - a; - 30. 

' Since a^ on the left and a^ on the right are precisely the 
same, including the signj they may be cancelled. 

Then - 7 a; + 12 = - a; - 30. 

Transpose — a; to the left side, and + 12 to the right side, 

-7a; + a; = -30-12. 
Combine, — 6 a; = — 42. 

Divide by — 6, a; = 7. 

Verification. 

(7 -3) (7- 4) = 7 (7-1) -30, 
4x3 = 7x6-30, 
12 = 42 -30, 
12 = 12. 
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76. Hence, zo solve an equation with one unknown 
number, 

Transpose all the terms involving the unknown number 
to the left side J and all the other tei-ms to the righi side; 
cornbine the like term^s, and divide both sides by the coefficient 
of the unknown number. 

"Exercise 19. 
Find the value of x in 

1. 6a; — 1 = 19.. 8. 16ar~ 11 =t 7ar-H 70. 

2. 3a;+6 = r2. 9. 24ar-49 = 19a;- 14. 

3. 24a;=7a; + 34. ' ' 10. 3a; + 23 = 78-2a;: " 

4. 8a;— 29 = 26 — 3a;. 11. 26 -8a; = 80— 14a;. 

5. 12-5a; = 19 — 12a;. 12. 13 — 3a; = 5a;-3. 

6. 3a; + 6-2a; = 7a;. 13. 3a;- 22 = 7a; + 6. • 

7. 5a;+50 = 4a; + 56. 14. 8 + 4a; = 12a;- 16. 

15. 5a; -(3a; -7) = 4a; -(6a; -.35). 

16. 6a;-2(9-4a;) + 3(5a;-7) = 10a;-(4+16a; + 35). 

17. 9a;-3(5a; — 6) + 30 = 0. 

18. ;r-7(4a;-ll) = 14(a;-5)-19(8-a;)-61. 

19. (a; + 7)(a; - 3) = (a; - 5)(a; — 15). 

20. (a; -- 8)(a; + 12) = (a; + l)(a; - 6). 

21. (a;-2)(7-a;) + (a;-5)(a;+3)-2(a;-l) + 12 = 0. 

22. (2a; - 7)(a; + 5) = (9 - 2a;)(4 - a;) + 229. 

23. 14-a;-5(a;-(-3)(a; + 2) + (5-a;)(4-5a;) = 45a;-76. 

24. (a; + 5)^ - (4 - x)\ = 21 a;. 

25. 5{a;-2)' + 7(a;-3)' = (3a;-7)(4a;-19) + 42. 
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77. Statement and Solntion of Problems. The difficulties 
which the beginner usually meets in stating problems will 
be quickly overcome if he will observe the following direc- 
tions : 

Study the problem until you clearly understand its mean- 
ing and just what is required to be found. 

Remember that x must not be put for money, length, 
time, weight, etc., but for the required number of specified 
units of money, length, time, weight, etc. 

Express each statement carefully in algebraic language, 
and write out in words what each expression stands for. 

Do not attempt to form the equation until all the state- 
ments are made in symbols. 

We will illustrate by examples : 

(1) John has three times as many oranges as James, and 
they together have 32. How many has each ? 

Let X be the number of pranges James has ; 
then 3 re is the number of oranges John has ; 
and x + 3 a; is the number of oranges they together have. 

But 32 is the number of oranges they together have ; 

or. 4 a; = 32, 

and X = S. 

Since a; = 8, 3 a; = 24. 

Therefore James has 8 oranges, and John has 24 oranges. 

Note. Beginners in stating the preceding problem generally write : 

Let X = what James had. 

Now, we know what James had. He had oranges, and we are to 
discover simply the number of oranges he had. 

(2) James and John together have $24, and James has 
$8 more than John. How many dollars has each ? 



• 
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Let X be the nnmber of dollars John has ; 

then a; + 8 is the n amber of dollars James has ; 

and X •\- {x •\- S) 18 the number of dollars they both have. 

But 24 is the number of dollars they both have ; 

.-. a; + (« + 8) = 24 ; 
or, a; + a: + 8 =: 24. 

Transpose and combine, 2 a; = 16. 
Divide by 2, x=^S. 

Since a; = 8, a; + 8 = 16. 

Therefore John has $8, and James has $16. 

Note. The beginner must avoid the mistake of writing 

Let X = John's money. 

We are required to find the number of dollars John has, and there- 
fore X must represent this required number. 

(3) A and B had equal sums of money ; B gave A $5, 
and then 3 times A's money was equal to 11 times B's 
money. What had each at first ? 

Let X =■ number of dollars each had ; 

then x-\-b = number of dollars A had after receiving $ 5 ; 

and x — b = number of dollars B had after giving A f 5. 

Since 3 times A's money is now equal to 11 times B's, we have 
therefore the equation : 

3 (a; + 5) = 11 (a: - 6). 
Removing parentheses, 3 a? + 15 = 11 a; — 55. 
Transposing, 3 a? — 11 a; = — 55 — 15. 

Collecting, — 8 a; = — 70. 

Dividing by - 8, x = 8|. 

Therefore, each had $8.75. 
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(4) Find a number whose treble exceeds 50 by as much 
as its double falls short of 40. 

Let x = ihe nnmber ; 

then 3 a; = its treble ; 

and 3 a; — 50 = the excess of its treble over 50 ; 

also, 40 — 2 a; = the namber its double lacks of 40. 

Since the excess ofSx over 50 equals the nnmber 2x lacks of 40, 

we have 

3a;-50 = 40-2a;; 

3a; + 2a; = 40 + 60; 

5a; = 90; 

a; =18. 

Therefore the number required is 18. 

(5) Find a number that exceeds 50 by 10 more than it 
falls short of 80. 

Let X = the required number ; 

then a; — 50 = its excess over 50 ; 

and 80 — a; = the number it lacks of 80. 

Hence, a; — 50 — (80 — x) = the excess. 
But 10 = the excess. 

... a?-50-(80-a;) = 10. 
or a; -50 -80 + a; =10.. 

.-. 2a; =140, 
and • a; = 70. 

Therefore the number required is 70. 

Exercise 20. 

1. To the double of a certain number I add 14, and obtain 

as a result 154. What is the number? 

2. To four times a certain number I add 16, and obtain 

as a result 188. What is the number ? 

3. By adding 46 to a certain number, I obtain as a result 

a number three times as large as the original num- 
ber. Find the original number. 
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4. One number is three times as large as another. If I 

take the smaller from 16 and the greater from 30, 
the remainders are equal. What are the numbers ? 

5. Divide the number 92 into four parts, such that the 

first exceeds the second by 10, the third by 18, and 
the fourth by 24. 

6. The sum of two numbers is 20 ; and if three times the 

smaller number is added to five times the greater, 
the sum is 84. What are the numbers ? 

7. The joint ages of a father and son are 80 years. If the 

age of the son were doubled, he would be 10 years 
older than his father. What is the age of each ? 

8. A man has 6 sons, each 4 years older than the next 

younger. The eldest is three times as old as the 
youngest. What is the age of each ? 

9. Add $24 to a certain sum, and the amount will be as 

much above $80 as the sum is below $80. What 
is the sum ? 

10. Thirty yards of cloth and 40 yards of silk together cost 

$330; and the silk costs twice as much a yard as the 
cloth. How much does each cost a yard ? 

11. Find the number whose double increased by 24 exceeds 

80 by as much as the number itself is less than 100. 

12. The sum of $500 is divided among A, B, 0, and D. 

A and B have together $280, A and $260, and 
A and D $220. How much does each receive ? 

13. In a company of 266 persons composed of men, women, 

and children, there are twice as many men as women, 
and twice as many women as children. How many 
are there of each ? 
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14. Find two numbers differing by 8, such that four times 

the less may exceed twice the greater by 10. 

15. A is 68 years older than B, and As age is as much 

above 60 as B's age is below 50. Find the age of 
each. 

16. A man leaves his property, amounting to $7500, to be 

divided among his wife, his two sons, and three 
daughters, as follows: a son is to have twice as 
much as a daughter, and the wife $ 500 more than 
all the children together. How much will be the 
share of each ? 

17. A vessel containing some water was filled by pouring 

in 42 gallons, and there was then in the vessel seven 
times as much as at first. How much did the vessel 
hold? 

18. A has $72 and B has $52. B gives A a certain sum; 

then A has three times as much as B. How much 
did A receive from B ? 

19. Divide 90 into two such parts that four times one 

part may be equal to five times the other. 

20. Divide 60 into two such parts that one part exceeds 

the other by 24. 

21. Divide 84 into two such parts that one part may be 

less than the other by 36. 

Note. When we have to compare the ages of two persons at a 
given time, and also a number of years after or before the given 
time, we must remember that both persons will be so many years 
older or younger. 

Thus, if X represent A's age, and 2x B*s age, at the present time, 
A*8 age five years ago will be represented by x — 6: and B's by 
2x — 5. A's age five years hence will be represented by a; + 5 ; and 
B*8 age by 2x + 5. 
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22. A is twice as old as B, and 22 years ago he was three 

times as old as B. What is As age ? 

23. A father is 80 and his son 6 years old. In how many 

years will the father be just twice as old as the son ? 

24. A is twice as old as B, and 20 years since he was three 

times as old. What is B's age ? 

25. A is three times as old as B, and 19 years hence he 

will be only twice as old as B. What is the age 
of each ? 

26. A man has three nephews ; his age is 50, and the joint 

ages of the nephews is 42. How long will it be 
before the joint ages of the nephews will be equal to 
that of the uncle ? 

Note. In problems involving quantities of the same kind 
expressed in different units, we must be careful to reduce all the 
quantities to the same unit. 

Thus, if X denote a number of inches, all the quantities of the same 
kind involved in the problem must be reduced to inches. 

27. A sum of money consists of dollars and twenty-five-cent 

pieces, and amounts to $20. The number of coins 
is 50. How many are there of each sort ? 

28. A person bought 30 pounds of sugar of two different 

kinds, and paid for the whole $2.94. The better 
kind cost 10 cents a pound and the poorer kind 7 
cents a pound. How many pounds were there of 
each kind ? 

29. A workman was hired for 40 days, at $1 for every day 

he worked, but with the condition that for every 
day he did not work he was to pay 45 cents for his 
board. At the end of the time he received $22.60. 
How many days did he work ? 
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30. A wine merchant has two kinds of wine ; one worth 50 

cents a quart, and the other 75 cents a quart. From 
these he wishes to make a mixture of 100 gallons, 
worth $2.40 a gallon. How many gallons must he 
take of each kind ? 

31. A gentleman gave some children 10 cents each, and 

had a dollar left. He found that he would have 
required one dollar more to enable him to give them 
15 cents each. How many children were there ? 

32. Two casks contain equal quantities of vinegar ; from 

the first cask 34 quarts are drawn, from the secofid 
20 gallons ; the quantity remaining in one vessel is 
now twice that in the other. How much did each 
cask contain at first ? 

33. A gentleman hired a man for 12 months, at the wages 

of $90 and a suit of clothes. At the end of 7 months 
the man quits his service and receives $33.75 and 
the suit of clothes. What was the price of the suit 
of clothes ? 

34. A man has three times as many quarters as half- 

dollars, four times as many dimes as quarters, and 
twice as many half-dimes as dimes. The whole sum 
is $7.30. How many coins has he in all? 

36. A person paid a bill of $15.25 with quarters and half- 
dollars, and gave 51 pieces of money in all. How 
many of each kind were there ? 

36. A bill of 100 pounds was paid with guineas (21 shil- 
lings) and half-crowns (2} shillings), and 48 more 
half-crowns than guineas were used. How many of 
each were paid? 



CHAPTER VI. 

MULTIPLICATION AND DIVISION. 

Special Rules. 

78. Special Boles of MnltiplioatioiL Some results of mul- 
tiplication are of so great utility in shortening algebraic 
work that they should be carefully noticed and remem- 
bered. The following are important : 

79. Square of the Sum of Two ITumbers. 

(a + by = (a + hXa + h) 

= a(a + h) + b(a + b) 
= a^ + ah + ah -}- b* 
= a' + 2ab + b\ 

Since a and b stand for any two numbers^ we have 

Rule 1. The square of the swm of two numbers is the 
sum of their squares plus twice their product 

80. Square of the Difference of Two ITumbers. 

{a-by=={a-b){a-b) 

= a(a — b)'-b(a~b) 
= a^ — ab — ab-]-b^ 
= a^-2ab + b\ 

Hence we have 

Rule 2. The square of the diffo^ence of two numbers is 
the sum of their squ/ires minus twice their product. 



i 
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81. Product of the Sum and Difference of Two Fnmbers. 

(a + b){a — b) = a{a — h) + h{a-h) 

= a^ — ab + ab — b^ 
= a'-b\ 
Hence we have 

Rule 3. The product of the sum and difference of two 
)i umbers is the difference of their squares. 

82. Slnstrations. If we put 2 a: for a and 3 fori, we have 

Rulel, {2x+By==^x' + 12x + 9. 

Rule 2, (2x -Sy=^x'-12x + 9. 

Rule 3, (2x + 3)(22; - 3) = 4a;* - 9. 

If we are required to multiply a + i + c by a-i-b — c, 
we may abridge the ordinary process as follows : 

(a + b + c)(a + b^c) = [(a + b) + cl(a + b)^c] 
By Rule 3^ = (a + by - c" 

By Rule 1, = a» + 2aJ + i' - c\ 

If we are required to multiply a + 5 — cbya — i + c, we 
may put the expressions in the following forms, and per- 
form the operation : 

(a+b- c)(a -b + c) = [a + (b- c)][a - (b - c)] 

By Rule 3, =a'-(b- cy 

By Rule 2, = a« - (i* - 2bc + c") 

^a^-b'' + 2bc-c'. 
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Exercise 21. 


Write the product of 




1. 


(^ + y)'. 


9. (a5 + (?c?)'. 


2. 


(y - ^y- 


10. (37n7t — 4)«. 


3. 


(2^+1)'. 


11. (12 + 52;)'. 


4. 


(2a+5i)'. 


12. (4ay — yz*)». 


5. 


(1 - x^)\ 


13. (3a5c — ice?)*. 


6. 


{^ax-^x')\ 


14. (4a:»-ay)». 


7. 


(l-7a)'. 


15. (x + y){x-y). 


8. 


{^xy + 2)\ 


16. (2a + i)(2a-J) 




17. 1 + a + i and \—-a — b. 




18. \ — a + b and 1 + a — i. 




19. a^ + ah + V 


and c? ~ ah + J*. 




20. 3a + 2i — . 


p and 3a — 2i + c. 



83. Square of any Polynomial. If we put x for a, and 
y + 2 for i, in the identity 

{a + hy = a} + 2ah + h\ 

we shall have 

[x + {y + z)]' = 7^ + 2x(y + z) + {y + z)\ 
or (a: + y + 2)» = a;* + 2a;y + 2a:z + y» + 2yz + 2' 

= a:' + y' + 2' + 2a:y + 2arz + 2yz. 

It will be seen that the complete product consists of the 
sum of the squares of the terms of the given expression and 
twice the products of each term into all the terms that fol- 
low it. 
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81. Product of the Sum and Difference of Two ITnmbers. 

(a + h){a — h) = a(a — h) + h{a-h) 

= a* — ab + ab — b^ 
= a'-b\ 
Hence we have 

EuLE 3. The product of the sum and difference of two 
)i umbers is the difference of their squares. 

82. ninstrationB. If we put 22: for a and 3 for &, we have 

Rulel, (22; + 3)' = 4a;» + 12a; + 9. 

Rule 2, i2x - 3)' = 4a;' - 122; + 9. 

Rule 3, (22; + 3)(22; - 3) = 42;* - 9. 

If we are required to multiply a + b + c by a + b — c, 
we may abridge the ordinary process as follows : 

{a + b + c)(a + b-c) = [(a + b) + c][{a + b)^c] 
By Rule 3^ = (a + bf - <? 

By Rule 1, = a* + 2a6 + i« - c\ 

If we are required to multiply a + J — cbya — J + (?, we 
may put the expressions in the following forms, and per- 
form the operation : 

(a + i - c){a - i + c) = [a + (i - c)\a -{b- c)] 

By Rule 3, =«'-(&- cf 

By Rule 2, = a' - (6* -2bc + c') 

^a'-b' + 2bc-'c'. 
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(1) (x+6)(x + S) = x(x + S) + 6(x + S) 

= x^ + Sx + 5x+lb 
= a^ + 8x + l5. 

(2) (x-bXx - 3) = x(x - 3) - 5(a; - 3) 

^x' — ^x-bx + lb 
^x'-Sx+lb. 

(3) (x + 5)(a; - 3) - a:(a: - 3) + 5(a: - 3) 

= x^-3x + 5x-lb 
= x' + 2x-15. 

(4) (x - 5)(a; + 3) = x(x + 3) - 5(a:+ 3) 

= :t'^ + 3a:-5a;-15 
= a;* -2.^-15. 

Each of these results has three terms. 

The first term of each result is the product of the first 
terms of the binomials. 

The last term of each result is the product of the second 
terms of the binomials. 

The middle term of each result has for a coefficient the 
algebraic sum of the second terms of the binomials. 

The intermediate step given above may be omitted, and 
the products written at once by inspection. Thus, 

(1) Multiply 2; + 8 by a: + 7. 

8 + 7 = 15, 8x7 = 56. 
.-. (x + 8)(x +1)=x' + 15x + 56. 

(2) Multiply .r - 8 by a; - 7. 

(- 8) + (- 7) = - 15. (- 8)(- 7) - + 56. 
/. {x - S)(x- 7) = a:* - 15 a: + 56. 
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Again, if we put a — b for a, and c — dfoT J, in the same 

identity, 

{a + by = a^ + 2ab + b\ 

we shall have 

[(a-b) + (o^d)]^ 
= (a-by + 2{a-b)(c-d) + (c-d)' 
= (a^-2ab+b')+2a(c-d)-2b{c-d)+(c'-'2cd+(lP) 
= a*-2ab + b* + 2a€-'2ad-2bc+2bd+c'-2cd+d' 
= a* + b* + c'+d'—2ab + 2ac-2ad-2bc+2bd-2cd. 

Here the same law holds as before, the sign of each 
double product being + or — , according as the factors com- 
posing it have like or unlike signs. The same is true for 
any polynomial. Hence we have 

Rule 4. The square of a polynomial is the sum of the 
squares of the several terms and twice the products obtained 
by multiplying each term into all the terms that follow it. 







Exercise 22. 


1. 1 


[x + y + zy- 


9. 


(a» + J» + e»)' = 


2. 


ix-y + zy = 


10. 


x^-^-^y- 


3. 1 


(m + w —p — qy 


= 11. 


{x + 2y-^zy- 


4. i 


[a^ + 2x-^y- 


12. 


{x'-'2if + b:^y-- 


6. 


[x'-^x+iy^ 


13. 


{x' + 2x-2y = 


6. 


{2x' Tar + 9)' = 


14. 


{a^-bx+iy- 


7. ( 


[^-\-y'-z'y=^ 


15. 


{2x' 3ar 4)» = 


8. 1 


(^*-4rc»y» + /)' 


= 16. 


(x + 2y + ^zy- 



84. Product of Two BinomialB. The product of two bino- 
mials which have the form x + a, a? -f J, should be carefully 
noticed and remembered. 
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(1) (x+5)(x + 3) = ^(x + S) + 5(x + S) 

= x^ + Sx + 5x+lb 
= x' + 8x+l5. 

(2) (x - 5){x -S) = x{x-S)-d(x- 3) 

= ar» — 3a;-5a; + 15 
= x'-8x+l5. 

\ 

(3) (x + 5)(a; - 3) = a:(a: - 3) + 6(2: - 3) 

= ar»-3a? + 5a;-15 
= x' + 2x-lb. 

(4) (2: - 5Xa; + 3) = x(x + 3) - b(x + 3) 

= .r' + 32:-5a;-15 

Each of these results has three terms. 

The first term of each result is the product of the first 
terms of the binomials. 

The last term of each result is the product of the second 
terms of the binomials. 

The middle term of each result has for a coefficient the 
algebraic sum of the second terms of the binomials. 

The intermediate step given above may be omitted, and 
the products written at once by inspection. Thus, 

(1) Multiply 2; + 8 by a: + 7. 

8 + 7 = 15, 8x7 = 56. 
.-. (x + 8)(x + 7) = a:* + 15a; + 56. 

(2) Multiply .T - 8 by a; — 7. 

(_8) + (-7) = -15, (- 8)(- 7) - + 56. 
/. (x - S)(x- 7) = a:* - 15 a: + 56. 
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(3) Multiply x—lyhyx + Qy. 

.'. (x — Ty)(x + 6y) = x^ — xy — 42 y*. 

(4) Multiply x' + Q{a+b)hj x^-5(a + h). 

+ 6-5 = 1, 6(a + i) X - 5(a + i) = - 30(a + hf. 
.'. [3^+Q (a+b)'lx'-5 (a+b)] = x*+(a+b) x'-SO {a-^bf. 

Exercise 23. 

Write the product of 

1. (a: + 2)(a: + 3). 11. {x-c){x-d). 

2. (rr+l)(.r + 5). 12. (2;-4y)(a; + y). 

3. (a: - 3)(a; - 6). 13. {a-2b){a-bb). 

4. (a: - 8)(a: - 1). 14. (a:' + 2y')(a;» + y»). 

5. (a: - 8)(a: + 1). 15. (ar* - 3a;y)(a;» + n:y). 

6. (.r — 2)(a; + 5). 16. (oa: -- 9)(aa: + 6). 

7. (a: - 3)(a: + 7). 17. (a: + a)(a; - ^>). 

8. (a; - 2)(a: - 4). 18. (a; - ll)(ar + 4). 

9. (a:+l)(a: + ll). 19. (a:+ 12)(a: - 11). 
10. (a:-2a)(a: + 3a). 20. (a: - 10)(a; - 5). 

85. In like manner the product of any two binomials 
may be written. Thus, 

(1) (2a- b){^ a + 4 ^>) = 6 a' + 8 a^ - 3 a J - 4 J» 

= ^a^ + bab-U\ 

(2) (2ar + 3yX3a: - 2y) =- 6.r» - 4a;y + 9a;y - 6y* 

= 6a:' + 5a:y — 6y'. 
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86. Special Bales of Divisioiu Some results in division 
are so important in abridging algebraic work that they 
should be carefully noticed and remembered. 

87. Difference of Two Squares. 
From § 81, (a + b){a -b) = a'-b\ 

.'. r-=a— J, and — ^^ = a + i. Hence, 

a + a — 6 

Rule 1. The difference of the squares of two numbers is 
divisible by the sum^ and by the difference, of the numbers. 

Exercise 24. 
Write the quotient of 

'• -^~^' ^- ~Y^^2^' 

2. IzLi^. 10. ^-^^f. 

x + ^y 



3. :iii — ^. 11. 



\ + {x-y) 

4. 9«'-^' 12. <^'-{i + o)\ 

a + ib + c) 



\-2x 

1-^3? 


l + 2x 
9a' -i' 


Za + b 
9a»-i' 


Za-b 
16o'-9i' 


4a+36 

1-92* 


l-3z 
a»J' - <* 


ah + c 
^3?-\&y' 



» 16a'-9i' ,« (a; + y)»-25 

6. — : ITT — 13. ^ -^^ 

(^ + y) - 5 

' " \ + {a-bb) 



64-(26 + 3cV 
8-(2^> + 3c)' 

(a-by-{c-d)' 
2a? + 4y ""' (a- J) + (<?-rf) 



7. "^ — ^. 15. 



16. 



CHAPTER VII. 

FACTORS. 

90. Bational Expressions. An expression is rational when 
none of its terms contain square or other roots. 

91. Factors of Bational and Integral Expressions. 67 fac- 
tors of a given integral number in Arithmetic we mean 
integral numbers that will divide the given number with- 
out remainder. Likewise by factors of a rational and inte- 
gral expression in Algebra we mean rational and integral 
expressions that will divide the given expression without 
remainder. 

92. Factors of Monomials. The factors of a monomial 
may be found by inspection. Thus, the factors of 14a*i 
are 7, 2, a, a, and b. 

93. Factors of Polynomials. The form of a polynomial 
that can be resolved into factors often suggests the process 
of finding the factors. 

Case I. 

94. When all the Terms have a Oommon Factor. 
(1) Kesolve into factors 2a^ ^^xy. 
Since 2 a: is a factor of each term, we have 

? — ^ = -^ + -77^ = ^ + 3y. 

2x 2x 2x 

.'.2x^ + exy = 2x(x + Sy). 
Hence, the required factors are 2x and x + Sy. 
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(2) Resolve into factors 16 a' + 4 a' — 8a. 

Since 4a is a factor of each term, we have 

16a» + 4a*-8a _16a' . 4a* 8a 
4a 4a 4a 4a • 

= 4a' + a-2. 

.-. 16a» + 4a'-8a = 4a(4a' + a~2). 

Hence the required factors are 4 a and 4 a' + a — 2. 

Exercise 27. 
Resolve into factors : 

1. 5a' -15a. 4. 4r^y- 12a;y + 8^^. 

2. 6a»+18a'-12a. 6. 3/* — ay* + iy' + cy. 

3. ^9x^-21x+U. 6. 6a*i»-21a*i' + 27a»i\ 

7. b^x'^+10Sxy-2ASxy. 

8. 45a:y«-90a;*y'-360ary. 

9. 70ay-140a'y^ + 210ay 
10. 32 aW + 96 aW - 128 a^b\ 

Case II. 

95. When the Terms can be grouped so as to show a Oommon 
Factor. 

(1) Resolve into factors ac + ac? + ic + bd. 

ac + ad+ bc'\'bd=(ac + ad) + (be + bd) (1) 

= a(c + d) + b{c + d) (2) 

= (a + b)(c + d). (3) 

Note. Since one factor is seen in (2) to be c + d, dividing hj c-\-d 
we obtain the other factor, a + &. 
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(2) Find the factors of ac -]- ad — be — bd. 

aC'\-ad^hc — bd= (ac + ad) — (be + bd) 

= a(c + d)-'b(c + d) 
= (a - b){c + d). 

Note. The signs of the last two terms, — 6c — hd, are changed to +, 
when put within a parenthesis preceded by the minus sign. 

(3) Resolve into factors boi? — 15 oa;* — x-\-Za. 

5r^-15aa:»-a; + 3a = (5ar»-15aa;»)-(a;-3a) 

= boi^{x - 3a) - 1 (a; - 3a) 
= {bx'-\){x-Za). 

(4) Resolve into factors 6y — 2Toc^y -- 10a? + 45a:'. 

6y - 27 a;'y - 10a; + 45 ar^ = (45a;» - 27 a;'y)-(10a; - 6y) 

= 9a;'(5a;-3y)-2(5a;-3y) 
= (9a:'-2)(5a:-3y). 

Note. By grouping the terms thus, ifiy — 27 a^y) — (10 a; — 45»'), 
we obtain for the factors (3y — 5fl;)(2 — S**). 

But (3y - 5a;)(2 - 9«») = (9a:* - 2X5 a; - 3y), since, by the Law of 
Signs, the signs of two factors., or of any even number of factors^ may 
be changed without altering the value of the product. 

Exercise 28. 

Resolve into factors : 

1. oi? — ax — bx-\'ab. 6. ahx — aby -{-pqx — pqy. 

2. ab + ay — by — y^. 7. cdx^ + ddxy — bcxy ^aby^, 

3. bc + bx — cx — x^, 8. abcy — b*dy — acdx + bd^x. 

4. mx + mn + ax-\- an. 9. ax — ay — bx-^- by. 

6. cdx* — cxy-\- dxy — y*. 10. ccfe' — cyz + dyz — y*. 
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96i Perfect Squares. If an expression can be resolved 
into two equal factors, the expression is called a perfect 
square, and one of its equal factors is called its square root 

Thus, I6a^t/* = ^a^y X 43^y. Hence, 16a;'y* is a perfect 
square, and 4a;'y is its square root. 

Note. The square root of IGa^y'caay be — 4«'y as well as + 4a:'y, 
for — 4«'y X — 4iB'y =» IGsfiy* ; but throngbont this chapter the posi- 
tive square root only will be considered. 

97. The rule for extracting the square root of a perfect 
square, when the square is a monomial, is as follows : 

Extract the square root of the coefficient^ and divide the 
index of each letter by 2. 

98. In like manner, the rule for extracting the cube 
root of a perfect cube, when the cube is a monomial, is. 

Extract the cube root of the coeffi^cienij and divide the 
index of each letter by 3. 

99* By §§ 79, 80, a trinomial is a perfect square, if its 
first and last terms are perfect squares and positive, and 
its middle term is twice the product of their square roots. 
Thus, 16 a' — 24ai + 9i* is a perfect square. 

The rule for extracting the square root of a perfect 
square, when the square is a trinomial, is as follows : 

Extract tJie square roots of the first and last terms, and 

connect these square roots by the sign of the middle tei'm. 

Thus, if we wish to find the square root of 

16a»-24a& + 96», 

we take the square roots of 16 a' and 96', which are 4 a and 36, 
respectively, and connect these square roots by the sign of the middle 
term, which is — . The square root is therefore 

4a-36. 

In like manner, the square root of 

16a« + 24 a6 + 96' is 4a + 36. 
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Case III. 

100. When a Trinomial is a Perfect Square. 

(1) Kesolve into factors a;* + 2a;y + y^ 
From § 99, the factors of x* -\-2xy-}-i/^ are 

(x + 7^(x + y). 

(2) Kesolve into factors x* — 2x^y + y^ 
From § 99, the factors of x* — 2x'y + y^ are 

(^ - yXx" - y). 

Exercise 29. 
Resolve into factors : 

1. a;" + 1237+ 36. 8. y*+ 16yV + 642*. 

2. ar» + 28a; + 196. 9. / + 243/^ + 144. 

3. a;» + 34a: + 289. 10. ar»z' + 162x2 + 6561. 

4. 2^ + 22 + 1. 11. 4a* + 12ai' + 96*. 

5. y + 200y+ 10,000. 12. 9a;»y* + 30a:y'2+252». 

6. 2* + 142' + 49. 13. ^3t?+l2xy + ^y' . 

7. ar» + 36 a:y + 324 y^ 14. 4aV + 20aVy+25a;y. 

Exercise 30. 
Resolve into factors : 

1. a' -8a + 16. 7. y'- 50^2 + 6252*. 

2. a^- 30a + 225. S. a;* - 32a,V + 256^ 

3. a;* -38a: + 361. 9. 2«- 342* + 289. 

4. a;* — 40 a: +400. 10. 4a:y — 20 a;*y'2 + 25 yV. 
6. y»-100y + 2500. 11. 16 a;'/- 8 ay2» + yV. 

6. /-20y'+100. 12. 9a*6V-6aiVrf+6V(r. 
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13. 16a;« — 8a?y + a:»/. 16. 1 -6a5» + 9a***. * 

14. aV — 2a»6a;»/ + iy. 17. 9mV -247nn+ 16. 
16. 36a;*y» — 60ay + 26y*. 18. 4JV- 12Ja:*y + 9a;'y». 

19. 49a'-112ai + 64j&'. 

20. 64a:y - 160a;yz + 100a:V. 

21. 49a»iV — 28aica: + 4a:». 

22. 121a;* -286a;»y+ 169 y 

23. 289a;*y*z' — 1022;/z»rf + 9y»z*cf . 

24. 361 a^'y'z' -- 76 ahcxyz + 4 a'iV. 

Case IV. 

101. When a Binomial is the Difference of Two Squares. 
(1) Resolve into factors re* — y*. 

From § 81, {x + y)(x — t/) = a^ — y^. 

Hence, the difference of two squares is the product of 
two factors, which may be found as follows : 

Take the sqwire root of the first term and the sqicare root 
of the second term. 

The sum of these roots will form the first factor. 

The difference of these roots will form the secoTid factor, 

102. If the squares are compound expressions, the same 
method may be employed. 

(1) Resolve into factors {x + 3y)* — 16 a^ 

The square root of the first term is a; + 3^. 

The square root of the second term is 4 a. 

The sum of these roots is a; + 3y + 4a. 

The difference of these roots is a; + 3y — 4a. 

Therefore {x + 3y)« - 16d' = (a: + 3 y + 4a)(a; + 3y -- 4a). 
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(2)' Resolve into factors a* — (3 6 — 5c)^ 

The square roots of the terms are a and (36 — 5 c). 
The sum of these roots is a + (3 6 — 5 c), or a + 3 6 — 5 c. 
The difference of these roots is a — (3 6 — 5 c), or a — 3 6 + 5 c. 
Therefore a« - (36 - 5 c)* = (a + 36 - 5c)(a - 36 + 5c). 

103. If the factors contain like terms, these terms should 
be collected so as to present the results in the simplest 
form. 

(3) Resolve into factors (3 a + 5 6)' - (2 a - 3 6) . 

The square roots of the terms are 3 a + 5 6 and 2 a — 3 6. 
The sum of these roots js (3 a + 5 6) + (2 a — 3 6) 

or3a + 56 + 2a-36 = 5a + 26. 
The difference of these roots is (3 a + 5 6) — (2a — 3 6), 

or3o + 56 — 2a + 36 = a + 86. 
Therefore (3a + bhf - {2a-Zhf = (5a + 26)(a + 86). 

104. By properly grouping the terms, compound expres- 
sions may often be written as the difference of two squares, 
and the factors readily found. 

(1) Resolve into factors a' — 2a6 + 6* — 9<?'. 

a» - 2a6 + 6^ - Qc" = (a» - 2ab + h^) - 9c^ 

= (a-6)»-9c' 
= (a - J + 3c)(a — J - 3c). 

(2) Resolve into factors 12aJ + Qa;' — 4 a' - 96^ 

Note. Here 12 a6 shows that it is the middle term of the expres- 
sion which has in its first and last terms a? and 6', and the minus 
sign before 4 a' and 96' shows that these terms must be put in a 
parenthesis with the minus sign before it, in order that they may be 
made positive. 

The arrangement will be 

9a;» - (4a» - 12a6 + W) = 9x' - (2a - Sby 

= (Bx+2a-Sb){Sx-2a+Sb). 
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(3) Resolve into factors —a^+b^ — c' + d^ + 2ac + 2bd. 

Note. Here 2 ac, 2 bd, and — o*, — (r*, indicate the arrangement 
required. 

- a» + 6» — (?* + c?» + 2ac + 2W 

= (i^ + 2bd+ d') - (a* -2ac + c') 

= (b + dy-(a-cy 

-=(b + d+a-e)(b + d-a + c). 



Resolve into factors : 

1. a'-6^ 

2. a» — 16. 

3. 4a' — 25. 

4. a* -6*. 

5. a* — 1. 

6. a^-b\ 

7. a«-l. 

8. 36a:»-49y^ 



Exercise 31. 

18. x'-2xy + y'-z\ 

19. a» + 12J(?-4i»-9c'. 

20. a'-2ay+y'— a;* — 2a;2-2». 

21. 2a;y-a:*-y* + 2». 

22. a:* + y»-2;»--(f-2a:y-2c?2;. 

23. x''-y' + z'-a'-'2xz+2ay. 

24. 2a6 + a» + *'-c'. 

25. 2xi/-z'-'7/*+a^ + b^-2ab. 



9. lOOa;'^'— 121a'6». 26. (aa; + Jy)» — 1. 



10. 1 — 49a;». 

11. a*- 256'. 

12. (a — by-c^ 

13. a:*-(a-i)». 



27. 1 — a;'-y' + 2a:y. 

28. (5a-2)»-(a-4)». 

29. a' — 2a6 + 6» — a;l 

30. ^x + iy-(r/ + iy. 



14. (a + i)»-(c + c?)l 31. (a; + iy-(y-l)2. 

16. (oc + yy-'(x-yy. 32. c^'-ar* + 4a;y-4^/^ 

16. 2ai-a»-J* + l. 33. a^ - b^ - 2bc - c^, 

17. a;'-2y2 — y*-z«. 34. 4a;*~9a;' + 6a;- 1. 
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Case V. 



105. When a Trinomial has the Form a* + a'^b'* + b*. A 
trinomial in the form of a* + a^b^ + 6* can be written as 
the difference of two squares. 

Since a trinomial is a perfect square when the middle 
term is twice the product of the square roots of the first 
and last terms, it is obvious that we must add aV to the 
middle term of a* + a'6' + J* to make it a perfect square. 
We must also subtract a'J' to keep the value of the 
expression unchanged. We shall then have 

(1) a' + aV + b' = a' + 2aV + b'-aV 

= (a» + 6»)» - aV 

=^ {a^ + V + ah) {a? + b'' - ab) 

= (a» + aJ + i») (a» - a6 + i»). 

If in the above expression we put 1 for J, we shall have 

(2) a* + a'+ 1 = (a* + 2a»+ 1) - o? 

= (a»+l + a)(a» + l-a) 
= (a» + a + l)(a'-a+l). 

(3) Resolve into factors 4i* - 37 iV + 9 c*. 

Twice the product of the square roots of 4 6* and 9 c* is 12 6^c'. 
We may separate the term —376V into two terms, —126V and 
— 25 1^<?, and write the expression 

(4J*-126V + 9c*)-25iV 

= (2i^-3c' + 5Jc)(2i»-3c»-5ic) 
= (2i» + 5Jt?-3c')(2i»-5ic-3c»). 
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Resolve into factors : 

1. a^ + a;»y« + y*. 

2. 9a:* + 3a;»y' + 4/. 

3. 16a:*-17a;»y' + /. 

4. 81a* + 23a»6»+166*. 

5. Sla*-2SaV+16b\ 

6. 9a:* + 38a;»y' + 49y*. 

7. 25a*-9aV + 165*. 



8. 49m* + 110mV+81n\ 

9. 9a* + 21a'c^ + 25c*. 

10. 49d*— ISo'i^ + lZli*. 

11. 64x* + 128:c»y» + 81y*. 

12. 4x*-37ay + 9/. 

13. 25x*-41a:*y'+16y». 

14. 81a:*-84«y + 3^. 



Case VI. 

106. When a Trmomial has the Fonn x* + az + k 

From § 84 it is seen that a trinomial is often the product 
of two binomials. Converselj, a trinomial may, in certain 
cases, be resolved into two binomial factors. 

107. If a trinomial of the form a^ + az + b is such an 
expression that it can be resolved into two binomial feus- 
tors, it is obvious that the first term of each feuHior will be 
X, and that the second terms of the factors will be two 
numbers whose product is b, the last term of the trinomial, 
and whose algebraic sum is a, the coefficient of x in the 
middle term of the trinomial. 

(1) Resolve into factors a» + lla + 30. 

We are required to find two numbers whose product is 30 and 
whose sum is 11. 

Two numbers whose product is 30 are 1 and 30, 2 and 15, 3 and 
10, 5 and 6 ; and the sum of the last two numbers is 11. Hence, 

a» + 11 a + 30 = (a + 5)(a + 6). 
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(2) Resolve into factors x^—Tx-}-12. 

We are required to find two numbers whose product is 12 and 
whose algebraic sum is — 7. 

Since the product is + 12, the two numbers are both positive or both 
negative; and since their sum is — 7, they must both be negative. 

Two negative numbers whose product is 12 are — 12 and —1,-6 
and — 2,-4 and — 3 ; and the sum of the last two numbers is — 7. 
Hence, 

(3) Resolve into factors ar* + 2 a; — 24. 

We are required to find two numbers whose product is — 24 and 
whose algebraic sum is 2. 

Since the product is — 24, one of the numbers is positive and the 
other negative ; and since their sum is + 2, the larger number is 
positive. 

Two numbers whose product is — 24, and the larger number posi- 
tive, are 24 and — 1, 12 and — 2, 8 and — 3, 6 and — 4 ; and the sum 
of the last two numbers is + 2. Hence, 

x' + 2x-' 24= (a; + 6)(a: - 4). 

(4) Resolve into factors a^ — Sx—lS, 

We are required to find two numbers whose product is — 18 and 
whose algebraic sum is — 3. 

Since the product is — 18, one of the numbers is positive and the 
otlier negative ; and since their sum is — 3, the larger number is 
negative. 

Two numbers whose product is — 18, and the larger number nega- 
tive, are — 18 and 1,-9 and 2,-6 and 3 ; and the sum of the last 
two numbers is — 3. Hence, 

a^-Sx'-'lS = (x- 6){x + 3). 

Therefore in general, 

a^ -\- (a -{- b) X -\- ab = (x + a)(x + b) 

whatever the valves of a and b. 
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Exercise 33. 

Resolve into factors : 

1. a;»+lla; + 24. 14. a*+5a* + 6. 

2. a^+llx + dO. 15. z« + 42' + 3. 

3. y*+17y + 60. 16. a'6' + 18a6 + 32. 

4. 2*+13z + 12. 17. a;«y* + 7a;y + 12. 

5. a:* + 21a? +110. 18. 2'° + 102* + 16. 

6. y' + SSy + SOO. 19. a» + 9a6 + 20i*. 

7. i» + 23i + 102. 20. a;« + 9ar^ + 20. 

8. a:* + 3a; + 2. 21. aV+ 14aJa: + 336». 

9. a^ + Tx + 6. 22. aV+ 7 aca:+ 10 a:*. 

10. a'+9aJ + 8i'. 23. a:'yV+ 19a:yz + 48. 

11. a:* + 13aa? + 36a'. 24. 6V+ 18a6c + 65a*. 

12. 3/* + 19j5y + 48/)*. 25. r*s' + 23m + 90z'. 

13. 2« + 293^2+ 100^. 26. mV+20mVp^+51pV. 



Exercise 34. 
Besolye into factors : 

1. a:*-7a;+10. 7. a:*-4aV + 3a*. 

2. a;* -29a? + 190. 8. a;* -8a: + 12. 

3. a»- 23a +132. 9. 2* -572 + 56. 

4. y- 305 + 200. 10. y«-7y' + 12. 

6. 2* -432 + 460. 11. a:y-27a:y + 26. 

6. a;»-7a? + 6. 12. a^i'-lla'^i' + SO. 




^ 
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13. a*iV-13a&? + 22. 19. 2^ -20z + 91. 

14. x'-lbx + dO. 20. x'-2Sz + 120. 
16. a:* — 20a: + 100. 21. 2* — 532 + 360. 

16. aV — 21 oar + 54. 22. a:* — (a + c)a: + <K?. 

17. aV-16a^ar + 395». 23. y":^ - 28 abyz + 187 a*b\ 

18. aV-24(w?2+1432». 24. c^cP -SO abed +221 giif< 

^■», 3a. /^ ' 

Resolve into factors : 

1. a:* + 6a;-7. 8. a« + 25a-150. 

2. a:* + 5ar-84. 9. 5« + 36*-4. 

3. y' + Ty-eO. 10. iV + 3ic-154. 

4. y» + 12y-45. 11. c" + 15c*-100. 
6. 2* + llz-12. 12. c' + lTc-SOO. 

6. z» + 132-140. 13. a' + a- 132. 

7. a» + 13a~300. 14. ar^^z* + 9 a:yz - 22. 

Exercise 36. 
Resolve into factors : 

1. a:*-3ar-28. 6. a' -15a -100. 

2. y'-7y-18. 7. c'*-9c*-10. 

3. a:»-9ar-36. 8. a:«-8a? — 20. 

4. 2»-llz-60. 9. y'-5ay-50a». 

5. 2'- 132 -14. 10. aV-3ai-4. 
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11. aV- Sour -54. 14. y*2*-5yV~84. 

12. c»cP~24crf-180. 16. aW-16ai-36. 

13. a*<? — a^c — 2, 16. a:* — (a — i)ar — oi. 

Case VII. 

108. When a Trinomial has the Form az' + bx + o* 

From § 85, 

(3a; ~ 2) (5a; + 3) 

= 15«» + 9a;- 10a: - 6= 15a;» - a; - 6. (1) 

(3a; -2) (5a; -3) 

= 15a;*-9a;-10a; + 6=15a;'-19a; + 6. (2) 

Consider the resulting trinomials : 

The first term in (1) and (2) is the product 3 a; X 5 a;. 

The middle term in (1) is the algebraic sum of the products 

3arx3 and (— 2)x5a?. 

The middle term in (2) is the algebraic sum of the products 

3aJX(-3)and(-2)x5a?. 

The last term in (1) is the product {— 2) x 3. 
The last term in (2) is the product (- 2) x (- 3). 
The trinomials have no monomial factor, since no one of their 
factors has a monomial factor. Hence, 

1. If the third term of a given trinomial is negative, 
the second terms of its binomial factors will have unlike 
signs, 

2. If the third term is positive^ the second terms of its 
binomial factors will have the same sign, and this sign is 
the sign of the middle term. 

3. If a trinomial has no monomial factor, neither of its 
binomial factors can have a monomial factor. 
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(1) Resolve into factors 6 a;* + 17 a: + 12. 

The first terms of the hinomial factors must he either 6 a; and x, or 
3a; and 2x. 

The second terms of the hinomial factors must he 12 and 1, or 6 
and 2, or 3 and 4. 

We therefore write 

I. (6a; + )(a;+ ), or XL (3a; + )(2a;+ ). 

For the second terms of these factors we must reject 1 and 12 ; for 
12 put in the second factor of I. would make the product 6 a; x 12 too 
large, and put in the first factor of I., or in either factor of XL, the 
result would show a monomial factor. 

We must also reject 6 and 2 ; for if put in X. or XX. the results 
would show monomial factors; and for the same reason we must 
reject 3 and 4 for X. 

The required factors, therefore, are (3 a; + 4) and (2 a: + 3). 

(2) Resolve into factors 14a;' — 11a? — 15. 
For a first trial we write 

(7x ){2x ). 

Since the third term of the given trinomial is — 15, the second 
terms of the hinomial factors will have unlike signs, and the two 
products which together form the middle term will he one +, and 
the other — . Also, since the middle term is — 11 a;, the negative 
product will exceed in absolute value the positive product by — 11 a;. 

The required factors, therefore, are (7 a; + 5) and (2 a? — 3). 

Exercise 37. 

Resolve into factors : 

1. 12a,''- 5a? — 2. 6. 6a;' + 5a;-4. 

2. 12a;'-7a; + l. 7. 4a;'+13a? + 3. 

3. 123?* — a?-l. 8. 4a;'+lla?-3. 

4. 3a?»-2a?-5. 9. 4a;' -4a? -3. 

5. 3a?' + 4a? -4. 10. a?'- 3aa; + 2a'. 
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11. 12a* + aV-a:*. 18. 6a* — 19ac+ 10c». 

12. 2a? + bxy + 2y', 19. Sa^ + Mxt/ + 21t/'. 

13. 6aV+aa?-l. 20. Sa;"- 22ay-21y». 

14. ^V — Thx-Sx". 21. 6a;' + 192:y-7y«. 

15. 4:x' + Sx + S, 22. 11a* — 23a* + 2 J«. 

16. a» — or— 6a:*. 23. 2c»- 13cfl?+ 6c?. 

17. 8a' + 14a* — 156*. 24. 6y*+ Tyai-Sa;'. 

Case VIII. 
109. When a Binomial is the Snm or Differenoe of Two Onbes. 

From§88, ?^±|? = a* - aJ + J» ; 

a + 6 

a' — 6' 

and r = a* + oft + 6*. 

a — 6 

.-. a» + y = (a + i)(a'-ai + 60 
and a' - 6' = (a - 6)(a» + aJ + 6»). 

In like manner we can resolve into factors any expres- 
sion which can be written as the sum or the difference of 
two cubes. 

(1) Resolve into factors 8a' + 276r 

Since by { 98, 8a» = (2a)', and 276« = (36«)», we can write 
8a» + 27J«a8(2a)» + (36»)». 

Since a» + 6» = (o + 6)(a« - a6 + 6»), 

we have, by patting 2 a for a and 3 6^ for 6, 

{2af + (36«)» = (2a + 36«)(4a' - 6a6« + 96*). 
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(1) Resolve into factors 6a;^ + 17 a: + 12. 

The first terms of the binomial factors must be either 6 a; and a;, or 
3a; and 2x. 

The second terms of the binomial factors must be 12 and 1, or 6 
and 2, or 3 and 4. 

We therefore write 

I. (6a; + )(a;+ ), or XL (3a; + )(2a;+ ). 

For the second terms of these factors we most reject 1 and 12 ; for 
12 put in the second factor of I. would make the product 6 a; X 12 too 
large, and put in the first factor of I., or in either factor of XL, the 
result would show a monomial factor. 

We must also reject 6 and 2 ; for if put in 1. or XX. the results 
would show monomial factors; and for the same reason we must 
reject 3 and 4 for X. 

The required factors, therefore, are (3 a; + 4) and (2 a: + 3). 

(2) Resolve into factors 142;* — 11a: — 15. 
For a first trial we write 

(7 a: )(2a; ). 

Since the third term of the given trinomial is — 15, the second 
terms of the binomial factors will have unlike signs, and the two 
products which together form the middle term will be one +, and 
the other — . Also, since the middle term is — 11 a;, the negative 
product will exceed in absolute value the positive product by — 11 a;. 

The required factors, therefore, are (7 a; + 5) and (2a; — 3). 

Exercise 37. 
Resolve into factors : 

1. 12a''- 5a: — 2. 6. 6a;» + 5a:-4. 

2. 12a:*-7a: + l. 7. 4a;'+13a: + 3. 

3. 12a;' — a:-l. 8. 4a:»+lla:-3. 

4. 3a:*-2ar-5. 9. 4a;' -4a; -3. 
6. 3a;' + 4a: -4. 10. a:'- 3aa: + 2a'. 
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11. 12a* + aV— a^. 18. 6a* — 19ac+ lOc*. 

12. 2a? + bx7/ + 2y', 19. 8a;' + 34a;y + 21y*. 

13. 6aV + aa?-l. 20. 8a;»-22ay-21y». 

14. 66»-7ia?--3a:*. 21. Gx^+ldxy-ly^. 
16. ^x^ + Sx + S. 22. 11a* — 23a* + 26*. 

16. a» — or— 6a:*. 23. 2c*- 13cfl?+ 6c?. 

17. 8a* + 14a6-156*. 24. 6y* + 7yz-32*. 

Case VIII. 
109. When a Binomial is the Siun or Difference of Two Onbes. 

From§88, ?^±^=a*-a* + 6*; 

a + o 

and 5^Jz|' = a* + a& + 6*. 

a — o 

/. a* + i* = (a + J)(a*-ai + J*) 

and a*-6» = (a-6)(a* + ai + 6*). 

In like manner we can resolve into factors any expres- 
sion which can be written as the sum or the difference of 
two cubes. 

(1) Resolve into factors 8 a' + 27 6*. 

Since by i 98, 8a» = (2a)>, and 276« = (36«)», we can write 
8a» + 27J«a8(2a)» + (36»)». 

Since a' + 6* = (o + 6)(a' — a6 + 6*), 

we have, by putting 2 a for a and 3 h^ for b, 

(2af + (36«)» = (2a + 36»)(4a' - 6a6* + 96*). 
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Exercise 39. 

Resolve into factors : 

1. 2x'-bx7/ + 2^-nx + lBy + 2l. 

2. 6a;»-372:y + 6y»-5a?-5y-l. 

3. Ga;* — 5ary— Gy* — a? — 5y — 1. 

4. 5a;»-8a;y + 3y»+7a;-5y + 2. 
6. 2x^-'Xy-By'-Sx + 7y + 6. 

6. a;*-25y»-10a;-20y+.21. 

7. 2a^ — 63in/-{-2y^ — xz — i/z—z*. 

8. 6a^ + xi/ — i/* — Sxz + 6i/z — 9z*. ".I 

9. 6a^-Txy + y' + Zbxz-6yz-6i^{\if%''^''^'' 

10. bx'-Sx7/ + Si/'-Sxz + yz-2z\ ^' 

11. 2a;'-2:y-3y'-5yz-2z». 

12. 6a^-lSxy + 6y'+12xz-lSyz + 6:?. 

13. a;* — 2ary + y'4-5a; — 5y. 

14. 2a;' + 5a;y~3y»-4a;z + 2y2. 

Case X. 

113. Binomials of the Form x* — y* or x* + y*, and n > 3. 

1. When a binomial has the form af — y*, but cannot be 
written as the difference of two perfect squares, or of two 
perfect cubes, it is still possible to resolve it into two fac- 
tors, one of which is a? -- y. Thus (§ 89), 

a»-J» = (a-i)(a* + a»6 + a'6' + aJ» + i*). 
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2. When a binomial has the form af + y* , but cannot be 
written as the sum of two perfect cubes, it is still possible 
to resolve it into two factors, except when n is 2, 4, 8, 16, 
or some other power of 2. Thus (§ 89), 

But a' + 6', a* + 6*, a®^-6^ cannot be resolved into 
factors. 

Note 1. The stadent must be careful to select the best method 
of resolving an expression into factors. Thus, afi — lfi can be written 
as the difference of two squares, or as the difference of two cubes, or 
be divided by a — 6, or by a + b. Of all these methods, the best is to 
write the expression as the difference of two squares, as follows : 

(a»)» - (ft»)» = (a» + 6»)(a» - ft») 

= (a + 6Xa' - a^ + ^*)(a - ^)(a' + «^ + ^')- 

Note 2. From the last example, it will be seen that an expres- 
sion can sometimes be resolved into three or more factors. 

- (a?* + 6*)(«' + 6»)(»» - 6») 

= (a^ + b^Xx^ + 6»X« + ^XaJ - ^)- 

Note 3. When a factor occurs in every term of an expression, 
this factor should first be removed. Thus, 

8jB'-50a« + 4a;- 10a = 2(4a^ - 25a' + 2a;-5a) 

= 2[(4a?» - 25a«) + (2a?- 5o)] 
= 2 (2a; - 5oX2a; + 5a + 1). 

Note 4. Sometimes an expression can be easily resolved if we 
replace the last t«rip but one by two terms, one of which shall have 
for a coefficient an exact divisor or a multiple of the last term. Thus, 
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(1) «»~5x» + lla;-15 = (r»-5ar» + 6a;) + (5a:-15) 

= ar(«*-5aj + 6) + 5(a;-3) 
= (a;-3)[a;(a;-2) + 6] 
= (»-3)(a;**'-2a; + 5). 

(2) a!»-26a;-6 = («»-25a;)-(a? + 5) 

= {x + 5){a^-5x — l). 

(3) a!»+3iB»-4 = (»» + 2»«) + (a^-4) 

= »'(a? + 2) + (»'-4) 
= (a; + 2)(jB« + a; - 2) 
= (a; + 2X« + 2){x - 1). 



Exercise 40. 

MISCELLANEOUS EXAMPLES. 

Find the factors of 

1. bx'-'lbx—20. 9. a* + a' + l. 

2. 2a;* -16a?* + 24 a;*. 10. a;* - y» - a;z + yz. 

3. 3a'6«-9ai-12. 11. oi-oc-i' + Jc. 

4. a* + 2aa? + a;^4-4a + 4a;. 12. Sa^ — Zxz-'Xi/ + yz. 
6. a' — 2a6 + *»-(?'. 13. a^ — x" - ab - bx, 

6. a;'-2a;y+y*-c?»+2cfl?-cP. 14. a»- 2aa? + a;» + a-a;. 

7. 4-a;'--2a;» — a;*. 16. 3a;»- 3y»- 2a? + 2y. 

8. a^-V — a-b, 16. x^+a? + 3i? + x. 

17. aV-aV — aV+1. 

18. 3ar»-2a;»y- 273:3^+18/. 
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19. A3^-'x' + 2x-l. 30. 36aVy»--25JVy«. 

20. af — j^, 31. 9x'y\—30xf2 + 2bz\ 

21. af^ + f. 32. 16a:* -a;. 

22. 729— a;*. 33. a;»-2a;y-2a:z+y'+2yz+2'. 

23. x^*y + f\ 34. a*-aJ-6J*-4a+126. 

24. a^c — <?. 36. a:' + 2a;y +y* — ar — y — 6. 
26. a:' + 4.r-21. 36. (a+ &)* — (?*. 

26. 3a'-21ai + 306*. 37. a;'-a;y-6y» — 4a;+ 12y. 

27. 2a:* — 4a;'y-6a;»y*. 38. 1 — a; + a;* - a;*. 

28. 4a* — 4ai + 6*. 39. Sa;*- lla:y + By*. 

29. 16a:»-80a:y+100y». 40. a;* + 20a; + 91. 

41. (a;-y)(a:»-2;«)-(a;-2)(a;'-y»). 

42. a;* — 5a: — 24. 60. y* — 4y-117. 

43. (a:»-y'-z»)»-4y»2«. 61. a:* + 6a; -135. 

v44. 5ar^y' + 5a:»y2;-60a:2;y«2. 4a* — 12aJ + 96*-4c». 

46. 3a:»-a:» + 3a;-l. /B3. (a + 3 6)' - 9 (6 - (?)». 
y46. a:* — 2ma; + m'-n». 64. 93:* — 4y' + 4y2 — 2'. 

47. 4a'J»-(a» + y-cJ»)'. 56. 66V- 76ar'-3a;*. 
y*48. a' + a*. 66. a' — J*- 3a6(a- J). 

^ A9. l-14a'a;+49aV. 57. a^ + l^ + ^xy{x + y). 

68. a'-6»-a(a»-J*>+6(a-i)V 
69. 9a:'y' — 3a;y»-6y*. 60. 6ar» + 13a;y + 6y^ 

61. 6aW-a6»-126*. 

62. a* + 2arf+rf*-46*+12ic.~9c». 
68. a:'-2a:'y+4a:y'-8y». 64. 4aV- 8a^>a: + 3J^ 




/ 
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65. lSx'-24:xy + Sy' + 9x — 6i/. 74. 16a!'x-2x\ 

66. 2x'+2x^-12i/'+6xz+lSyz. 76. 32Jr'-46y'. 

67. (x + 7/y — l — xy(x + y + l), 76. x-27x\ 

68. a^ — 7/*-z'+2yz + x + y-z, 77. a:" — y". 
. 23^+^xy+2y'+2ax+2ai/. 78. 49m' — 121 w». 

70. 16a*J + 32ai(?+126c'. 79. 16-81/. 

71. m'p - m^q - n^p + n^q. 80. 122* — z'- 6. 

72. 12 oa;' — 14 cM;y — Bay*. 81. a;* — a;* + a; — 1. 

73. 2ar^ + 4a:'-70a;. >e2. a;*+2a;+l — y^ 

83. 49 (a - i)' - 64(m - ny. 

84. 4 (ab + cdf - (a« + 6' - c' - (?)'. 
86. a;* -53 a; + 360. 

86. a;*-2a:'y + a;»-4a; + 8y-4. 

87. 2aJ-26(?-ae + (?e + 2J'-ie. 

88. 125 a:* + 350ar'y* + 245 a;y*. 
^^ 89. a« + a% + a**' + a'J' + a'J* + ai*. 

90. 2a*a; — 2a'ca; + 2ac'a; — 2(?*a:. 

--91. Ba:* — 5a;y — 6y» + 3a;2; + 15y2;-92;*. 

92. 4a;'-9a:y + 2y» — 3a;2; — 3/2-2*. 

93. 3a»-7a6 + 26* + 5ac-56(? + 2c». 

94. a;*-2ar' + a;»-8a: + 8. 
96. 5a;'-8a:y + 3y' — 5a: + 3y. 
96. a' — 2arf+rf'-4J' + 126c-9c». 

^97. (a;* - a; - 6)(a;» — a; — 20). 



CHAPTER VIII. 

COMMON FACTORS AND MULTIPLES. 

114. Oommon Factors. A common factor of two or more 
numbers is an integral number which divides each of them 
without a remainder. 

115. A common factor of two or more expressions is 
an integral and rational expression which divides each of 
them without a remainder. Thus, 5 a is a common fac- 
tor of 20 a and 25 a; Bo^t/^ is a common factor of 12a;'y* 
and 153?t^, 

116. Two numbers aie said to be prime to each other 
when they have no common factor except 1. 

117. Two expressions are said to be prime to each other 
when they have no common factor except 1. 

118. The highest oommon factor of two or more numbers is 
the greatest number that will divide each of them without 
a remainder. 

119. The highest oommon factor of two or more expres- 
sions is the expression of highest degree that will divide 
each of them without a remainder. Thus, 3 a' is the highest 
common factor of 3 a*, 6 a', and 12 a*; ba^y^ is the highest 
common factor of lOaj'y* and ISrc^y*. 

For brevity, we use H. 0. F. to stand for ** highest com- 
mon factor." 
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To find the highest common factor of two algebraic 
expressions : 

Case I. 

120. When the Factors can be found by Inspection. 

(1) Find the H. 0. F. of 42a'6' and 60a'6*. 

42a'J' = 2 X 3 X 7 X aaa X bb ; 
60a*6* = 2 X2x3x5x aaX bbbb. 
.\ the H. C. F. = 2 X 3 X aa X bb, or 6a'6'. 

(2) Find the H.C.F. of 2a*a; + 2cM;' and Zahxy+Zba^y. 

2d^x-\-2aa? =2ax{a-\-x)\ 
Zabxy + ^ba^y =Zbocy{a + x). 
/. theH.O.F. =x{a + x). 

(3) Find the H. C. F. of 4a;» + 4a: - 48, %a^ - 48a; + 90. 

4a;» + 4a: - 48= 4(a;» + a; - 12) 

= 4(a:-3)(a; + 4); 
6a:* -48a: + 90 = 6(a:'~ 8a:+ 15) 

= 6(a:-3)(a:-5). 

.-. theH.O.F. =2(a;-3) 

= 2a;-6. 

Hence, to find the H. 0. F. of two or more expressions : 

Resolve each expression into Us simplest factors, 

Mnd theprodicct of all the common factors, taking each 

facUyr the least number of times it occurs in any of the given 

expressions. 
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Exercise 41. 
Find the H. 0. F. of • 

1. ISoiVrf and 86a*bcd\ 

2. npq\ 34p'y, and 51|?Y. 
v/^3. 8a;»yV, 12ar*y»2», and 20xy:^. 

4. 30a;y, 90a:»y', and 120ar^y*. 
y5. a^ — V and cP — b^. y^7. a' + rc* and (a + a;)'. 
6. a' -a:* and (a -a;)*. ^^. 9a:* — 1 and (3a; + l)». 
9. Ta:* — 4a: and Ta^x — 4id^, 
10. 12aVy - 4 a'ay and 30 aVj/*- 10 aVy». 
11.8 a' J*(? - 12 a*ic» and 6 aVc + 4 oi V. 
42. a:»-2a: — 3 and a:' + a; -12. 
13. 2a*-2a6* and 4J(a + i)'. 

44. 12 oi?y (x - y){x - 3y) and 18a:» (a; — y)(3 a: — y). 

16. 3ar» + 6a:»-24a; and 6ar'-96a:. 
.6. ac{a — b)(a — c) and Jc (J — a)(b — 6). 

17. 10ar'y-60ar'y*+5ay and5a:'y'-5ay-100y*. 
t8. a:(a:+l)', a:'(a:»-l), and 2a:(a:' — a:- 2). 

19. 3a:»-6a;+3, 6a:' + 6a:-12, andl2a:»-12. 

20. 6(a-i)*, 8(a»-y)», and 10(a*-i*)- 

21. a:*— 3/*, (a? + y)', and a:» + 3a:y + 2^*. 

22. a:*- y*, ^ — ]t^ ^"^^ o^ — ^Ixy-^-^y^, 

23. a:* — 1, ar'-l, and a:' + ar — 2. 
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Case II. 



121. When the Factors cannot be found by Inspection. 

The method to be employed in this case is similar to 
that of the corresponding case in Arithmetic. And as in 
Arithmetic, pairs of continually decreasing numbers are 
obtained, which contain as a factor the H. C. F. required, 
so in Algebra, pairs of expressions of continually decreas- 
ing degrees are obtained, which contain as a factor the 
H. 0. F. required. 

122. The method depends upon the following principles : 

(1) Any factor of an expression is a factor also of any 
multiple of that expression. 

Thus, if (? is contained 3 times in A^ then c is contained 
9 times in 3^, and m times in mA, 

(2) Any common factor of two expressions is a factor of 
their sum, their difference, and of the sum or difference 
of any multiples of the expressions. 

Thus, if c is contained 5 times in A, and 3 times in B, 
then c is contained 8 times in A-\-B, and 2 times in 
A-B, 

Also, in bA-\-2B it is contained 5 X 5+2 X 3, or 31 times, 
and in 5 ^ — 2 ^ it is contained 5 X 5 — 2 X 3, or 19 times. 

(3) The S, C. F. of two expressions is not changed if one 
of the expressions is divided by a factor that is not a factor 
of the other expression, or if one is multiplied by a factor 
that is not a factor of the other expression. 

Thus, the H. C. F. of 4a'W and a^(?d is not changed if 
we remove the factors 4 and b from ^d^b<?, and d from 
aVrf ; or if we multiply ^^a^b& by 7, and cf&d by 11. 
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123. We will first find the greatest common factor of 
two arithmetical numbers, and then show that the same 
method is used in finding the H. C. F. of two algebraic 
expressions. 

Find the greatest common factor of 18 and 48. 

18)48(2 
36 

12)18(1 
12 

6)12(2 
12 

Since 6 is a factor of itself and of 12, it is, by (2), a fac- 
tor of 6 + 12, or 18. 

Since 6 is a factor of 18, it is, by (1), a factor of 2 X 18, 
or 36 ; and, therefore, by (2), it is a factor of 36+ 12, or 48. 

Hence, 6 is a common factor of 18 and 48. 

Again, every common factor of 18 and 48 is, by (1), a 
factor of 2 X 18, or 36 ; and, by (2), a factor of 48 — 36, 
or 12. 

Every such factor, being now a common factor of 18 and 
12, is, by (2), a factor of 18 - 12, or 6. 

Therefore, the greatest common factor of 18 and 48 is 
contained in 6, and cannot be greater than 6. Hence 6, 
which has been shown to be a common factor of 18 and 48, 
is the greatest common factor of 18 and 48. 

124. It will be seen that every remainder in the course 
of the operation contains the greatest common factor sought ; 
and that this is the greatest factor common to that remain- 
der and the preceding divisor. Hence, 

The greatest common factor of any divisor and the corre- 
sponding dividend is the greatest common factor sought. 
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125. Let A and B stand for two algebraic expressions, 
arranged according to the descending powers of a common 
letter, the degree of B being not higher than that of A, 

Let A be divided by -B, and let Q stand for the quo- 
tient, and R for the remainder. Then 

B)A{Q 

BQ 

R 

Whence, R = A- BQ, and A = BQ + R, 

Any common factor of B and R will, by (2), be a factor 
oi BQ-{- R, that is, of -4 ; and any common factor of A and 
B will, by (2), be a factor oi A — BQ, that is, of R. 

Any common factor, therefore, of A and B is likewise 
a common factor of B and R, That is, the common fac- 
tors of A and B are the same as the common factors of B 
and R\ and therefore the H. C. F. of B and R is the 
H. C. F. of A and B, 

- If, now, we take the next step in the process, and divide 
B by iZ, and denote the remainder by 8, then the H. C. F. 
of 8 and R can in a similar way be shown to be the 
same as the H. C. F. of B and -R, and therefore the H. C. F. 
of A and B ; and so on for each successive step. Hence, 

The H. C. F. of any divisor and the corresponding divi- 
dend is the H. C. F. soicght. 

If at any step there is no remainder, the divisor is a fac- 
tor of the corresponding dividend, and is therefore the 
H. 0. F. of itself and the corresponding dividend. Hence, 
the last divisor is the H. C. F. sought. 

Note. From the nature of division, the snccessive remainders are 
expressions of lower and lower degrees. Hence, unless at some step 
the division leaves no remainder, we shall at last have a remainder 
that does not contain the common letter. In this case the given 
expressions have no common factor. 
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Find the H. C. F. of 2a;' + a; - 3 and 4a;* + 8a:* - ar - 6. 

2a:»+a;-3)4ar» + 8a;*- a;-6(2<r + 3 
4a;* + 2a:'-6a; 

6a;' + 5a: — 6 
6a;» + 3a;-9 

2a; + 3)2a;*+ a;-3(a;~l 
2a;»+3a: 

-2a;-3 
.-. the H. C. F. = 2a; + 3. -2a;-3 

Each division is continued until the first term of the remainder is 
of lower degree than that of the divisor. 

126. This method is of use only to determine the oom- 
poond factor of the H. C.F. Simple factors of the given 
expressions must first he separated from them, and the 
H. C. F. of these must be reserved to be multiplied into the 
compound factor obtained. 

Find the H. C. F. of 

12a;* + 30ar'-72a;» and 32 a;* + 84 a;* — 176 ar. 

12a;* + 30a;» - 72a;» = 6x'(2x' + bx- 12). 
32ar» + 84a;» - 176a; = 4a; (8a;» + 21 a; - 44). 
&a^ and 4a; have 2a; common, 

23;* + 5a; - 12) 8a;' + 21 a; - 44 (4 

8a;* + 20a;-48 

x+ 4)2a;' + 5a;-12(2a;-3 
2a;» + 8a; 

-3a; -12 
.-. theH.0.F. = 2a;(.r + 4). -3a; -12 
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127. Modifications of this method are sometimes needed. 

(1) FindtheH.aF.of4a;»-8a;-5andl2a:»-4ar-65. 

4a;»-8a;~5)12a;»~ 4a: -65(3 

12a;»-24a;-15 



20a; — 50 

The first division ends here, for 20 a; is of lower degree than 4 a:'. 
But if 20aj — 60 is made the divisor, 4aj* will not contain 20 a; an 
integral number of times. 

The H. C. F. sought is contained in the remainder 20aj — 50, and is 
a compound factor. Hence if the simple factor 10 is removed, the 
H. C. F. must still be contained in 2 a; — 5, and therefore the process 
may be continued with 2 a; — 5 for a divisor. 

2a;-5)4a;'- 8a:-5(2a; + l 
4a:'-10a? 

2a; -5 
2a; -5 



.-. theH.C.F. = 2a; — 5. 

(2) Find the H. C. F. of 

21 a;» - 4a:' - 15a; - 2 and 213;* - 32a:» - 54a; - 7. 

21 ar* - 4a:» -15a; -2) 21 a:»-32ic»- 54 a;- 7(1 

21ar^- 4a:'-15a;-2 

-28 a:' -39 a; — 5 

The difficulty here cannot be obviated by removing a simple factor 
from the remainder, for — 28 a;* — 39 a; — 6 has no simple factor. In 
this case, the expression 21a;'~4a;' — 15a; — 2 must be mvMiplied by 
the simple factor 4 to make its first term exactly divisible by — 28 a;*. 

The iniroducUon of such a factor can in no way afiect the H. 0. F. 
sought, for 4 is not a factor of the remainder. 

The signs of all the terms of the remainder may be changed ; for 
if an expression A is divisible by — .F, it is divisible by + F, 

The process then is continued by changing the signs of the re- 
mainder and multiplying the divisor by 4. 
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2Sx' + S9x + 5)8^0*- 16a;»- 60ar- 8(3ar 

Maf' + inx'+ 15ar 

-133a;*- 75a; - 8 
Multiply by — 4, — 4 

532a;» + 300 a; + 32(19 
532a;' + 741a; + 95 

Divide by - 63, - 6 3) -441 a; -63 

7a;+ 1 

7a;+l)28a;' + 39a; + 5(4a; + 5 
28a;»+ 4a; 

35a; + 5 
.-. theH.0.F. = 7a;+l. 35a; + 5 



(3) Find the H. 0. F. of 

8a:* + 2a; - 3 and 6ar* + 5a;' - 2. 



63* + 

4 


5x'- 2 




? + 2x-S)2^a^ + 


20ar'- 8 (3 


x + 7 


2Aa^ + 


6a;*- 9a; 






14a:'+ 9a;- 


■ 8 


Multiply by 4, 


4 






56 3;* + 36 a; - 


■32 




563;* + 14a; - 


21 


Divide by 11, 


11) 22a;- 


■11 




2a?- 


l)8a;'+2a;-3(4a;-f3 
8a;'-4a; 

6a:-3 


.-. the H. 0. F. = 2« - 1. 


6a;-3 
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The following arrangement of the work will be found 
most convenient : 



8a:' + 2a: -3 

Sx* — 4x 

6x-S 
6x-S 



6ar»+ bx"- 2 
4 



24a:» + 20a:'- 8 
24ar^+ 6a:'— 9a: 

14a:»+ 9a: - 8 

_4 

56a:» + 36a: — 32 

56a:' + 14a: -21 

ll )22a:-ll 

2a:- 1 



3a: 



+ 7 



4a: + 3 



128. From the foregoing examples it will be seen that, in 
the algebraic process of finding the H. 0. F., the follow- 
ing steps, in the order here given, must be carefully 
observed : 

I. Simple factors of the given expressions are to be re- 
moved from them, and the H. 0. F. of these is to be reserved 
as a factor of the H. 0. F. sought. 

II. The resulting compound expressions are to be ar- 
ranged according to the descending powers of a common 
letter ; and that expression which is of the lower degree is 
to be taken for the divisor ; or, if both are of the same 
degree, that whose first term has the smaller coefficient. 

III. Each division is to be continued until the remainder 
is of lower degree than the divisor. 

IV. If the final remainder of any division is found to 
contain a factor that is not a common factor of the given 
expressions, this factor is to be removed; and the resulting 
expression is to be used as the next divisor. 

V. A dividend whose first term is not exactly divisible 
by the first term of the divisor, is to be multiplied by such 
a number as will make it thus divisible. 
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Exercise 42. 

Find the H. 0. F. of 
1. 5a;» + 4a;~l, 20a:» + 21ar-5. 

3. 6a* + 25a?-.21a*+4a, 24a*+112a»- 94a« + 18a. 

4. 9ar» + 9a:»-4a;-.4, 45ar^ + 54a;»-20a:-24. 

5. 27af — 3x^+63*- Sx', 162a;« + 48ar^— 18a;' + 6a:. 

6. 20a;»-60a:' + 50a;-20, S2x'-92x' + 68a^-2^x, 

7. 4a;' — 8a: — 5, 12a;»-4a: — 65. 

8. Sa* — 5a*x — 2ao!^, 9a^-Sa^x — 20ax'. 

9. 10rc» + a:*-9a: + 24, 20a^-17a:' + 48a:-3. 

10. 8ar'-4a;»-32a:-182, 36a:' -84a;»- Ilia:- 126. 

11. 5a:»(12a:»+4a:»+17a:-3), 10a:(24a:»-52a:»+14a:-l). 

12. 9a:V-a:'y'-20ay, ISar'y- 18a:'y'-2a:3^- 8y*. 

13. 6a:' — a:-15, 9a:' — 3a:-20. 

^14. 12a;»-9a:» + 5a; + 2, 243:* + 10a: + 1. 

16. 6a:'+15a:' — 6a; + 9, 9ar» + 6a:'-51a: + 36. 
^16. 4a:'-a:»y-a;/-5y», 7ar' + 4ar*y + 4a:2/'— 33/^. 

17. 2a»-2a'-3a-2, 3a»-a» — 2a- 16. 

^8. 12/+ 2y» - 94y - 60, 48 y» - 24y» - 348y + 30. 

19. 9a:(2a:*-6a:»-a:» + 15a:-10), 

6a;»(4a:* + 6a;» - 4a:» - 15a: - 15). 

20. 15a:*+2ar»-75a:»+5;r+2, 35a:*+ar'-175a:»+30a:+l. 

21. 21a:*-4a:»-15a:»-2a:, 21ar'-32a:»-54a:- 7. 

22. 9a:V-22a:y-3a:/+102/^, 9a:*y-6a:V+ar'y'-25a:y^. 
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4a;* + 2s^- 18a;» + 3a; - 5. 
24. a;* — aa;*-aV — a'a;-2a*, Sx'-Tax' + Sa*x-2a\ 

129. The H. C. F. of three expressions may be obtained 
by resolving them into their prime factors ; or by finding 
the H. C. F. of two of them, and then of that and the third 
expression. 

For, if A, B, and {7 are three expressions, 

and D the highest common fiskctor of A and B^ 
and E the highest conmion factor of D and (7, 

Then D contains every factor common to A and B^ 

and E contains every factor common to D and CL 

,\ E contains every feM^tor common to A, B, and (7. 

Exercise 43. 

Find the H. 0. F. of 

1. 2a;' + a;-l, a;* + 5a; + 4, a;'+l. 

2. y'-y'-y + l, 3y»-2y-l, 3/»-y» + y-l. 

3. a;'-4a;»+9a;-10, ar»+2a;»-3a;+20, a;* +5 a;* -9a; +36. 

4. ar» -7a;' + 16a;- 12, 3ar»-14ar' + 16a;, 

5a;»-10a;' + 7a;-14. 

6. y'-SZ + lly-lS, 3/»-y» + 3y + 5, 
23/»-7y« + 16y-15. 

6. 2a;' + 3a;-5, 3a;'-a;-2, 2a:* + a;-3. 

7. a;'-l, a;'-a;»-a;-2, 2a;» — a;*-a;-3. 

8. ar'-Sa; — 2, 2ar' + 3a;»-l, ar» + l. 

9. 12(a;*-/), 10(a;*-3/«), 8(a?*y+ay). 

10. x^ + xi/", afi/ + y\ a;* + a;*y' + y*. 

11. 2(a;»y-ay), Siaf'y-xy'), ^od'y-xf), bipt^y-xy"). 
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130. Oommon Multiples. A oommon mnltdple of two or 
more expressions is an expression which is exactly divisible 
by each of the expressions. 

The lowest oommon multiple of two or more expressions 
is the expression of lowest degree that is exactly divisible 
by each of the given expressions. Thus, 24 (a;* — y^) is the 
lowest common multiple of 3 (a; — y) and S(x-\-7/). 

We use L. CM. to stand for " lowest common multiple.'* 

To find the L. 0. M. of two or more algebraic expressions : 

Case I. 

131. When the Factors of the Expressions can be found by 
Inspection. 

(1) Find the L. C. M. of 42a»6« and GOa'b', 

42a»6« = 2 X 3 X 7 X a' X 6^ 

eOa^i* = 2x2x3x5xa'x6*. 

The L. C. M. must evidently contain each factor the greatest num- 
ber of times that it occurs in either expression. 

.*. L. C. M. = 2 X 2 X 3 X 7 X 5 X a' X ^»*, 
= 420 a»6*. 

(2) Find the L. C. M. of 

4a;' + 4a;-48, 6a:* - 48 a; + 90, 4a;»-10a; — 6. 

4»»+ 4a;-48=4(»» + aj-12) =- 2x 2(a;-3)(a; + 4); 
6x» - 480? + 90 = 6(V - 8a; + 15) = 2 X 3(a; - S){x - 5) ; 
4aj»-10a;- 6 = 2(2a;»-5a;-3) = 2(a;-3)(2a; + 1). 

.-. L.0.M. = 2x2x3x(a;-3)(a;+4)(a;-5)(2a:+l). 

Hence, to find the L. C. M. of two or more expressions : 

Resolve each expression into its simplest factors. 

Find the product of all the different factors j taking each 

factor the greaiest number of times it occurs in any of the 

given expressions. 
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Exercise 44. 
Find the L. C. M. of 

1. 4a»a:, 6aV, 2aa;». ^. 2a; -1, 4a;» — 1. 

^. ISoa;', 720^*, \2xy. 7. a + ^ a' + ^'. 

3. a;*, aa; + a;*. 8. a;* — 1, a;* + 1, a:* — 1. 

4. a;* — 1, a;* — ar. 9. a;* — a;, a^ — 1, ar'^ 1. 

5. a^ — V,a^-\-ab, 10. a;* — 1, aj'-a;, ar' — 1. 

11. 2a+l, 4a»-l, 8a' +1. 

12. (a + J)', a^-i'. 

13. 4(l + a:), 4(1 -a;), 2(1 -a;'). 

14. a:— 1, a:' + ar+l, ar'-l. 

15. a;»-2^, (ar + y)', (^-y)'- 

16. :^-y\ 3(a:-y)», 12(a;» + y^). 

17. 6(a;» + a:y), 8(a;y-y'), 10(a;^-y'). 

18. a;* + 5a;+6, a:» + 6a: + 8. 

19. a' -a — 20, a* + a-12. 

20. a;* + 11a: + 30, a;* + 12a; +35. 

21. a;^-9a; — 22, a;*— 13a; + 22. 

22. 4a6(a«-3aJ + 26'), 5a'(a' + aJ- 66'). 

23. 20(a;'-l), 24(a;» -a;- 2), 16(a;» + ^-2). 

24. 12a:y(a;*~2^), 2a;*(a;+y)', 3y'(a;-y)'. 

25. (a — J)(6 — (?), (6 — c)(c — a), (c — a)(a — h), 

26. (a — J)(a — c), (6 — a)(J — c), (c— .a)(c — 6). 

27. ar' — 4a;* + 3a;, a;* + a;*- 12a;', a,-* + 3a;*-4ar'. 

28. x'y — xy', 3a;(a; — y)*, ^y(x — y)\ 

29. (a+J)'-(c+(Z)', (a+c)'-(6 + (^)', (a+d:)'-(6+c)'. 

30. (2a;-4)(3a;-6), (a;-3)(4a;-8), (2a;~6)(5a;-10). 
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Case II. 

132. When the Factors of the Expressions cannot be found by 
Inspection. 

In this case the factors of the given expressions may be 
found by finding their H. 0. F. and dividing each expres- 
sion by this H. C. F. 

Find the L. C. M. of 

6ar»— lla:»y + 2y» and 9ar»-22a;y'- 83/'. 



6x»-lla;»y ^2y^ 

6 a? — 8 g*y — 4a;y' 

— 3x*y + 4a:y' + 2?/^ 



93?-22xy^- 8y» 
2 



18a^-33g»y4- 6y» 



Uy )SSxh/ - 44a;y' - 22.v* 



2x-y 



3x* — 4ay — 2y' 

.-. the H. C. F. = 3x« - 4ay - 2y«. 
Hence, e^^-llxh/ -^2y^ = {2x-y){Za?-ixy - 2y«), 
and 9aj» - 22a:y« -Sy^^ (Sx + 4y)(3a« -^xy- 2y»). 

.-. the L. 0. M. = (2x-y)(Sx + 4:7/)(Sx'-4:xy - 2y«). 

133. The product of the H. .0. F. and the L. C. M. of two 
expressions is equal to the product of the given expressions. 

For, let A and B denote the two expressions, and D their H. C. F. 
Suppose A = ai>, and B = bD. 

Since D consists of all the factors common to A and B, a and b 
have no common factor, and L. C. M. of a and b is ab. 
Hence, the L. C. M. of aZ) and bD is abD. 
Now, A = aD, and B = bD. 

.'. AB = abD^. 
. AB 



abD = the lowest common multiple. 



Hence, the L, C. M, of two expressions can be found by 
dividing their product by their H, C, F. 
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23. 6ar^-4a?* — llar'-Sa;' — 3a;— 1, 

24. a?* — oar'-aV — a'ar-2a*, Bar" -7ax^ + 3a^x-2a\ 

129. The H. C. F. of three expressions may be obtained 
by resolving them into their prime factors ; or by finding 
the H. G. F. of two of them, and then of that and the third 
expression. 

For, if il, B, and C&tq three expressions, 

and D the highest common factor of A and B, 
and E the highest common factor of D and 0, 

Then D contains every factor common to A and B, 

and ^contains every factor common to D and (7. 

.*. E contains every factor common to A^ B^ and C, 

Exercise 43. 

Find the H. 0. F. of 

1. 2a;* + ar-l, a;» + 5ar + 4, ar* + l. 

2. y'-y'-y + l, 3y«-2y^l, y»-y« + y-l. 

3. ar»-4a;*+9a;-10,ar»+2a:'-3ar+20,a;*+6a;*-9ar+35. 

4. a;» — 7a;«+16a;-12, 3a:»— Uaj' + lGar, 

5a;»— 10a;* + 7a?-14. 

5. y'-Sy' + lly-lS, y'-y' + Sy + S, 

2^*— 7y' + 16y — 16. 

6. 2a;* + 3a? — 6, 3a;»-ar-2, 2a;» + ar-8. 

7. ar'-l, a^-x'-x-2, 2a? — 3i?-x-Z. 

8. a;* — Src — 2, 2a;' + 3a;'-l, aj' + l. 

9. 12(a?*-y*), 10(a:«-/), %{x'y^xy% 

10. a^ + Tj^, aj'y + y*. aj^ + ^y' + y*. 

11. 2(a;*y-a;y»), 3(ar'y-a;y»), ^x^y-xf), bipfy-xi^). 



COMMON FACTOBS AND MULTIPLES. 105 

130. Oommon Mnltiples. A oommon multiple of two or 
more expressions is an expression which is exactly divisible 
by each of the expressions. 

The lowest oommon multiple of two or more expressions 
is the expression of lowest degree that is exactly divisible 
by each of the given expressions. Thus, 24 (a;* — y*) is the 
lowest common multiple of 3 (a? — y) and 8(a; + y). 

We use L. CM. to stand for "lowest common multiple." 

To find the L. 0. M. of two or more algebraic expressions : 

Case I. 

131. When the Factors of the Expressions can be found by 
Inspection. 

(1) Find the L. C. M. of 42a»^« and 60a'^*. 

42a»6» = 2x3x7xa»x6«; 

60a«6* = 2x2x3x5xa»x6*. 

The L. C. M. must evidently contain each factor the greatest num- 
ber of times that it occurs in either expression. 

.'. L. C. M. = 2 X 2 X 3 X 7 X 5 X a' X 5*, 
= 420a»5*. 

(2) Find the L. C. M. of 

4a;* + 4a; — 48, 6a;* - 48a; + 90, 4a;*~10a; — 6. 

4a;»+ 4aj-48 = 4(a« + a;-12) =- 2x 2(a;-3)(a; + 4); 
6a;«-48a: + 90 = 6(aj»-8a; + 15) = 2x3(a:-3)(a:-5); 
4a;» - lOa? - 6 = 2(2a^ - 5aj - 3) = 2(a; - 3)(2aj + 1). 

.-. L. C. M. = 2 X 2 X 3 X (a; - 3)(a? + 4)(a? - 5)(2a; + 1). 

Hence, to find the L. 0. M. of two or more expressions : 

Resolve each expression into its simplest factors. 

Find the product of all the different factors^ talcing each 
factor the greatest number of times it occurs in any of the 
given expressions. 
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Exercise 44. 
Find the L. C. M. of 

1. 4a»a:, 6aV, 2aa;». ^. 2a; ~1, 4a;»-l. 

^. ISas^, 720^*, 12a;y. 7. a + 6, a' + ^'. 

3. x^, ax + a^, 8. a;* — 1, a;* + 1, a:* — 1. 

4. a;* — 1, a;* — ar. 9. a;* — a;, a^ — 1, ar* + l. 

5. a' — J', a' + «S- 10. a:* — 1, a:* — ar, ar' — 1. 

11. 2a + l, 4a»-l, 8a' +1. 

12. (a + J)', a^—b\ 

13. 4(l + ar), 4(1 -a:), 2(l-a:'). 

14. a;-l, a;» + a?+l, ar'-l. 

15. a;* -2^, (x + y)\ (x-yy. 

16. a;«-y«, 3(a:-y)^ 12(a;» + y^). 

17. 6(a;* + a:y), 8(a;y-y'), 10(a;^-y»). 

18. a;* + 5a;+6, a;* + 6ar + 8. 

19. a»-a — 20, a* + a-12. 

20. a;* + 11a; + 30, a;* + 12a; +35. 

21. ar'-Qa; — 22, a;*— 13a; + 22. 

22. 4a5(a»-3a5 + 26'), 5a«(a' + a5- 66»). 

23. 20(a;'-l), 24 (a;» - a; - 2), 16 (a;* + a; - 2). 

24. 12a;y(a;«~y«), 2a;*(a;+y)', 3y«(a;-y)«. 

25. (a — 6)(6 — c), (5 — c)(c — a), (c — a)(a — b). 

26. (a — J)(a — c), (J — a)(J — c), (c— .a)(c — J). 

27. ar' — 4a;' + 3a;, a;* + a;*- 12a;*, a,-* + 3a;*-4ar'. 

28. x'y — xy*, 3a;(a; — y)*, 4y(a; — y)'. 

29. (a+5)«-(^+cZ)«,(a+(?)«-(6 + (^)«, (a+rf)«-(6+c)'. 

30. (2a;-4)(3a;-6), (a; - 3)(4 a; - 8), (2a;-6)(5a;- 10). 
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CAsi: II. 

132. When the Factors of the EzpresrioiiB caimot be found bj 
InspeGtion. 

In this case the factors of the given expressions may be 
found by finding their H. 0. F. and dividing each expres- 
sion by this H. C. F. 

Find the L. C. M. of 

6ar*— lla;*y + 2y» and 9a:»- 22a;y«- 8y». 



6x'-lla:»y +23/* 
6 ae^ — 8 g*y — 4gy* 

— 3x*y + 4a:y' + 23/* 

— 3g»y -f 4ayy^ + 2y> 



9x»-22a;y«- 8y» 
2 



18a^-33a»y4- 6y» 



11 y )SSxh/ -Uxy*- 22 y* 



2x-y 



Sa* - 4ay - 2y« 
/. the H.C.F. = 3a:»-4a;y-2y«. 
Hence, ea:* - llir^ + 23/* = (2aj -yX^a" - 4a!y - 2y»), 
and 9x» - 22a^« - Sj/* = (3a; + 4y)(3aj* - 4a;y - 2y»). 

.-. the L. C. M. = (2x - y)(Sx + 4y)(3a;* - 4a;y - 23/'). 

133. The product of the H. .0. F. and the L. 0. M. of two 
expressions is equal to the product of the given expressions. 

For, let A and B denote the two expressions, and i> their H. C. F. 
Suppose A = aD^ and B = bD. 

Since D consists of all the factors common to A and B, a and b 
have no common factor, and L. C. M. of a and b is ab. 
Hence, the L. C. M. of aD and bD is abD. 
Now, A = aD, and B = bD. 

.-. AB = abD^. 
. AB 



abD => the lowest common multiple. 



Hence, the L. C. M, of two expressions can be found by 
dividing their product by their H. C. -F. 



I 
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134. To find the L. C. M. of three expressions A, B, C. 
Find Jf, the L. C. M. of ^ and JS ; then the L. 0. M. of Jf, 
and Cis the L. 0. M. required. 

Elxercise 45. 

Find the L. C. M. of 

1. ex''-x-2, 21a;*-17ar + 2, Ux' + bx-l. 

2. x^ — l, x' + 2x-S, 6a;*-ar-2. 

3. a^-2T, a^-lbx + SQ, a^ — 3a^'-2x + 6, 

4. 5a;' + 19a;-4, 10a;' + 13a; — 3. 

6. 12x' + x7/-'6y', 18a;»+18a;y-:20y». 

6. x* — 2ji? + x, 2a^-2a^ — 2x — 2. 

7. 12a;* + 2a; -4, 12 a;' -42 a; -24, 12 a;' -28 a? -24. 

8. a;» — 6a;' + lla;-6, a;* — 9 a;* + 26 a; -24, 

a;* - 8a;' + 19 a; -12. 

9. a;'-4a', a;»+2aa;'+4a'a;+8a', a;»-2aa;'+4a'a;-8a\ 

10. a;' + 2a;'y-a;y'-2y», a?-2a^i/--xy^ + 2i^, 

11. l+p+p\ l-p+p\ i+f+p\ 

12. (1- a), (1-a)', (I -ay. 

13. (a + c)'-5', (a + J)'-c', (& + c)'-a'. 

14. 30*- 3(?'y + c2/"-y', 4 c* - (?'y - 3 cy". 
16. m' — 8m + 3, m' + 3m' + m + 3. 

16. 20n* + n'-l, 25n* + 5n'-n — 1. 

17. &*-2J» + 5'-85 + 8, 45»-12&'+9&-l. 

18. 2r*-8r* + 12r'-8r' + 2r, 3r*-6r»+8r. 



CHAPTER IX. 

FRACTIONS. 

135. An algebraio fraction is the indicated quotient of 

two expressions, written in the form y- 

b 

The dividend a is called the nnmerator, and the divisor b 
is called the denominator. 

The numerator and denominator are called the temiB of 
the fraction. 

136. The introduction of the same factor into the divi- 
dend and divisor does not alter the value of the quotient, 
and the rejection of the same factor from the dividend and 
divisor does not alter the value of the quotient. 

Thus i^=3, m^=3, ^±^^Z, 

4 2x4 4^2 

Hence, it follows, that 

The valite of a fraction is not g^ltered if the numerator and 
denominator are both multiplied, or both divided, by the 
same factor. 

Reduction of Feactions. 

137. To reduce a fraction is to change its form without 
altering its value. 

Case I. 

138. To reduce a Fraotion to its Lowest Terms. 

A fraction is in its lowest terms when the numerator and 
denominator have no common factor. We have, therefore, 
the following rule : 
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Resolve the numerator and denominator into their prime 
factors, and cancel all the common factors ; or, divide the 
num^ator and denominator by their highest common factor, 

Beduce the following fractions to their lowest terms : 
38a«5V 2xl9a%* 2JV 



(1) 



STa'Sc* SxlQa'Jc* 3 a 



{&\ Q^^-~ ^ — (q^ — ^)(o^* + ax + ai*) __ a^ + a^ + a^ 
a* — OS* (a — x)(a + x) a + x 

.gx a* + 7a+10 _ (a + 5)(a + 2) _ a + 5 
^ ^ a' + 5a + 6 (a + 3)(a + 2) a + B 

^ '^ 8a;» ~ 2ar - 15 (2ar - 3)(4a? + 5) 4a; + 5 

In example (5) we find by the method of division the 
H. C. F. of the numerator and denominator to be re — 1. 
The numerator divided by a: — 1 gives a? — 3x+l. 
The denominator divided by a: — 1 gives a^ — x + S. 
. ar*~4a;» + 4a;— l__a;«-3a:+l 



" af'-2x' + 4:X-S 


x'- 


-x + S 


Exercise 46. 


Reduce to lowest terms : 






1 ^-^ 
^x{x+l) 




_ x' — 2z — B 
' a!'-10ar + 21 


g rr* 9a? + 20 
sc'-lx+U 

* 
• 




^ i^ + x' + l 
x' + x + l 
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sf^ — ^ ' * a^-2x'-x + 2 ' 

e g' + l jg 6rg»-23a;» + 16ar-8 

a' + 2a» + 2a + l * 6«»— 17a;» + lla?-2 

- a' — a-20 OA a?*-a;»-a? + l 



a' + a-12 x^—2a? — 3? — 2x + \ 

o» — I — — I — -r* <oJ.» 



a:» + 2a;' — 3a; + 20 a* - cfb - a'b* + al^ 

g a^-5a;«+lU-15 jjjj (a + &)' 
a" — ar' + Sar + S ' o*-oJ-26' 

jQ_ a;« + a!'y + a^-y' 23. 3^(«'-^') 
' a* — 3»y — xi^ — ^ 4(a'6 — 06')* 

„ a» + 4 a'-5 „. a* + 2ab + b*-<? 
a' — 3 a + 2 a' + a6 — oc 

^2 3a:' + 2a:-l gg eg*- lla;'y + 3a:y» 

' ar»-a;»~2ar + 2 * (a- J)«-(c + rf/ 

,. 4a;'~12a a: + 9a' ^^ 6rr«-5a;-6 

14» r — I tt: — i • ^i» 



8«»-27o' 8a:'-2a;-15 

15a' + a5-2&V a:« + a;'y' + y* 

9a' + 3aJ-2i' (a^ — yXar" - y") 

a» + 2aJ + 6'-e' ' x' — x'y' + i/* 

:^-^-2x + 2 (g' + &')(a' + 0^ + 6') 

2a;»-a:-l (a' - 6')(a' - ai + i') 
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Case II. 



139. To reduce a Fraction to an Integral or Hized Expression. 

(1) Reduce to an integral expression. 

X — 1 

^^ = 3? + x + \. (§88) 

X — L 

a? — 1 

(2) Reduce to a mixed expression. 

x-{-\ 

3^-1 \x + l 



a?-\'9i? a^ — x + l 

— x^ — x 

x-l 

x + \ 

-2 

x + i x+l 

Note. By the Law of Signs for division, 

-2 



and 



x + 1 — (oj + l) x + \ 

The last form is the form usaally written. 

140. If the degree of the numerator of a fraction equals 
or exceeds that of the denominator, the fraction may be 
changed to a mixed or integral expression by the following 
rule: 

Divide the numerator by the denomina^. 

Note. If there is a remainder, this remainder most be written as 
the numerator of a fraction of which the divisor is the denominator, 
and this fraction with its proper sign must he annexed to the integral 
part of the quotient. 
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Exercise 47. 
Change to integral or mixed ezpressionfl : 

- 3^-'2x+l ^ lO^-lToar + lOrr* 

1. e. 

x — 1 5a — a? 

2 3^+^£+l ^ 16(3a;'+l) 

re + 4 * 4ar— 1 

^ Saj^ + Gar+ S -, 2a;*-6a:-2 

o» • o. ■ ■ -» 

ar + 4 ic — 4 

. a'~aa: + rg» ^ a' + ft' 

a + a; a — 6 

. 2a:' + 5 -^ 6a:»-a:« + 6 

o. -—• lu. • 

rc-a 5a;* + 4ar— 1 



Case III. 

141. To reduce a Mixed Expression to a Fraction. 

The process is precisely the same as in Arithmetic. 
Hence, 

Multiply the integral expression by the denominator, to 
the product add the numerator, and under the result write 
the denominator, 

a^-ab-V 



Reduce to a fraction a — 6 — 



a-\-h 



a + 6 a + 6 

_ g* - y - o» + a6 + 6« 
a + 6 
ab 



o + & 



Note. The dividing line between the tenns of a fraction has the 
force of a vincnlam affecting the numerator. If, therefore, a minui 
iign precedes the dividing line, as in Example (2), and this line is 
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removed, the numerator of the given fraction most be inclosed in a 
parenthesis preceded by the minus sign, or the sign of every term of 
the numerator must be changed. 



Exercise 48. 
Ohange to fractional form : 

1. l-£^. 11. ^-(^ + y). 

x+y x+y 

2. l+^Hi^. 12. ^^^=-l^ + 6a + Sx, 

x^y 4 

X a + 1 

A ^ I ^' + ^ -iA ^ \ K 2a?— 15 

4. a — rpH ■ 14, x-{-b —-• 

a—x a? — 3 

6. 5a-2&- l°'-^f - 16. 2a-b 2«» 



5« — 66 a + i 

6. a + ft-?^±|!. 16. 3a;-104- ^^ 



a + b a? + 4 

7. 7^_ 2-3a + 4a« ^^^ aJ + ^+1+2 ^ 

5 — 6a a;— 1 

8. 3ar-^«^^. 18. ^-3a;-^^(^-^). 

2a x — 2 

9. 55±|+l. 19. a'-2aa; + 4a;' ^^ 



a — 6 a + 2x 

10. ^-1. 20. x-,,+y+ «'-«y+/ . 

a+0 x+a 
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Case IV. 



142. To Tediu)e Fractions to their Lowest CbminonBeiioDu^ 
Since the value of a fraction is not altered by multiply- 
ing its numerator and denominator by the same factor 
(§ 136), any number of fractions can be reduced to equiva- 
lent fractions having the same denominator. 

The process is the same as in Arithmetic. Hence we 
have tbe following rule : 

Mnd the lowest common multiple of the denominators; 
this will be the required denominator. Divide this denomi- 
nator by the denominator of each fraction. 

Multiply the first numerator by the first quotient^ the sec- 
ond numerator by the second quotient^ and so on. 

The products will be the respective numerators of the 
equivalent fractions. 

Note. Every fraction should be in its lowest terms before the 
common denominator is found. 

having the lowest common denominator. 

1 1 

1 1 



(aj + 3)(a; + 2) (a; + l)(aj + l) 
.*. the lowest common denominator (L. C. D.) is 

(a; + 3)(aj + 2)(a? + l)'. 
The respective quotients are 

(a? + l)'and(aj + 3)(a; + 2). 
The respective products are 

(aj + l)'and(a; + 3)(a; + 2). 

Hence the required fractions are 

(^ + iy and (^ + 3)(x-f2) 

{x + 3)(a; + 2){x + 1)» (x + 3)(x + 2){x + 1) 



% 
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Exercise 50. 
Simplify : 

5a: "*" 10a; "^ 25 

4^_7y» 3a;-8.y 5~2.y 
3a;» ^ 6a; ^ 12 



4a* + 5y . 3a + 2S . 7-2a 
2^ "^ 56 "^ 9 * 

. 4a; + 5 3a;--7 , 9 

4. :: T 



5a; 12a;» 

4a;— 3y . 3a; + 7y 5a;-2y . 9x + 2y 
7 "^ 14 21 "^ 42 ' 

g 3a;y-4 5y' + 7 Gar'-ll 
^y* a^y* aj'y 

a'~2ag + c^ y-~2&c + c» 



« 5a' — 2 3a* -a 
8a' 8 



« a — 5,6 — c.c — aioi' + W + ca 
». 1 1 — - — I . 

cab aoc 



10. -i 1 L, + 2a;-g^y-2g^ 

23;*^ 6^*2 2a;2;* 4a;*2;" 4a;*y2; 
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(1) Simplify 



) Denominaton Iiaye Oompoimd 

2a + b 2a — b 6ab 
a — b . a + b cf — V 



.0118. 



The L. C. D. is (a - h){a + 6). 

The multipliers are a + &• a — &, and 1, respectively. 

(a + &)(2 a + 6) *- 2a' + 3 a5 + &* 1- 1st numerator. 

- (a - 6X2a -6)--2a« + 3a6-5"-2d numerator. 

— 1(6 oft) «= — 6a6 «=3d numerator. 

* sum of numerators. 

.*. sum of fractions = 0. 

(2) Simplify £iii + ^ + £:=-J 

x—2 x — o a? — 4 

The L.C.D. is (» - 2)(a; - 3X» - 4). 

(x - IXx - 3)(a; - 4) = «»- 8a:» + 19a; -12- 1st numerator. 
(a;-2XaJ-2Xx-4)=» a'- 8a:» + 20x- 16 -2d numerator, 
(a; - 2)(a; - 3)(a; - 3) =- a»- 8 «" + 21 a? -18 -3d numerator. 

3a:' — 24«* + 60a; — 46 — sum of numerators. 

3a»-24a;«-f60a?-46 
(a;-2Xa;-3Xa;-4) 



.*. sum of fractions 



Exercise 51. 



Simplify : 



1. 



2. 



3. 



4. 



5. 





1 1 


x — 


6 ' x + 5 




1 


X — 


7 x-3 




, 1 


1+ 


X \ — x 




2 


1- 


X l~a? 




1 « 



6. 



7. 



8. 



9. 



1 + 1 



2a{a + x) 2a{a — x) 

a b 

(a + b)b (a — b)a 

5 3 



x-y (x — yy 



2a:(a:— 1) 4a:(a:— 2) 

1 + x 1 — x 

l + x + x" l — x + a^' 

-Q 2ax — Shi/ 2ax + Sby 
2xy(x — y) 2xy{x + y) 
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Exercise 52. 
Simplify : 



1 + ^ 1 — a 1-a' 1 —X 1 — X 1 + ^ 

2. -1 L-+^^. 4. £+-JL.+ _'^ 



1— ar 1 + ar l + a:* y a; + y x^-\-xy 

- a: — 1 , a; — 2 , a: — 3 

o* 1 j • 

x — 2 X — Z X — 4: 

^ 3 , 4a 5a' 

o. f- 



7. 



x — a (x — ay {x — ay 
11 3 



x~l x + 2 (a;+l)(a:+2) 



o a — h , h^c , c — a 

°' TT". — 77 — ; — r"r; — : — r> — tttt- 



(i + (?)(c + a) (c + a)(a + i) (a + 4X* + c) 

x—b x — a (x — a)(x — b) 
10. a: + y 2a: ^ ^y-a? 

y x+y yip^ — y") 

-- a + i I & + <? I c + a 

•'■•'■• 7^ r; ;i"7 r? r>.'T 



(b — c)(c — a) (c — a)(a — b) (a — &)(J — c) 

-rt a^ — bc . b' — ac . c^ + ab 

^^' 7 — TTTT — : — ^'T7r~. — rnr-. — T"r 



(a + b)(a + c) (b + aXb + c) (c + b)(c + a) 
-^ a X a' + ^ 



a — a? a + 2x (a — a;)(a + 2 a;) 



14. -^- - — -3^ - + 



(a — 6)(J — c) (a — b){a — (?) (a — c)(6 — c) 
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15. 



16. 



17. 



18. 



X — 2y __ 2x + y _ 2a? 

a — b a —b (a — b)(x + y) 

x(a + b) y{a + b) xyia-^-b) 

3a; ar + 2y J 3.y 

(a; + y)' ^' - y* {x- yf 

a — c a —b 



(a + 6)'~c» {a + cy-V 



19 a + & g — & , a5(a? — y) 
• a^ + by ax - by'^ aV - by 

146. When the terms of the denominators are not arranged 
in the same order. 

Since — = a, and ^^^^ = a, it follows that 
b — b 

The valtie of a fraction is not altered if the signs of the 
numerator and denmninator are both changed. 

It follows, also, by the Law of Signs, that 

The value of a fraction is not altered if the signs of any 
even number of factors in the numerator and denominator 
of a fraction are changed. 

147. Since changing the sign before a fraction is equiva- 
lent to changing the sign before the numerator or the 
denominator, it follows that 

ITie sign before the denomincUar may be changed, provided 
the sign before the fraction is changed. 

Note. If the denominator is a compound expression, the beginner 
mnst remember that the sign of the denominator is changed by 
changing the sign of every term of the denominator. Thus, 

X X 

a—x x—a 
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(X) Simplify ?-^-^ + f£^. 

Changing the signs before the terms of the denominator of the third 
fraction, and the sign before the fraction, we have 

2 3 2a;-3 

X 2aj-l 4«*-l* 

The L. C. D. = a?(2aj - \){2x + 1). 

2(2a;~lX2a; + l)= 8a:»-2 = Ist numerator. 

— 3a;(2aj + l) = — 6 oj* — 3 aj = 2d numerator. 

— »(2« — 3) = -2a:' + 3 « = 3d numerator. 

— 2 = sum of numerators. 

2 
.*. sum of the fractions = — 



a;{2aj-l){2a; + l) 
(2) Simplify 
1 



+ TT1 ^7^ -.+ 



a{a — b)(a — c) b(b — d)(b^c) c{c — a){c — b) 

Note. Change the sign of the factor (6 — a) in the denominator 
of the second fraction, and change the sign before the fraction. 

Change the signs of the two factors (c — a) and (c — h) in the de- 
nominator of the third fraction. We now have 

1 1 + 1 

a{a — h){a —c) ft (a — 6){6 — c) c{a — c){6 — c) 

The L. C. D. = dbc (a - h){a - c){b - c). 

be (6 — c) = 6'c — 6c* = 1st numerator. 

-^ ac(a — c) = — a^c + ac* = 2d numerator. 

ab (a — b)— a^b — a6' =» 3d numerator. 

a' 6 — a'c — a6' + 00* + ft'c — Jc* =» sum of numerators. 

=.a«(6-c)-a(6«-c«) + 6c(6-c), 
= [a* - a (6 + c) + be] [b - c], 
=» [a' — o5 — ac + be] [b — c], 
= [(a' - oc) - (aft - ftc)] [ft - c], 
= [a(a — c) — ft (a — c)] [ft — c], 
=» (a — ft)(a — cXft — c). 

.-. sum of the fractions = (° ->)(«- c)(^- c) _ 1 

aftc (a — ft)(a — c)(ft — c) abc 
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Exercise 53. 
Simplify : 

1. •+ ?. 

X — y ' y — x 

2 S + 2x . 3ar~2 . Ux-^x' 
2-a? 2 + ar a:»-4 * 

3. ^ + ^ ^ 



a;* — 1 a; + l 1 — a: 

4. ,^4^.+ ^^+ 1 



3-3y* 2-2y 6y + 6 

6 1 ^2 1 

(2~m)(3-7n) (m - l)(m - 3) (m - l)(m - 2) 



(i-a)(x + a) (a-i)(ar + i) 
g' + y , 2a&' , 2a'6 

^2 W •" W _ ^» ' ^8 



a2_J« ' 5»-a» ' a» + i» 

J — a a — 2b Sx(a — b) 
a;— ft ft + a; h^ — o^ 

^ 3 + 2ar 2-3a? . 16ar-a;' 
2-a? 2 + a; a;*-4 * 

3 7 4- 20a? 

l-2a; l + 2a? 4a;«-l* 



10. 



\ 11. CL-\-b . ft + g . c + a 



(ft-(?)(c~a) (i-a)(a-c) {a-h){b-c) 
\ 12 ci^ — he . y + gg I c' + flft 



(a-i)(a~c) (i + c)(ft-a) {c-a){c + h) 
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(1) Find the product of |^ X |^ X #^ • 
^ ^ ^ Bed* bob 8aVc?' 

2a^b Qc^d 5ab^c _ 2x6x5o»yc»d y 
3c<? 5a6 8aV(i« 3 x 5x 8a'6c»d» "" 2d» 



(2) Find the product of 

g* - v* X ^ ~ ^-^^ X g' - a^ 

a* — 3 ory + 2y* s? -\-xy (« — y)' 

(a?-y)(a; + y) ^^ y(a?-2y) ^ g(g-y) 



(a._y)(a;-2y) x{x-{-y) (x-y){<c-y) 

y 

"" « - y' 

Note. The common factors cancelled are x — y, jc + y, a; — 2y, 
«, and x—y. 

(3) Find the quotient of 



(a — a:)' d^ — a^ 

ax ah ax {a — x)(a + a;) 

(a — xy c? — 3? (a — x){a — x) ah 

xia + x) 
h(a — x) 

The common factors cancelled are a and a — a;. 

Exercise 54. 

Simplify : 

1 «X^ 3. -^^^. 

bx d ^p — 2p-l 

2£ 3a6 3ac ^ Sx*y . 2a;' 

a c 26* ' 15a6»' 3ai'" 
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7 y« y« ^1 



In like manner, 



a\* a* 




149. Division of Pracfdons. If the product of two numbers 
is equal to 1, each of the nnmbera is called the ledprooal of 
the other. 

The reciprocal of 7 is -» 

o a 

for ^Xf = ^=l. 

a o ao 

The reciprocal of a fraction, therefore, is the fraction 
inverted. 

Since T"^7~-'-» 

6 b 

and - X T = 1| it follows that 

a 

To divide by a fraction is the same as to multiply by its 
reciprocal. 

To divide by a fraction, therefore, 

Invert the divisor and multiply. 

Note. Every mixed expression should first be reduced to a frac- 
tion, and every integral expression should be written as a fraction 
having 1 for the denominator. If a factor is common to a numera- 
tor and a denominator, it should be cancelled, as the cancelling of a 
common factor before the multiplication is evidently equivalent to 
cancelling it after the multiplication. 
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(1) Find the product of ?^ x ^^ X ^^^. 

3ccP bob 8aV(i»"'3x5x8a»6c'(i*^2d»' 

(2) Find the product of 

g* - .V* X ^ ~ ^•^* ^^ ^^-^ 

a* — 3 ory + 2y* ic* + a;y (a; — y)' 

_ (x- y)(x + y) ^ y(a;-2y) ^ a?(a;-y) 



(a;-y)(a;-2y) a;(a; + y) (a;-y)(aj-y) 

■V 
"x-y 

Note. The common factors cancelled are » — y, a; + y, a; — 2y, 
«, and a;— y. 

(3) Find the quotient of ^ «* 



(a — a:)' d^ — a^ 

ax ah __ ax {a — x){a + a;) 

(a — xY a' — x** (a — x)(a — x) ah 

x(a + a;) 
6 (a — a;) 

The common factors cancelled are a and a — x. 

Exercise 54. 

Simplify : 

1. ^x^. 3. -^^^ 

hx d ^p-2 p-1 

^ 2x^Sab^Sac . Sx*y , 2a^ 

a c 2b 15aJ» 3ai' 
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' ^bx'y 2^a'b' ' a^ + ab c?-ab 

^x'y'z 20a'5V a' + ft' . o - ft 

* 10a'ft*(? 18a;y»ie* 'a'-ft'^a + ft' 

4a:2' Gay 2ary* ' a^ — lx x^ + 2x 

g 9wV^5g^^24^ ^3 a;'-lla? + 30 ^ a;^-3a: 
Sp^^ 2:ry 90mn ' a;* — 6ar+9 a:* -5a:* 

^ 25A»m' 70nV ^ 3om -- a' ~ ar' ^ (a + a;V 

"• T":; — :r~z^7^ — r-^x- * -, * i*. — r x ^ ; « 

1471^2'' Ibp'm 4 Arn a' + ar (a — a:)' 

15. 2«(^-yT x -^ 



co: {x — y){x + y)» 

a' + 4 6' or — 4:0^ x — y x^ — y* 

17 a:* — 4 a;* — 25 -^ rn^ — n^ ^ n — m 

* a:» + 5a: a;» + 2a:' ' <? + d^'^ c + d 

^^ a'-4a + 3 ^ a'~9a + 20 ^ a* -7a 
a'-5a + 4 a'— lOa + 21 a*-5a 

y-,7i + 6 6» + 10^ + 24 . &' + 6ft 

• 5» + 3i-_4 53_i4J + 48 * ft8-8ft2* 

22. ^-y' x'^'^y'x"^"^- - 

a:* — 3a:y + 2y* a^ + xy {pc — yy 
a»-3a'ft + 3a&«-ft' 2a&-2ft» a' + aft 

23. ; rr 5 5 X r- 

ar — b^ o a — b 



yi:^ 
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3i^ + 2ocy + y^ — 7^ x — y-\-z 

150. Oomplez Fractions. A complex fraction is one that 
has a fraction in the numerator, or in the denominator, or 
in both. 

Note. Generally, the shortest way to simplify a complex fraction 
is to multiply both terms of the fraction by the L. C. D. of the frac- 
tions contained in the numerator and denominator. 

a-\-x a — x 

(1) Simplify ^"^ ^ + ^. 

a+x .a—x 

a — x a-\-x 

The L. 0. D. of the fractions in the numerator and denom- 
inator is 

(a — x){a + x). 

Multiply by (a — x){a + x), and the result is 

(g + a?)' — (g — a:)' 

{a + xy + {a-xy 
_ (g' + 2ga? + a;') — (g' — 2ga: + a:') 

(g« + 2ga; + a;*) + (g^ — 2ga: + a;*) 
_ g* + 2ga? + a:* — Q^' + 2ga? — a:* 
"g* + 2ga; + a;* + g' — 2ga; + a;* 
_. 4ga? 
~"2g' + 2a;» 
__ 2ga? 
^ a^-\-a^' 



FRACTIONS. 131 

ab ac 



a^ + {a + h)x + ah 3? + {a + c) x + ac 

b — c 

x^ -\-(J) + c)x + be 

a + b . b 

16. ^-+1 L.. 17. _i i±i 

X a (J 

2m-3+i \ + - + r o 

18. n. 19. "^ "5 ^1 20. ^ 



2m-l g' - (6 + cf ^ ■ 3 

m ab 1 I 3 



1 + 



1-a; 
Exercise 66. 

MISCELLANEOUS EXAMPLES. 

1. Simplify x'-9^ + ^^ + 9x-^S^ 

^ ^ x' + Ts^-dx'-Tx + S 

2. Find the value of ""["^f,""":"^^^^ when a = 4, ft = }, 



c=l. 



3. Find the value of 3a' H — when a = 4, J = }, 

c= 1. 

4. Simplify 2 11 



6. Simplify (-^+l-^)-(-^-a;-.^). 



+ 

' X X 



6. Find the value of /^^:=^Y-^^1^^ when a; = ^ 

\x—bj x + a — 2b 



_a+b 



7. Simplify j-.^dll-_-^^ 

^ ^ l2(a-ft) 2(a + 6)^a'-ftM 2 



a — b 
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Exercise 55. 
Simplify : 

3ar . x — 1 

1. ., 2 ^ 8. 1- 1 



f(.+ l)-|-2i 1+i 

2. !lil£3. -». 1+ ^ 



a:-2 + -^ 1 + X+ 2^ 



a: — 6 1 — a; 



3. -^ 2£-]_ JO 



2 2 1^1 

a; 



4, ii;^ 11. 



X 



(X - 6)(a: - c) ^_^ 



X 



X "T- Ct ' "I I f ^XT 



ar 



\a; a/\a? a/ io \^ a /\ a? a / 

&. . 1^. — . 

1 _ ^"" <^ (2l — ?Y 

x-\-a \x a) 

g^ rg-y st^-y" j3^ a?'-y» a:+yl(a:-y)' a?-yj 
X y ^ — y 

a^ + y' 3i^ + xy 

x + \ . a?-l (a?'-y'X2a;'-2a;y) 

^ ^--1_£+1 j^^ 4(ar~y)' 

a?+ 1 a?— 1 * a:y 

a: — 1 x-\-l x + y 
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ah ac 



-. oc' + (a + b) X + ab sc' + (a + c)x + ac 

— C 

x'' + (b-\-c)x + be 

a + b . ft 

16. -^-+1 ^~ 17. _i i±i 

1+i ^+1 1+1 

X a (J 

18. n. 19. "^ "^ ^^ 20. ^ 



2 m-l g' - (i + c)' ^ . 3 

7n a6 1,3 



1 + 



l-x 
Exercise 56. 

MISCELLANEOUS EXAMPLES. 



2. Find the value of "!+f "'^"^^"^ when a = 4, i = i, 

_l a' — 0* — c'+2oc 

3. Find the value of 3a' + ^^ - -^ when a = 4, ft = }, 

1 eft' 

4. Simplify 



(a^'-l)' 2x'-4:x + 2 l-x' 
5. Simplify (-^+l--^)-(-^-a:-^). 



' X X 



6. Find the value of f^Y- ^ - ^ ^ + ^ when x = ^- 

7. Simplify j-2±^ a-& + 26' lo-j. 
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»■ ^i»p'%(^-S^*(l^-l^>^A 



9. Simplify ^ 

10. Simplify 



V 






2a6 



+ a6 + ^> 




11. Simplify 



"1 1^ Ot 37 1 1^ fl OC 



a-\-x 



c? + o^ 



1- 



g — X 1 a — or 
a + x a^ + a? 



V 



12. Divide a;» + 1 _ 3 A - A+dx + ^ by a: + i- ^ ^"^ 

ar \3tr J \ xj X 



y 



1 2ay 
13. Simplify Ljl^)! ^ < 



1 + 



2a:y 



(^ - yy 



i-y- 

X 
X) 



I 



14. Find the value of ^±^ + ^-f^- -^^ when x 



a^ 



2b-x 2b+x 4:b*-x' 



a + b 



15. Find the value of ^^-^ — I when a: = 4^ and ^ 
aJ + « ^-y + 1 aJ + l 

y~" 



ab + l 



16. Simplify 
.1 



+ 



a(a — b)(a — c) b{b — c){b — a) c(c — d)(c — b) 



17. Simplify 



Sabc 



a — 1 , J — 1 , c—1 

1 ; 1 



a 



be + ca — ab 



a b c 
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'^ , . yJ^ 

18. Simplify . X 3 , a ' 

n ffh 







20. Simplify 3a-[J+f2a-(i-c)|]+i + |^. ' 

^^ ^+-^ 2— \\^'^ 

21. Simplify g-^ g-y (g - a:)' ^ (g - y)' d 

(a — y)(a - x)' (a — a;)(a — y)' 

22. Simplify ^ 23. (^-y')(2^-2< ^: 

3-a; > ^ 

24. Simplify ^-^-^^^-^ + ^. .<^^^> 

{x-y^x-z) iy-xXy-z) {z-x){z-y) 



26. Simplify — r-^ - + 



■ v ■ 



a{a — b){a — c) b(b — a)(b — c) abc 
6 



27. Simplify ^"^ x 



6 
X — 



»-l-y 


» 


l-a;* 1 


' )( M/ - 


{X - l)(a; - 2) 





x-1 



CHAPTER X. 

FRACTIONAL EQUATIONS. 

151. To reduce Equations containing Fractions. 

(1) Solve|-^ = a;-9. 

Multiply by 33, the L. C. M. of the denominators. 
Then, lla;-3a; + 3 = 33a;- 297, 

lla:-3a:-33a; = -297-3, 
-25 a; = -300. 
.-. X = 12. 

Note. Since the minus sign precedes the second fraction, in 
removing the denominator, the + (understood) before a, the first 
term of the numerator, is changed to — , and the — before 1, the 
second term of the numerator, is changed to +. 

Therefore, to clear an equation of fractions, 

Multiply each term hy the L. C, M, of the denominators. 

If a fraction is preceded by a minus sign, the sign of every 
term of the numerator micst be changed when the denomi- 
nator is removed, 

(2) Solve^-^=^-£^. 

x—o x — x — o a:— -9 

Note. The solution of this and similar problems will be much 
easier by combining the fractions on the left side and the fractions 
on the right side than by the rule given above. 

(a.-4Xa;-6)-(a?-5y _ (a;-7)(a;-9)-(a?-8)« 
(a; _ 5)(a; - 6) (jc - 8)(a; - 9) 
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By simplifying the numerators, we have 

-1 -1 



(x - 5)(» - 6) (a; - S)(x - 9) 

Since the numerators are equal, the denominators are equal. 
Hence, (x - 5)(aj - 6) = (a; - SX* - 9). 

Solving, we have a; = 7. 

Exercise 57. 
Solve : 

-e a; + 2»7i J, 5x bx 9 S — x 

1. ox j- — = 71. 4. r = T 7^ — 

2 2 4 4 2 

2. X -. 6. 2x ^ = 7 —. 

^ 5 — 2a:,o_^ 6a;-8 ^ x + 2 14 S + bx 
4 2 2 9 4 

5rc + 3 3 — 4a; .rc_31 9 — 5rc 

8 3 "^2 2 6 ' 

8. l^-^^=lO(x-l), 

9. 5£^^2^=3:r-14. 

2 3 

,^ 7a: + 5 5ar — 6_8 — 5a: 
6 4 12 

a; + 4 a; — 4 _o , 3a;— 1 
"• -^ 5 ^+"l5- 

12. §£±5-2^+10-^ = 0. 

13. i(3ar-4)+i(5a: + 3) = 43-5a:. 

14. |(27-2a;) = |-i(7a:-54). 
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15. 5a;— {8a;--3[16-6a?-(4-5a:)]} =6. 

7 3 2 6^ ^ 

^^ 2x±7 9a; - 8 _ a; - 11 



18. 



19. 



7 11 2 

8a? — 15 lla;-l __ 7a; + 2 

3 7 13 * 

7a; + 9 3a?+l _ 9a;-13 249-9a; 

8 7 4 14 * 



152. If the denominators contain both simple and com- 
pound expressions, it is best to remove the simple expres- 
sions first, and then each compound expression in turn. 
Aft«r each multiplication the result should be reduced to 
the simplest form. 

^ ^ 14 6a; + 2 7 

Multiply both sides by 14. 

Then, 8 a; + 5 + '^('^^~^) == 8a; + 12. 

ox + l 

Transpose and combine, 'v^" ) =, 7. 



Divide by 7 


and multiply by 3 a; + 1, 












7a;-3 = 3a; + l. 












.*. a;= 1. 






3- 


4a; 


^ 


I"- 3 


(2) 


Solve 




9 
4 " 


1 

"4' 


9 
10 



Multiply both terms of each complex fraction by 9. 

Then. 27-4a.^l_7a;^27. 

36 4 90 

Solving this equation, we have a; = 6. 
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Bxercise 58. 

Solve the equations : 

9a?+20 _ 4(a;-3) . x 
36 5a;-4"*"4 

9(2a:-3) , llx-\ __ ^x+\\ 
14 '^ Zx+\ 7 



3. 



4. 



8. 



9. 



10. 



10a;+17 12rc + 2 _ 5a; — 4 
18 13a; -16 9 

6a; + 13 3a; + 5 ^2x 

15 5a;-25 5* 



18a: -22 g 1 + 163; _, , 101-64^ 
^' 39-6:^+^"^+ 24 ~^ ~24 

^ 6 — 5a; 7-2a;» _l + 3a; 10a;-ll , 1 
6* — r;^ TTT r^ t:^ 7:7^ r 



15 14 (a; -1) 21 30 ' 105 

9a;+5 , 8a;- 7 _ 36a; + 15 . 41 
14 '^6a; + 2 56 56 



6a;+7 2a; — 2 __ 2a;+l 

mr 7a;- 6 5 

6a; +'1 2a; — 4 _^ 2a;-l 

15 7a;- 16 5 

7a; — 6 x— 5 __x 

35 6a; - 101 ~ 5' 



163. Literal equations are equations in which some or 
all of the given numbers are represented by letters ; the 
first letters of the alphabet are used to represent known 
numbers. 
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(1) {a- x){a + x) = 2a^ + 2ax - x". 

Then, a^~x^ = 2a^ + 2ax-x^, 
— 2ax = a'. 

.'. a; = 

2 

(2) {x — a){x —h) — {x — b)(x — (?) = 2(a: — a)(a — c). 

(x^ — CLX — bx + ab) — (3^ — bx — cx + he) = 2{ax~cx— a^ + oc), 
3^ — ax — bx + ab'-si^ + bx-\-cx — hc= 2ax — 2cx — 2a^-\- 2ac. 
That is, — Sax + Sea? = — 20^ + 2ac — a& + 6c, 
— 3 (a — c)a; = — 2 a (a — c) — 6 (a — c), 
-3a; = -2a-&. 
. ^ 2a + 5 



Exercise 59. 
Solve the equations : 

1. ax -\- be = bx + ac, 2. 2a — cx = Bc —5bx. 

3. a^x -^-bx — c^^b^x + cx—d. 

4. — - oc* + i'c + oJca; = abc + cma; — ac'x + JV — mc. 

5. (a -\- X -\- b)(a + b — x) ■= (a -}- x)(b — x) — ab. 

6. (a' + a;)' = a;" + 4a' + a*. 

7. (a' — a:)(a* + a;) = a* + 2aa: — a:*. 

3 a— Qa; _ 1 
2 ~2' 



o aa; — J , x + ac 



10. ax 



9. 



a(b^x+a^) 



bx 



= acx-\' 



ax^ 



11. 6a — 



4:ax— 2b 



12. 



6 3 

3^ — a a — X _ 2x a 
6a; 6 b X 



= x. 



-„ 3 ab — o^ Ax — ac 

x«5. 



Ja: 



ca; 



aa; , x 



14. am-6-^ + — =0. 

7)1 



15. 



16. 
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Sax — 2b ax — a __ax 2 
3^ 2b ~ b 3 

ab + X b^ — X _x — b ah — x 



-- bx+\ a(3(^ — \) -^t^ oh 1 , » , 1 

17. oar ' — =— ^ ^' 19. — = oc + aH — 

re a; a? a; 

18. \-a-\ = 0. 20. -^^ — 7 — ^=ck?H — -• 

b — ex c ax a 

Exercise 60. 
Solve the equations : 

" 4(ar-l)~6(a;-l)'^9* 

a; — 1 a;+ 1 

- ^ _ 6a:+l 3(1 + 2a;') 



4. 



a;— 1 a; + l a;'— 1 

1 1 x-\ 



2{x-Z) 3(a;~2) (x-2)(x-Z) 



. 2(2a; + 3) _ 6 5a;+l 

9(7 -a:) 7 -a: 4(7 -a:)' 

6. .^L-4 = ^^21+M_io. 
a; + 3 3a: + 9 

a;— 7 2a;— 15 1 



a:+7 2a;-6 2(a;+7) 

8 ^ + 4 . ^2^ 3a? + 8 
3a; + 5 ^ 2a: + 3 
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o 132a;+l , Sx + b .o ,, 3a; -1 4a; -2 1 
9. — — ■ — = OZ. 11. = — 

3a; + l x-l 2x-\ 3.r-2 6 

10. _A_+^_=._6_. 12. _J__^+1 = _^. 
2a;-3 a; — 2 3a; + 2 x-\ x-l l-ar* 

-„ a; — 4 a; — 5_a;— 7 a; — 8 
x — a; — 6 a; — 8 a; — 9 

14. (a; — a){x — b) = (x — a — by. 

15. (a—b)(x—c) — (&— c)(a; — a) — (c — a)(a; — b) = 0. 

16. ^-^+1 + ^ + ^+1 = 2^. 

a;— 1 a; + 1 

n. _J_+ 7 37 



a; + 2a; + 3 x' + bx + Q 

18. (a;+l)^ = a;[6-(l-a;)]~2. 

19. 25:zl£ 16^+4i__23_^ 

x+l Sx + 2 x+l 

„^ 3a&c , a^b^ . (2a + b)b^x o , bx 
21. _i_4 3 29 2 



a:- 8 2a;- 16 24 3a;- 24 

22. 5-a;f7_2\ = ^_3£^zlillk). 

V2 a;y 2 4 

2 I £±4 

23. i §_ = Inf. 

5 a;-l 3 



24- ,^ — i^rH — Y — i- = l + 



i(x~l)'U^+l) '^j5 



('-^) 
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154. Problems in^olTing Fractional EqnatiooB. 

Ex. The sum of the third and fourth parts of a certain 
number exceeds 3 times the difference of the fifth and sixth 
parts by 29. Find the number. 

Let X = the number. 

Then - + - = the sum of its third and fourth parts, 
3 4 ^ 

^ — - = the difference of its fifth and sixth parts, 
5 6 

j =3 times the difference of its fifth and sixth parts, 

- + - — 3( - — - ] = the given excess. 
3 4 V5 6/ ^ 

But 29 =: the given excess. 

.-. £^.E-3fE_£^ =29. 
3 4 V5 6/ 

Multiply by 60, the L. C. D. of the fractions. 

20a; + 15a; - 36a; + 30a; = 60 X 29. 

Combining, 29 a; = 60 X 29. 

.-. a; = 60. 

Exercise 61. 

1. Find the number whose third and fourth parts together 

make 14. 

2. Find the number whose third part exceeds its fourth 

part by 14. 

3. The half, fourth, and fifth of a certain number are 

together equal to 76 ; find the number. 

4. Find the number whose double exceeds its half by 12. 

6. Divide 60 into two such parts that a seventh of one 
part may be equal to an eighth of the other. 

6. Divide 50 into two such parts that a fourth of one 
part increased by five-sixths of the other part may 
be equal to 40. 
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7. Divide 100 into two such parts that a fourth of one 

part diminished by a third of the other part may be 
equal to 11. 

8. The sum of the fourth, fifth, and sixth parts of a cer- 

tain number exceeds the half of the number by 112. 
What ia the number ? 

9. The sum of two numbers is 5760, and their diflference 

is equal to one-third of the greater. What are the 
numbers ? 

10. Divide 45 into two such parts that the first part 

divided by 2 shall be equal to the second part mul- 
tiplied by 2. 

11. Find a number such that the sum of its fifth and its 

seventh parts shall exceed the difference of its fourth 
and its seventh parts by 99. 

12. In a mixture of wine and water, the wine was 25 gal- 

lons more than half of the mixture, and the water 

5 gallons less than one-third of the mixture. How 
many gallons were there of each ? 

13. In a certain weight of gunpowder the saltpetre was 

6 pounds more than half of the weight, the sulphur 
5 pounds less than the third, and the charcoal 3 
pounds less than the fourth of the weight. How 
many pounds were there of each ? 

14. Divide 46 into two parts such that if one part be 

divided by 7, and the other by 3, the sum of the 
quotients shall be 10. 

15. A house and garden cost $850, and five times the 

price of the house is equal to twelve times the 
price of the garden. What is the price of each? 
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16. A man leaves the half of his property to his wife, a 

sixth to each of his two children, a twelfth to his 
brother, and the remainder, amounting to $600, to 
his sister. What was the amount of his property ? 

17. The sum of two numbers is a and their difference is b ; 

find the numbers. 

18. Find two numbers of which the sum is 70, such that 

the first divided by the second gives 2 as a quotient 
and 1 as a remainder. 

Hint. Dividend ■- Remainder ^ q^^^^^^ 

Divisor 

19. Find two numbers of which the difference is 25, such 

that the second divided by the first gives 4 as a 
quotient and 4 as a remainder. 

20. Divide the number 208 into two parts such that the 

sum of the fourth of the greater and the third of the 
smaller is less by 4 than four times the difference of 
the Wo parts. 

21. Find four consecutive numbers whose sum is 82. 

Note. If x represent a person's age at the present time, his age 
a years ago will be represented by a; — a, and a years hence by a; + a. 

Ex. In eight years a boy will be three times as old as he 
was eight years ago. How old is he ? 

Let X = the number of years of his age. 

Then a? — 8 = the number of years of his age eight years ago, 

and a; + 8 = the number of years of his age eight years hence. 

Since his age 8 years hence will be three times his age 8 

years ago, we have 

a? + 8 =3 (a; -8), 

a; + 8 =3a;-24, 

a; -3a; = -24 -8, 

-2a; = -32, 

a; = 16. 
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22. A is 72 years old, and B's age is two-thirds of A's. 

How long is it since A was five times as old as B ? 

23. A mother is 70 years old, her daughter is half that 

age. How long is it since the mother was three 
and one-third times as old as the daughter ? 

24. A father is three times as old as the son ; four years 

ago the father was four times as old as the son then 
was. What is the age of each ? 

26. A is twice as old as B, and seven years ago their 
united ages amounted to as many years as now 
represent the age of A. Find the ages of A and B. 

26. The sum of the ages of a father and son is half what it 

will be in 25 years ; the diflference is one-third what 
the sum will be in 20 years. What is the age of each? 

Note. If A can do a piece of work in x days, the pari of the 
work that he^can do in one day will be represented by -. Thus, if 
he can do the work in 5 days, in 1 day he can do } of the work. 

Ex. A can do a piece of work in 5 days, and B can do it 
in 4 days. How long will it take A and B together ? 

Let X = the number of days it will take A and B together. 

Then - =» the part they can do in one day. 

Now, J = the part A can do in one day, 
and \ » the part B can do in one day. 

/. ^ -f }■ a the part A and B can do in one day. 

4a? + 5a? = 20, 

9a; = 20, 

a; = 2}. 

Therefore they will do the work in 2f days. 

27. A can do a piece of work in 5 days, B in 6 days, and 

C in 7} days; in what time will they do it, all 
working together ? 
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28. A can do a piece of work in 2^ days, B in 3i days, 

and C in 3| days ; in what time will they do it, all 
working together ? 

29. Two men who can separately do a piece of work in 

15 days and 16 days, can, with the help of another, 
do it in 6 days. How long would it take the third 
man to do it alone ? 

30. A can do half as much work as B, B can do half as 

much as C, and together they can complete a piece 
of work in 24 days. In what time can each alone 
complete the work ? 

31. A does f of a piece of work in 10 days, when B comes 

to help him, and they finish the work in 3 days 
more. How long would it have taken B alone to 
do the whole work ? 

32. A and B together can reap a field in 12 hours, A and 

C in 16 hours, and A by himself in 20 hours. In 
what time can B and C together reap it ? In what 
time can A, B, and together reap it ? 

33. A and B together cam do a piece of work in 12 days, 

A and C in 15 days, B and in 20 days. In what 
time can they do it, all working together ? 

NoTB. If a pipe can fill a vessel in x hours, the part of the 
vessel filled by it in one hour will be represented by -. Thus, if a 

X 

pipe will fill a vessel in 3 hours, in 1 hour it will fill J of the vessel. 

34. A tank can be filled by two pipes in 24 minutes and 

30 minutes respectively, and emptied by a third in 
20 minutes. In what time will it be filled if all 
three are running together ? 

35. A tank can be filled in 15 minutes by two pipes, A 

and B, running together. After A has been run- 



f 



146 ALGEBRA. 

ning by itself for 5 minutes, B is ako turned on, 
and the tank is filled in 13 minutes more. In what 
time may it be filled by each pipe separately ? 

36. A cistern could be filled by two pipes in 6 hours and 

8 hours respectively, and could be emptied by a 
third in 12 hours. In what time would the cistern 
be filled if the pipes were all running together ? 

37. A tank can fee filled by three pipes in 1 hour and 20 

minutes, 3 hours and 20 minutes, and 5 hours, re- 
spectively. In what time will the tank be filled 
T?<^en all three pipes are running together ? 

38. If three pipes can fill a cistern in a, 6, and c minutes, 

respectively, in what time will it be filled by all 
three running together ? 

39. The capacity of a cistern is 755t gallons. The cistern 

has three pipes, of which the first lets in 12 gallons 
in 3i minutes, the second 15} gallons in 2} minutes, 
the third 17 gallons in 3 minutes. In what time 
will the cistern be filled by the three pipes running 
together ? 

Note. In questions involving distance, time, and rate, 

Distance ^ ^^^^ 
Rate 

Thus, if a man travels 40 miles at the rate of 4 miles an hour, 
— = number of hours required. 

Ex. A courier who goes at the rate of 31} miles in 5 hours, 
is followed, after 8 hours, by another, who goes at 
the rate of 22} miles in 3 hours. In how many 
hours will the second overtake the first? 

Since the first goes 31} miles in 5 hours, his rate per hour is 6^ 
miles. 
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Since the second goes 22} miles in 3 hours, his rate per hour is 7| 
miles. 

Let X = the number of hours the first is travelling. 

Then x — 8 = the number of hours the second is travelling. 

Then ^^^ =" the number of miles the first travels ; 

(x — 8) 7} =» the number of miles the second travels. 
They both travel the pame distance. 

The solution of which gives 42 hours. 

40. A sets out and travels at the rate of 7 miles in 5 hours. 

Eight hours afterwards, £ sets out from the same 
place and travels in the same direction, at the rate 
of 6 miles in 3 hours. In how many hours will B 
overtake A ? 

41. A person walks to the top of a mountain at the rate 

of 2 J miles an hour, and down the same way at the 
rate of 3} miles an hour, and is out 5 hours. How 
far is it to the top of the mountain ? 

42. A person has a hours at his disposal. How far may 

he ride in a coach which travels b miles an hour, so 
as to return home in time, walking back at the rate 
of c miles an hour ? 

43. The distance between London and Edinburgh is 360 

miles. One traveller starts from Edinburgh and 
travels at the rate of 10 miles an hour; another 
starts at the same time from London, and travels at 
the rate of 8 miles an hour. How far from London 
will they meet? 

44. Two persons set out from the same place in opposite 

directions. The rate of one of them per hour is a 
mile less than double that of the other, and in 4 
hours they are 32 miles apart. Determine their 
rates. 
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45. In going a certain distance, a train travelling 35 miles 

an hour takes 2 hours less than one travelling 25 
miles an hour. Determine the distance. 

Note. In problems relating to clocks, it is to be noticed that the 
minute-hand moves twelve times as fast as the honr-hand. 

Ex. Find the time between 2 and 3 o'clock when the 
hands of a clock are together. 

At 2 o'clock the hour-hand is 10 minute-spaces ahead of the 
minute-hand. 

Let X = the number of spaces the minute-hand moves over. 

Then a; — 10 = the number of spaces the hour-hand moves over. 
Now, as the minute-hand moves 12 times as fast as the hour-hand, 
12(a; — 10)= the number of spaces the minute-hand moves over. 

.-. a; = 12 (a: - 10), 
and 11 a; = 120. 

.-. X = lOJf 

Therefore the time is lC4-f^ minutes past 2 o'clock. 

46. At what time are the hands of a watch together : 

I. Between 3 and 4 ? 
II. Between 6 and 7 ? 
III. Between 9 and 10 ? 

47. At what time are the hands of a watch at right angles ;, 

I. Between 3 and 4 ? 

II. Between 4 and 5 ? 

III. Between 7 and 8 ? 

48. At what time are the hands of a watch opposite to 

each other : 

I. Between 1 and 2? 

II. Between 4 and 5? 

III. Between 8 and 9 ? 
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49. It is between 2 and 3 o'clock ; but a person looking at 
his watch and mistaking the hour-hand for the 
minute-hand, fancies that the time of day is 55 
minutes earlier than it really is. What is the true 
time? 

Note. If a represents the number of feet in the length of a step 
or leap, and x the number of steps or leaps taken, then ox will repre- 
sent the number of feet in the distance made. 

Ex. A hare takes 4 leaps to a greyhound's 3 ; but 2 of the 
greyhound's leaps are equivalent to 3 of the hare's. 
The hare has a start of 50 leaps. How many leaps 
must the greyhound take to catch the hare ? 

Let 3x = the number of leaps taken by the greyhound. 
Then 4 a; = the number of leaps of the hare in the same time. 
Also, let a denote the number of feet in one leap of the hare. 

Then — will denote the number of feet in one leap of the 

greyhound. 

That is, 3 a: X — = the whole distance, 

and (50 + 4 a;) a => the whole distance. 

9ax 



2 



= (50 + 4a;) a. 



Divide by a, ?^ = 50 + 4a;, 

9a;=100 + 8a;, 
X =-• 100. 
.-. 3a; = 300. 

Thus the greyhound must take 300 leaps. 

50. A hare takes 6 leaps to a dog's 5, and 7 of the dog's 
leaps are equivalent to 9 of the hare's. The hare 
has a start of 50 of her own leaps. How many leaps 
will the hare take before she is caught ? 
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51. A greyhound makes 4 leaps while a hare makes 5 ; but 

3 of the greyhound's leaps are equivalent to 4 of the 
hare's. The hare has a start of 60 of the greyhound's 
leaps. How many leaps does, each take before the 
hare is caught? 

52. A greyhound makes two leaps while a hare makes 3 ; 

but 1 leap of the greyhound is equivalent to 2 of the 
hare's. The hare has a start of 80 of her own leaps. 
How many leaps will the hare take before she is 
caught ? 

Note. If the number of units in the breadth and length of a 
rectangle is represented by x and x -\-a, respectively, then x{x -\- a) 
will represent the number of units of area in the rectangle, the unit 
of area having the same name as the linear unit in which the sides 
of the rectangle are expressed. 

53. A rectangle whose length is 5 feet more than it« breadth 

would have its area increased by 22 feet if its length 
and breadth were each made a foot more. Find its 
dimensions. 

54. A rectangle has its length and breadth respectively 5 

feet longer and 3 feet shorter than the side of the 
equivalent square. Find its area. 

55. The length of a rectangle is an inch less than double 

its breadth ; and when a strip 3 inches wide is cut 
off all round, the area is diminished by 210 inches. 
Find the size of the rectangle at first. 

56. The length of a floor exceeds the breadth by 4 feet ; if 

each dimension were increased by 1 foot, the area 
of the room would be increased by 27 square feet. 
Find its dimensions. 

Note. If b pounds of metal lose a pounds when weighed in water, 
1 pound will lose - of a pounds, or ^ of a pound. 
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57. A mass of tin and lead weighing 180 pounds loses 21 
pounds when weighed in water; and it is known that 
37 pounds of tin lose 5 pounds, and 23 pounds of 
lead lose 2 pounds, when weighed in water. How 
many pounds of tin and of lead in the mass ? 

>4i8\ If 19 pounds of gold lose 1 pound, and 10 pounds of 
^ \ silver lose 1 pound, when weighed in water, find the 
amount of each in a mass of gold and silver weigh- 
ing 106 pounds in air and 99 pounds in water. 

>6»y^Fifteen sovereigns should weigh 77 pennyweights ; but 
^ a parcel of light sovereigns, having been weighed and 
counted, was found to contain 9 more than was sup- 
posed from the weight ; and it appeared that 21 of 
these coins weighed the same as 20 true sovereigns. 
How many were there in all ? 



60. There are two silver cups, and one cover for both. The 

first weighs 12 ounces, and with the cover weighs 
twice as much as the other without it ; but the sec- 
ond with the cover weighs one-third more than the 
first without it. Find the weight of the cover. 

61. A man wishes to inclose a circular piece of ground with 

palisades, and finds that if he sets them a foot apart 
he will have too few by 150 ; but if he sets them a 
yard apart he will have too many by 70. What is 
the circuit of the piece of ground ? 

62. A horse was sold at a loss for $200 ; but if it had been 

sold for $250, the gain would have been three-fourths 
of the loss when sold for $200. Find the value of 
the horse. 

63. A and B shoot by turns at a target. A puts 7 bullets 

out of 12, and B 9 out of 12, into the centre. Be- 
tween them they put in 32 bullets. How many 
shots did each fire ? 
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64. A boy buys a number of apples at the rate of 5 for 2 
pence. He sells half of them at 2 a penny and the 
rest at 3 a penny, and clears a penny by the trans- 
action. How many does he buy ? 

J&&;. A person bought a piece of land for $6750, of which 
^ he kept ^ for himself. At the cost of $250 he made 
a road which took -^ of the remainder, and then sold 
the rest at 12i cents a square yard more than double 
the price it cost him, thus clearing his outlay and 
$500 besides. How much land did he buy, and 
what was the cost-price per yard ? 

66. A boy who runs at the rate of 12 yards per second 
starts 20 yards behind another whose rate is lOi 
yards per second. How soon will the first boy be 
10 yards ahead of the second ? 

y^% A merchant adds yearly to his capital one- third of it, 
but takes from it, at the end of each year, $ 5000 for 
expenses. At the end of the third year, after de- 
ducting the last $5000, he has twice his original 
capital. How much had he at first ? 

68. A shepherd lost a number of sheep equal to one-fourth 
of his flock and one-fourth of a sheep ; then, he lost 
a number equal to one-third of what he had left and 
one-third of a sheep ; finally, he lost a number equal 
to one-half of what now remained and one-half a 
sheep, after which he had but 25 sheep left. How 
many had he at first ? 

y/69.\ A trader maintained himself for three years at an ex- 
pense of $250 a year ; and each year increased that 
part of his stock which was not so expended by one- 
third of it. At the end of the third year his original 
stock was doubled. What was his original stock ? 
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70. A cask contains 12 gallons of wine and 18 gallons of 

water ; another cask contains 9 gallons of wine and 
3 gallons of water. How many gallons must be 
drawn from each cask to produce a mixture contain- 
ing 7 gallons of wine and 7 gallons of water ? 

71. The members of a club subscribe each as many dollars 

as there are members. If there had been 12 more 
members, the subscription from each would have 
been $10 less, to amount to the same sum. How 
many members were there ? 

72. A number of troops being formed into a solid square, 

it was found there were 60 men over; but when 
formed in a column with 5 men more in front than 
before, and 3 men less in depth, there was lacking 
one man to complete it. Find the number of troops. 

73. An officer can form the men of his regiment into a 

hollow square twelve deep. The number of men in 
the regiment is 1296. Find the number of men in 
the front of the hollow square. 

74. A person starts from P and walks towards Q at the 

rate of 3 miles an hour ; 20 minutes later another 
person starts from Q and walks towards P at the 
rate of 4 miles an hour. The distance from P to Q 
is 20 miles. How far from P will they meet ? 

75. A person engaged to work a days on these conditions: 

for each day he worked he was to receive h cents, 
and for each day he was idle he was to forfeit c 
cents. At the end of a days he received d cents. 
How many days was he idle ? 

A banker has two kinds of coins : it takes a pieces of 

the first to make a dollar, and h pieces of the second 

o make a dollar. A person wishes to obtain c pieces 

for a dollar. How many pieces of each kind must 

the banker give him ? 




CHAPTER XL 

SIMULTANEOUS EQUATIONS OF THE FIRST 

DEGREE. 

155. If we have two unknown numbers and but one rela- 
tion between them, we can find an unlimited number of 
pairs of values for which the given relation will hold true. 
Thus, if X and y are unknown, and we have given only the 
one relation a; + y = 10, we can assume any value for x, 
and then from the relation a: + y = 10 find the correspond- 
ing value of y. For from a: + y = 10 we find y = \0 — x. 
If X stands for 1, y stands for 9; if a: stands for 2, y stands 
for 8 ; if a: stands for — 2, y stands for 12 ; and so on with- 
out end. 

156. We may, however, have two equations that express 
different relations between the two unknowns. Such equa- 
tions are called independent equations. Thus, a; -f y = 10 
and x — y = 2 are independent equations, for they evidently 
express different relations between x and y, 

157. Independent equations involving the same unknowns 
are called simnltaneous equations. 

If we have two unknowns, and have given two indepen- 
dent equations involving them, there is but one pair of values 
which will hold true for both equations. Thus, if in § 156, 
besides the relation a: -f y = 10, we have also the relation 
x — y=% the only pair of values for which both equations 
will hold true is the pair a: = 6, y = 4. 

Observe that in this problem x stands for the same num- 
ber in both equations ; so also does y. 
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168. Simultaneous equations are solved by combining 
the equations so as to obtain a single equation with one 
unknown number ; this process is called elimination. 

There are three methods of elimination in general use : 

I. By Addition or Subtraction. 
II. By Substitution. 
III. By Comparison. 

159. Elimination by Addition or Subtraction. 

(1) Solve: 5a;~3y = 201 (1) 

2a;+5y = 39/ (2) 

Multiply (1) by 5, and (2) by 3. 

25a;-15y=100 (3) 

6a; + 15y = 117 (4) 

Add (3) and (4), 31a; ^^ 217 

.-. x = 7. 

Substitute the value of x in (2), 

14 + 5y-39. 
.-. y = 5. 

In this solution y is eliminated by addition. 

(2) Solve: 6a: + 35y = 177) (1) 

8a;~21y= 33 } (2) 

Multiply (1) by 4, and (2) by 3, 

24a; + 140y = 708 (3) 

24a;- 63y= 99 (4) 

Subtract, 203 y = 609 

.-. y = 3. 

Substitute the value of y in (2), 

8a; -63 = 33. 
.-.a; = 12. 

In this solution x is eliminated by subtraction. 
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160. Hence, to eliminate by addition or subtraction, we 
have the following rule : 

Multiply the equations by such numbers as will make the 
coefficients of one of the unknown numbers equal in the 
resulting equations. 

Add the resulting equations^ or subtract one from the other ^ 
according as these equal coefficients have unlike or like signs. 

Note. It is generally best to select the letter to be eliminated 
which requires the smallest multipliers to make its coefficients equal ; 
and the smallest multiplier for each equation is found by dividing 
the L. C. M. of the coefficients of this letter by the given coefficient in 
that equation. Thus, in example (2), the L. C. M. of 6 and 8 (the co- 
efficients of x) is 24, and hence the smallest multipliers of the two 
equations are 4 and 3 respectively. 

Sometimes the solution is simplified by first adding the 
given equations, or by subtracting one from the other. 

(3) a: + 49y= 51 (1) 

49a; + y= 99 (2) 

Add (1) and (2), 50a; + 50y = 150 (3) 

Divide (3) by 50, a; + y = 3. (4) 

Subtract (4) from (1), 483/ = 48. 

•'• y = 1- 

Subtract (4) from (2), 48 a; = 96. 

.-. a; = 2. 



Exercise 62. 
Solve by addition or subtraction : 

1. 2x + Sy=1\ 3. 1x + 2y = S0) 6. 5a:+4v = 58) 
4a:-5y = 3j y-Sx= 2j 3a;+7y=67J 

2. re— 2y = 41 4. 3.r-5y = 5n 6. 3a:+2y=39) 
2x— y = b) 2x + 7y= 33 Sy'-2x=lS) 
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7. 3a;-4y = -5) 11. 12a: + 7y=176) 
4a:-5y= ij 3y — 19a;= 3 3 

8. lla:+3y=100) 12. 2a;-7y== 8) 

4a:— 7y= 4j 4y — 9a: = 19j 

9. a: + 49y = 693) 13. 69y-17a:= 103) 
49a:+ y = 357j 14a: - 13y = ~ 41 1 

10. 17a: + 3y = 57) 14. 17a: + 30y = 59) 

16y - 3a: = 23 3 19a: + 28y = 77 3 

161. Elimination by Substitution. 

(1) Solve: 5a: + 4y = 32) 

4a: + 3y = 25 3 

5a: + 4y-32. (1) 

4a; + 3y = 25. (2) 

Transpose 4 y in (1), 5 a; = 32 - 4 y. (3) 

Divide by coefficient of .t, x = — ^^ — 2^- (4) 

Sabstitute the valae of x in (2), 



128 - 16 



^ + 3y = 25, 



5 

128-16y + 15y = 125, 
- y = - 3. 
.-. y = 3. 
Substitute the value of y in (2), 

4a; + 9 = 25. 
.*. a? = 4. 

Hence, to eliminate by substitution, 

From one of the eqtuUiona obtain the value of one of the 
unknown numbers in terms of the other. 

Substitute for this unhnown number its vahie in the other 
cquaiionf and reduce the resulting equation. 
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Exercise 63. 
Solve by substitution : 

1. 3a; — 4y = 21 8. 3a:-4y = 18') 
Tx—9y=T) 3a; + 2y= 0) 

2. 7a:-5y=-24) 9. 9a;-5y = 521 
4a;-3y=ll| St/-Sx= S) 

3. 3a;+2y = 32) 10. 5a;-3y= 41 
20a;-3y= Ij 12y-7a;=10J 

4. lla:-7y = 37) 11. 9y-7a;=13) 

8a; + 9y = 4l| lbx-1y= 93 

5. 7a: + 5y = 60) 12. 6x-2y= 51) 
13a:-lly=10j 19a;~3y = 180j 

6. 6a:-7y = 42) 13. 4x+ 9y=106| 
7a; - 6y = 75 ) 8a; + 17y = 198 ) 

7. 10a;+ 9y = 290) 14. 8a; + 3y = 3) 
12a; - lly = 130 j 12a; + 9y = 3 J 

162. Elimination by Oomparison. 

Solve: 2a;-5y = 66) 

3a; + 2^ = 233 

2x-5y = 66. (1) 

3a; + 2y = 23. (2) 

Transpose 5y in (1), and 2y in (2), 

2a; = 66 -f by, (3) 

3a; = 23-2y. (4) 

Divide (3) by 2, a; - 66 + 62^, ^^^ 

Divide (4) by 3, ar - 23-2y ^g^ 

o 

Equate tbe values of x, ^^lH » 23-Jj^^ ^^^ 
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Reduce (7), 198 + 15y = 46 - 4y. 

19y = - 152. 

:.y = - 8. 
Sabstitute the value of y in (1), 

2x + 40 = 66. 

/. X - 13. 

163. Hence, to eliminate by comparison, 

Frovi each eqitation obtain the value of one of the unknown 
numbers in terms of the other. 

Form an equation from these equal values and reduce the 
equation. 

Exercise 64. 

Solve by comparison : 

1. a:+15y = 53| 8. Sy-1x= 4) 
3a: + y = 273 2y + bx = 22} 

2. 4a: + 9^=51) 9. 21y + 20a: = 165) 
8a:-13y= 9 3 77y - 30a: = 295 ) 

3. 4a: + 3y = 48) 10. lla:-10y=14) 
5y~3a: = 22j bx+ 7y = 41j 

4. 2a: + 3y = 43| 11. 7y-3.r = 139) 
lOar- y= 73 2x + 5y= 913 

5. 5x- 7y= 33) 12. 17a:+12y= 59) 
lla: + 12y=1003 19a:~ 4y=1533 

6. 5ar+7y = 43) 13. 24a:+ 7y= 27) 
11a: + 9y = 69 3 8a: - 33y = 115 3 

7. 8a;-21y= 33) 14. a;=3y-19) 
6a: + 35y=177 3 y=3a:-233 
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164. Each equation must be simplified, if necessary, 
before the elimination. 



Solve: ia;-}(y + l)-l) 

J(^ + i) + i(y-i) = 9. 

Multiply (1) by 4, and (2) by 12, 

3a;- 23/- 2 = 4. 
4a; + 4 + 93/ -9 = 108. 
From (3), 3a;-2y = 6. 

From (4), 4a; + 9y = 113. 

Multiply (5) by 4, and (6) by 3, 

12a;- 8y= 24 
12a; + 27y = 339 

35y = 315 

••• y = 9. 

Substitute value of y in (1), a: = 8. 



(1) 

(2) 

(3) 
(4) 
(5) 
(6) 



Bxercise 65. 



Solve : 

1. a:(y + 7) = y(.ir + l)) 
2a; + 20==3v+l 3 



3. 



x+B y-2 Y 

5(a;+3) = 3(y-2)+2j 



2. 2x-^^-i = 0\ 
5 

3y + ^^-9 = 0J 



4. £^_Jdl2 = o 
5 10 



6^ 4 

6. (x+l)(y + 2)-(a:+2)(y+l) = -n 

3(a: + 3)-4(y + 4)=-8) 

x~2 10 -a: _ y- 10 

5 3 4 

2.y+4 2ar + .V _ ar+13 , 

4 J 



8 



8 
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x+1 y + 2 _ 2(x-y) ] a:-4_ .v + 2 

■ 3 4 5 I ■ 5 10 . 

4 3 ^y -^ J 6^ 4 '' 



5 3 11 



2xSy ^x-Sy . ^ 
3 2 ^ 



l-3a: _ ll-3y 
7 6 



^ 2a:-y + 3 x-2y + 3 _^ 
'* 3 4 

3ar-4y + 3 . 4a?-2y-9 _ . 
4 "^ 3 



10. lla; = liy + 43Af| 17. .5a;- J(5y + 2) = 32) 

3y + i(^ + 2) = 9 i 



11. 



4i:r = iy-21A) 

13 3 

a;+2y+3 
3 



4a:— 5y+6 
19 



6a7-5y+4 3a:+2y+l 



18. 3a:-0.25y = 28 | 
0.12a;+0.7y=2.54 3 



12. ^±1=.}^ 
y — X 8 

9^ _ 3^^:44 = 100 
7 



13. 3a:-5y^3^2£+^^ 
^ o 

ar-2.y _a;.y 
4 2^3 



19. 7(a;-l) = 3(y + 8)^ 

4a: + 2 ^ 5y + 9 

9 2 



20. 7a:+i(2y + 4)=161 
3y-i(a:+2)=8 ) 



14. 



4a?-3y-7 _3a; 2y 5 
5 10 15 6 



20 15 ^6^10 



3 "^2 



162 



ALOEBHA. 



21. ^^^+3a: = 4y-2 



bx 



G 4 ^ J 



22 5a;-3 3a?-19 _^ 3y-a: 

2 2 3 

2a: + y 9ar- 7 _ 3(.y + 3) 4a:+5y 

2 8 ' 4 16 

23. 3y + ii=: ^^^y(^+^y) + 3i-4^ 

a; — y + 4 
(^+7)(y-2)+3 = 2a:y-(y-l)(a;+l)J 



„. 6a: + 9 , 3a: + 5v q, , 3a; + 4 ^ 

8.y+7 . 6a;-3y _. 4.y-9 
10 ^ 2y-8 "^ 5 



2x 



25. a:-i^^=20-59r: 
23 — a; 2 

•^^a;-18 3 



1 



165. Literal Simultaneous Equations. 

Solve : ax-{-hy = c ') 

alx + 6'y = c' ) 

Note. Tlie letters a^, V are read a prime, b prime. In like man- 
ner, a^^, a^^^ are read a second, a third, and Oi, a,, a, are read a «u5 
one, a sub two, a «u5 three. It is sometimes convenient to represent 
different numbers that have a common property by the same letter 
marked by accents or suffixes. Here a and a^ have a common prop- 
erty as coefficients of x. 

ax + 6y = c. (1) 

a'x + b^y = (/. (2) 




SIMULTANEOUS EQUATIONS. 



163 



To find the value ofy, multiply (1) by a', and (2) by a, 

<m/x + a'hy = a'c 



a'hy — ah'y = a^c — ac^ 



•••y 



a^b - ab^' 



To find the vcdue of x, multiply (1) by 6^, and (2) by 6, and pro- 
as iD finding the value ofy. 



Exercise 66. 



Solve : 



1. x^7/ = a) 3. 7nx-\-ny = a) 
x — y=b) px-\-qy= b i 

2. aX'{-by = c\ 4. ax-\-by=^e 



px+qy 

7. - + 7 = 
a 



z) 



ax + cy 



Z'A 



6. 7nx — ny = r 1 
m^x + n'y = r' ) 

6. oa: + Jy = c ) 



12. 



X 



X y 
b a 

d-b 

^-"y-'-bd- 

b 



dx+fy 

a;-y-l 

ar + y-l 
13. ax = oy-\ p- — 



{a-'h)x — (a + /y)/y 



9. 



a 



14. ax'\-by — c^ 



b-^-y 3a + a: 
ax-\-2by = d 



a 



^ + y OL + oc 



= 



10. 



X 



V— 

a + ^ CL—b 



a + b 



15. 



a: 



rr 



+ -^ = 



11 



a + ^ a — ^ a — J 

. a{a—x) — b{x+y—a)'\ 
a{y-'b-x)^b{y-b)) 



a+^ a—b 
x—y _ x+y 
2ab "a' + b^ 

16. bx — bc = ay — ac ) 
X — y — a — b ) 
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17. j = c 

y- o 

a{x — a) + b (r/ — h) -\- abc = . 

18. {a + h)x-{a-h)y = ^ab ) 
{a-b)x + \a + b)y = 2a' - 2&» 3 

19. (a: + a)(y + i)-(a:-a)(y-i) = 2(a-i)*) 
a:-y + 2(a-*) = j 

20. (a + i)(a: + y)-(a-^)(a:-y) = a*) 
(a-*)(a: + y) + (a + *)(:r-y)=iM 

166t Fractional simultaneous equations, of which*the de- 
nominators are simple expressions and contain the unknown 
numbers, may be solved as follows : 



(1) Solve: 


a 

X 

c 

X 


y 

-1 n 

y J 


> 








a b 

If + r = tTi. 

X y 

- + - = n. 
X y 




Multiply (1) by c, 




— 1 — = cm. 
X y 




Multiply (2) by a, 




ac . ad ^^ 
1 = an. 

X y 




Subtract (4) from (3), 
Multiply both sides by 


y. 


y 

bc — ad'^ (cm ■ 

cm - 


-an. 

-an)y 

■ad 

-an 


Multiply (1) by d, 




X y 




Multiply (2). by 6, 




bc^bd 
a? y 


»&n. 





(1) 

(2) 
(3) 
(4) 



(5) 
(6) 
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Subtract (6) from (5), 
Mnltiply both sides by a;, 



ad— be 



dm — bn. 



ad—bc^ {dm — bn)x. 
ad —be 



.'. X 



dm — bn 



(2) Solve: 



3x by 

= 3 



We have 



6 a; lOy 

5 2^ 

— — + — - = 7 

Zx^by '' 



and 



6a; 



lOy 



= 3. 



Multiply (1) by 15, the L. C. M. of 3 and 5, and (2) by 30, 

X y 

?5 ^ 5 = 90. 

X y 

Multiply (4) by 2, and add the result to (3), 

55 = 286. 

X 

1 

• 3 

Substitute the value of x in (1), and we get 

1 
y = g- 



(1) 
(2) 

(3) 
(4) 



Solve : 

1. i + ? 

X y 

^+§ 

X y 

X y 
3 + 4 
X y 



10 
20 

n 



= 6 



Exercise 67. 



' X 3y .27 
J^ , 1^11 

4a: y' 72 J 

4. 1 + 2 = 4 
X y 

§-2^4 



B 3 4 

O. ■ 

a; y 
4_5^ 
a; y 

6. ^ + - 
a; y 

& , a 
a? y 



5 
6 



I 



2£ '1 
b 

he ■ 

a - 



im 
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• 


^2,3 . 1 
7. — + — =5 

ax by 


0. 1 =m4-w 

1 nx my 


9.M 
X y 


ax by ^ 


v> . Tn 111 
- H rnr-\-ir 

X y J 


b a 
X y 



=m 






167. If three or more simultaneous equations are given, 
involving three or more unknown numbers, one of the 
unknowns must be eliminated between two or more pairs 
of the equations; then a second unknown between the 
pairs that can be formed of the resulting equations. 

Note. The pairs chosen to eliminate from most be independent 
pairs, so that each of the given eqtiations shall be used in the process 
of the eliminations. 



Solve: 2x— 3y + 4:z= 4 

3a: + 5y~72 = 12 
5x— y — Sz= 5 

Eliminate z between the equations (1) and (3). 

Multiply (1) by 2, 4a; -6^ + 82= 8 
(3) is 5x— y — 82= 5 

Add, 9x-7y =13 



0) 

(2) 
(3) 

(4) 
(5) 



Eliminate z between the equations (1) and (2). 

Multiply (1) by 7, 14 a; - 21 y + 28 2 = 28 
Multiply (2) by 4, 12a? + 20y -282 = 48 
Add, 26 a;- y =76 (6) 

We now have two equations (5) and (6) involving two unknowns, 
X and y. 

Multiply (6) by 7, 182a; -7y = 532 (7) 

(5) is ga;-7y= 13 

Subtract, 173 a; =519 

Substitute the value of a; in (6), 78 — y » 76. 

.•.y = 2. 
Substitute the values of x and y in (1), 

6-6 + 42-4. 

.*. 2 = 1. 



L 
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Solve : 

1. 5a: + 3y-62; = 4 
3a: — y + 22 = 8 
x-2y + 2z = 2 

2. 4iX — 6y + 2z = 6 
2x + Sy-z = 20 
7a:-4y + 3z = 35 

3. x + y + z = 6 
5a:+4y + 32 = 22 
lbx+lOy + 6z = bB. 

4. 4iX — Sy + z = 9 
9a: + y — 52 = 16 
a:-4y + 32; = 2 

6. 8a: + 4y — 3z = 6 
^ + 3y — 2 = 7 
4a; — 5y + 42 = 8 

6. 12a: + 6y-42 = 29^ 
13a; — 2y + 52 = 58 [ 
17a: — y — 2 = 15 J 



Exercise 68. 



7. 



y-a: + 2 = -& | 
2 — y — a: = — 25 f 
x + y + z = Sb J 



8. x + y + z = SO 
8a:+4y + 22 = 50 
27a: + 9y + 32 = 64 



9. 15y= 
15a:: 
18a: 



:242-10a:+41 
:12y— 162+10 
(72-13)=14y 



10. 3a:-y + 2=17 
5a: + 3y-22 = 10 
7a: + 4y-52 = 3 

11. a: + y + 2 = 5 
3a:-5y + 72 = 75 
9a: -112+10 = 

12. a: + 2y + 32 = 6 
2a: + 4y + 22 = 8 
3a: + 2y + 82 = 101 J 

13. a:-3y-22 = l 
2a:-3y + 52 = -19 
5a: + 2y-2 = 12 

14. 3a: — 2y = 5 
4a:-3y + 22 = ll 
a: — 2y — 52 = — 7 

15. a: + y = l 

X+ 2 = 5 J 

16. 2a: — 3y = 3 
3y — 42 = 7 
42-5a: = 2 

17. 3a:-4y + 62=l 
2a: + 2y-2=l 
7a:-6y + 72 = 2 

18. 7a:-3y = 30 
9^-52=34 

a; + y + 2; = 33 
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20. i + ? 
X y 

y 2 

1_4 

Z X 



5 

-6 

5 



21. 1 + i-I 

i+i_i 

y z X 



a 



= b 



= c 



' * 



23. §_± + l = 7| 

3x 2y z ^ 
bx 2y^z ^^ 

24. ?-§ + ^ = 2.9 
^-^-^ = -10.4 



• 


a: y z 

?+10 § = 14.9 
y z X 


25. 


2+l-§=0l 
a? y z 

?-?-2=0 

« y 

a; z 3 


► 



22. bz + cy 
az + cx 
ay+bx 




26. aa: + ^ + cz = a 
ax — by^cz=^ b 
ax-\-cy + bz= c 



27 2a:~-y _ 3y + 2z _ a:-y — z _^ 
3 4 5 * 



28. 



X 



'—y _ y — z __ x + z __ x — a — b 
a b c a+b+c 



* Subtract from the sum of the three equations each equation separately, 
f ICaltiply the equations by a, b, and e, respectively, and from the sum 
of the results subtract the double of each equation separately. 



CHAPTER XII. 

PROBLEMS INVOLVING TWO UNKNOWN 

NUMBERS. 

168. It is often necessary in the solution of problems to 
employ two or more letters to represent the numbers to be 
foand. In all cases the conditions must be sufficient to 
give just as many equations as there are unknown numbers 
to be found. 

169. If there are more equations than unknown numbers, 
some of them are superfluous or inconsistent ; if there are 
less equations than unknown numbers, the problem is inde- 
terminate. 

(1) If A gives B $10, B will have three times as much 
money as A. If B gives A $ 10, A will have twice as much 
money as B. How much has each ? 

Let X =» number of dollars A has, 

and y = number of dollars B has. 

Then, after A gives B ? 10, 

a; — 10 = the number of dollars A has, 
y + 10 = the number of dollars B has. 
.-. y + 10 = 3(a;~10). (1) 

If B gives A f 10, 

X + 10 = the number of dollars A has, 
y — 10 =» the number of dollars B has. 
.-. a: + 10 = 2(y-10). (2) 

From the solution of equations (1) and (2), x — 22, and y => 26. 
Therefore A has $22, and B has $26. 
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Exercise 69. 



1. The sum of two numbers divided by 2 gives as a quo- 

tient 24, and the difference between them divided 
by 2 gives as a quotient 17. What are the num- 
bers? 

2. The number 144 is divided into three numbers. When 

the first is divided by the second, the quotient is 3 
and the remainder 2 ; and when the third is divided 
by the sum of the other two numbers, the quotient 
is 2 and the remainder 6. Find the numbers. 

3. Three times the greater of two numbers exceeds twice 

the less by 10 ; and twice the greater together with 
three times the less is 24. Find the numbers. 

4. If the smaller of two numbers is divided by the greater, 

the quotient is 0.21 and the remainder 0.0057 ; but 
if the greater is divided by the smaller, the quo- 
tient is 4 and the remainder 0.742. What are the 
numbers ? 

5. Seven years ago the age of a father was four times 

that of his son ; seven years hence the age of the 
father will be double that of the son. What are 
their ages ? 

6. The sum of the ages of a father and son is half what it 

will be in 25 years; the difference between their 
ages is one-third of what the sum will be in 20 years. 
What are their ages ? 

1, If B gives A $ 25, they will have equal sums of money ; 
but if A gives B $22, B's money will be double that 
of A. How much has each ? 
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8. A farmer sold to one person 30 bushels of wheat and 
40 bushels of barley for $67.50; to another person 
he sold 50 bushels of wheat and 30 bushels of barley 
for $85. What was the price of the wheat and of 
the barley per bushel ? 

9. If A gives B $5, he will then have $6 less than B ; 
but if he receives $5 from B, three times his money 
will be $20 more than four times B's. How much 
has each ? 

10. The cost of 12 horses and 14 cows is $ 1900 ; the cost 

of 5 horses and 3 cows is $650. What is the cost 
of a horse and a cow respectively ? 

Note. A fraction of which the terms are unknown may be rep- 

resented by -. 

Ex. A certain fraction becomes equal to ^ if 3 is added to 
its numerator, and equal to ^ if 3 is added to its 
denominator. Determine the fraction. 

Let - = the required fraction. 

y 

Then £±1 = }, and -^ = f 

y y + 3 

From the solution of these equations it is found that 

y = 18. 
Therefore the fraction = ^. 

11. A certain fraction becomes equal to 2 when 7 is added 

to its numerator, and equal to 1 when 1 is subtracted 
from its denominator. Determine the fraction. 

12. A certain fraction becomes equal to ^ when 7 is added 

to its denominator, and equal to 2 when 13 is added 
to its numerator. Determine the fraction. 
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13. A certain fraction becomes equal to ^ when the denom- 

inator is increased by 4, and equal to |^ when the 
numerator is diminished by 15. Determine the 
fraction. 

14. A certain fraction becomes equal to f if 7 is added to 

the numerator, and equal to f if 7 is subtracted 
from the denominator. Determine the fraction. 

16. Find two fractions with numerators 2 and 5 respec- 
tively, the sum of which is 1^ ; but if their denomi- 
nators are interchanged the sum of the fractions is 2. 

16. A fraction which is equal to f is increased to -^ when 
a certain number is added to both its numerator and 
denominator^ and is diminished to •$- when one more 
than the same number is subtracted from each. 
Determine the fraction. 

Note. A number consisting of two digits which are unknown 
may be represented by 10 a; + y, in which x and y represent the digits 
of the number. Likewise, a number consisting of three digits which 
are unknown may be represented by 100 a; + lOy + 2, in which a;, y, 
and z represent the digits of the number. 

For example, consider any number expressed by three digits, as 
364. The expression 364 meaas 300 + QO + 4 ; or, 100 times 3 + 10 
times 6 + 4. 

Ex. The sum of the two digits of a number is 8, and if 86 
be added to the number, the digits will be inter- 
changed. What is the number? 

Let X = the digit in the tens* place, 

and y = the digit in the units' place. 

Then 10 a; + y = the number. 

By the conditions, a; + y = 8, (1) 

and 10a; + y + 36 = 10y + a;. (2) 

From (2), 9a; - 9y = - 36. 

Divide by 9, a; — y = - 4. (3) 
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Add (1) and (3), 2ar-4. 

.-. a; = 2. 
Subtract (3) from (1), 2y = 12. 

/. y = 6. 
Hence the number is 26. 

17. The sum of the two digits of a number is 10, and if 54 

be added to the number the digits will be inter- 
changed. What is the number ? 

18. The sum of the two digits of a number is 6, and if the 

number is divided by the sum of the digits the quo- 
tient is 4. What is the number ? 

19. A certain number is expressed by two digits, of which 

the tens* digit is the greater. If the number is 
divided by the sum of its digits the quotient is 7 ; 
if the digits are interchanged, and the resulting 
number diminished by 12 is divided by the differ- 
ence between the two digits, the quotient is 9. 
What is the number ? 

20. If a certain number is divided by the sum of its two 

digits the quotient is 6 and the remainder 3 ; if the 
digits are interchanged, and the resulting number is 
divided by the sum of the digits, the quotient is 4 
and the remainder 9. What is the number ? 

Jl. If a certain number is divided by the sum of its two 
digits diminished by 2, the quotient is 5 and the 
remainder 1 ; if the digits are interchanged, and the 
resulting number is divided by the sum of the digits 
increased by 2, the quotient is 5 and the remainder 
8. Find -the number. 

12. The first of the two digits of a number is, when doubled, 
3 more than the second, and the number itself is less 
by 6 than 5 times the sum of the digits. What 
is the number ? 
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23. A number is expressed by three digits, of which the 

first and laat are alike. By interchanging the digits 
in the units* and tens' places the number is increased 
by 54 ; but if the digits in the tens' and hundreds' 
places are interchanged, 9 must be added to four 
times the resulting number to make it equal to the 
original number. What is the number ? 

24. A number is expressed by three digits. The sum of 

the digits is 21 ; the sum of the first and second 
exceeds the third by 3 ; and if 198 be added to the 
number, the digits in the units' and hundreds' places 
will Be interchanged. Find the number. 

25. A number is expressed by three digits. The sum of 

the ^ digits is 9 ; the number is equal to forty-two 
times the sum of the first and second digits; and 
the third digit is twice the sum of the other two. 
Find the number. 

26. A certain number, expressed by three digits, is equal 

to forty-eight times the sum of its digits. If 198 be 
subtracted from the number, the digits in the units' 
and hundreds* places will be interchanged ; and the 
sum of the extreme digits is equal to twice the mid- 
dle digit. Find the number. 

Note. If a boat moves at the rate of x miles an hour in still 
water, and if it is on a stream that runs at the rate of y miles an 
hour, then 

X + y represents its rate down the stream, 
x — y represents its rate up the stream. 

27. A waterman rows 30 miles and back in 12 hoUrs. He 

finds that he can row 5 miles with the stream in the 
same time as 3 against it. Find the time it takes 
him to row up and down respectively. 
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28. A crew wliicli can pull at the rate of 12 miles an hour 

down the stream, finds that it takes twice as long to 
come up the river as to go down. At what rate 
does the stream flow ? 

29. A man sculls down a stream, which runs at the rate 

of 4 miles an hour, for a certain distance in 1 hour 
and 40 minutes. In returning it takes him 4 hours 
and 15 minutes to arrive at a point 3 miles short of 
his starting-place. Find the distance he pulled 
down the stream and the rate of his pulling. 

30. A person rows down a stream a distance of 20 miles 
and back again in 10 hours. He finds he can row 
2 miles against the stream in the same time he can 
row 3 miles with it. Find the time of his rowing 
down and of his rowing up the stream ; and also the 
rate of the stream. 

Note. When commodities are mixed, the quantity of the mixture 
is equal to the quantity of the ingredients ; the cost of the mixture 
is equal to the cost of the ingredients. 

Ex. A wine-merchant has two kinds of wine which cost 
72 cents and 40 cents a quart respectively. How 
much of each must he take to make a mixture of 50 
quarts worth 60 cents a quart ? 

Let X = required numher of quarts worth 72 cents a 

quart, 
and y = required numher of quarts worth 40 cents a 

quart. 
Then, 72 a: = cost in cents of the first kind, 

40y = cost in cents of the second kind of wine, 
and 3000 = cost in cents of the mixture. 

.*. a; + y = 50, 
72a: + 40y = 3000. 

From which equations the values of x and y may be found. 
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Note. In cooBidering the rate of increase or decrease in qaantities, 
it is usual to take 100 as a common standard of reference^ so that the 
increase or decrease is calculated for every 100, and therefore called 
'per cent. 

The representative of the number resulting after an increase has 
taken place is 100 + increase per cent ; and after a decrease, 100 — 
decrease per cent. 

Interest depends upon the time for which the money is lent, as 
well as upon the rate per cent charged ; the rate per cent charged 
being the rate per cent on the principal for one year. Hence, 

Simple interest = P^-incipal X Rate per cent x Time^ 
^ 100 

where Time means number of years or fraction of a year. 

Amount =» Principal + Interest. 

In questions relating to stocks, 100 is taken as the representative 
of the stocky the price represents its market value, and the per cent 
represents the interest which the stock bears. Thus, if six per cent 
stocks are quoted at 108, the meaning is, that the price of $ 100 of 
the stock is 1 108, and that the interest derived from 1 100 of the stock 
will be j^ of % 100 ; that is, $6 a year. The rate of interest on the 
money invested will be \^% of 6 per cent. 

41. A man has $10,000 invested. For a part of this sum 

he receives 5 per cent interest, and for the rest 4 
per cent ; the income from his 5 per cent investment 
is $ 50 more than from his 4 per cent. How much 
has he in each investment ? 

42. A sum of money, at simple interest, amounted in 6 

years to $26,000, and in 10 years to $30,000. Find 
the sum and the rate of interest. 

wt h^ sum of money, at simple interest, amounted in 10 
^ months to $26,250, and in 18 months to $27,250. 
• Find the sum and the rate of interest. 

(J A mm of money, at simple interest, amounted in m 
years to a dollars, and in n years to h dollars. Find 
the sum and the rate of interest. 
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45. A sum of money, at simple interest, amounted in a 
months to c dollars, and in b months to d dollars. 
Find the sum and the rate of interest. 



/ 



/• 



A person has a ce«'tain capital invested at a certain 
rate per cent. Another person has $1000 more 
capital, and his capital invested at one per cent 
better than the first, and receives an income $80 
greater. A third person has $1500 more capital, 
and his capital invested at two per cent better than 
the first, and receives an income $150 greater. 
Find the capital of each, and the rate at which it is 
invested. 

A person has $12,750 to invest. He can buy three 
per cent bonds at 81, and five per cents at 120. 
Find the amount of money he must invest in each in 
order to have the same income from each invest- 
ment. 



Hint. If x and y represent the number of dollars invested in the 

three and five per cents respectively, then ~ and —^ are the 

^ ^ -^ 81 120 

respective incomes from the three and five per cents. 

48. A and 6 each invested $1500 in bonds; A in three 
per cents and B in four per cents. The bonds were 
bought at such prices that B received $5 interest 
more than A. After both classes of bonds rose 10 
points, they sold out, and A received $50 more than 
B. What price was paid for each class of bonds? 

Hnrx. If X and y represent the cost of $ 1 in three per cents and $ 1 
in four per cents, respectively, then — — — and — — are the face values 

of the three and four per cents, respectively ; and — - X and 

4 1500 ., .. • 100 ar 

f^- X -^ — - are the respective incomes. 
100 V 



180 ALGEBRA. 

49. A person invests $10,000 in three per cent bonds, 
$16,500 in three and one-half per cents, and has an 
income from both investments of $ 1056.25. If his 
investments had been $2750 more in the three per 
cents, and less in the three and one-half per cents, 
his income would have been 62} cents greater. 
What price was paid for each class of bonds ? 

Hint. Let x and y represent the cost of $1 in three and three 

3 10000 
and one-half per cent honds respectively ; then — — x and 

qi 1 ft^Ann lUv X 

— *- X are the respective incomes. 

100 y ^ 

60. The sum of $2500 was divided into two unequal parts 
and invested, the smaller part at two per cent more 
than the larger. The rate of interest on the larger 
sum was afterwards increased by 1, and that on the 
smaller sum diminished by 1 ; and thus the interest 
of the whole was increased by one-fourth of its value. 
If the interest of the larger sum had been so in- 
creased, and no change been made in the interest of 
the smaller sum, the interest of the whole would 
have been increased one-third of its value. Find 
the sums invested, and the rate per cent of each. 

Note. If x represents the nnmher of linear units in the length, 
and y in the width, of a rectangle, xy represents the number of its 
units of surface ; the surface unit having the same name as the linear 
unit of its sides. 



/ 



If the sides of a rectangular field were each increased 
by 2 yards, the area would be increased by 220 
square yards ; if the length were increased and the 
breadth were diminished each by 5 yards, the area 
would be diminished by 185 square yards. What 
is its area ? 
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52. If a given rectangular floor had been 3 feet longer and 
2 feet broader it would have contained 64 square 
feet more ; but if it had been 2 feet longer and 3 
feet broader it would have contained 68 square feet 
more. Find the length and breadth of the floor. 

h a certain rectangular garden there is a strawberry- 
bed whose sides are one-third of the lengths of the 
corresponding sides of the garden. The perimeter of 
the garden exceeds that of the bed by 200 yards ; 
and if the greater side of the garden be increased ij 
, and the other by 6 yards, the garden will be en- 
larged by 645 square yards. Find the length and 
breadth of the garden. 

Note. Care must be taken to express the conditions of a problem 
in the same principal unit. 

Ex. In a mile race A gives B a start of 20 yards and beats 
him by 30 seconds. At the second trial A gives B a 
start of 32 seconds and beats him by 9^^ yards. 
Find the rate per hour at which each runs. 

Let X = number of yards A runs a second, 
and y = number of yards B runs a second. 
Since there are 1760 yards in a mile, 

= number of seconds it takes A to run a 

^ mile. 

Vm and nSOA _ number of seconds B was running in the 
^ ^ first and second trials, respectively. 

Hence, lliO- lip -30, 

and l»_m0 = 32. 
y aJ 

The solution of these equations gives x = 5}| and y = 5^j. 

That is, A runs —^ , or — , of a mile in one second ; 

1760 300 

and in one hour, or 3600 seconds, runs 12 miles. 

Likewise, B runs 10^^ miles in one hour. 




J0t, In^a mil^race A gives B a start of^lDO yards and beat^ 
^ him by 15 seconds. In the second trial A gives B a\ 

start of 46 seconds and is beaten by 22 yards. Find 

the rate of each in miles per hour. 

/5. In a mile race A gives B a start of 44 yards and beats 
him by 51 seconds. In the second trial A gives B a 
start of 1 minute and 15 seconds and is beaten by 88 
yards. Find the rate of each in miles per hour. 

5^. The time which an express train takes to go 120 miles 
is ^ of the time taken by an accommodation train. 
The slower train loses as much time in stopping at 
different stations as it would take to travel 20 miles 
without stopping ; the express train loses only half 
as much time by stopping as the accommodation 
train, and travels 15 miles an hour faster. Find the 
rate of each train in miles per hour. 

Hint. If x and y represent the rates of the slower and faster trains 
respectively, then — and represent the number of hours it takes 

the respective trains to run 120 miles ; — and — represent the num- 

X X 

ber of hours the respective trains lose by stopping. 

A train moves from P towards Q, and an hour later a 
second train starts from Q and moves towards P 
at a rate of 10 miles an hour more than the first 
train ; the trains meet half-way between P and Q. 
If the train from P had started an hour after the 
train from Q, its rate must have been increased by 28 
miles in order that the trains should meet at the 
half-way point. Find the distance from P to Q. 

Hint. If x denotes the number of hours it takes the first train to 
go half the distance, and y denotes the rate of the first train, then 
a; — 1 denotes the number of hours it takes the second train to go 
half the distance, and ^ + 10 denotes the rate of the second train. 
Hence, xy and (a? — 1)(3/ + 10) are each equal to half the distance. 
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/. A passenger train, after travelling an hoar, meets witK^ 
an accident which detains it one>half an hour ; after 
which it proceeds at four-fifths of its usual rate, and 
arrives an hour and a quarter late. If the accident 
had happened 30 miles farther on, the train would 
have been only an hour late. Determine the usual *. 
rate of the train. 

HiKT. If X represents the number of miles the train usually goes 
an hour, and y the whole distance in miles, y — xis the distance the 

train has to go after the accident, and ^ ~^ is the number of hours 
usually required, and ^ — - is the number of hours required after the 

accident. Hence V ~^ — V ~^ is the lois in running time. 

Also, since the detention is \ hour, and the train is 1} hours late, 
the loss in running time is | of an hour. 

»i -^ 1? 7/ — X 3 

Therefore, ^ — - — ^ = -• 

^x X 4 

If the accident had happened 30 miles farther on, the distance to 

be run would have been y — {x + 30), and we should have had 

y - (a; -t- 30) y-(x + 30) _ 1 
ix X 2 

69. A passenger train after travelling an hour is detained 
15 minutes ; after which it proceeds at three-fourth^ 
of its former rate, and arrives 24 minutes late. If 
the detention had taken place 5 miles farther on, the 
train would have been only 21 minutes late. Deter- 
mine the usual rate of the train. 

A man bought 10 oxen, 120 sheep, and 46 lambs. 
The cost of 3 sheep was equal to that of 5 lambs ; 
an ox, a sheep, and a lamb together cost a number 
of dollars less by 57 than the whole number of 
animals bought; and the whole sum spent was 
$2341.50. Find the price of an ox, a sheep, and a 
lamb, respectively. 
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1. A farmer sold 100 head of stock, consisting of horses, 
oxen, and sheep, so that the whole realized $11.75 a 
head ; while a horse, an ox, and a sheep were sold 
for 1 110, $ 62.50, and $ 7.50, respectively. Had he 
sold one-fourth of the number of oxen that he did, 
and 25 more sheep, he would have received the same 
sum. Find the number of horses, oxen, and sheep, 
^spectively, which were sold. 

A, B, and together subscribed $100. If A*s sub- 
scription had been one-tenth less, and B*s one-tenth 
more, C's must have been increased by $2 to make 
up the sum ; but if A*s had been one-eighth more, 

^nd B's one-eighth less, C's subscription would have 

b<^]^jx-$if .50. What did each subscribe ? 

63. A gives to B and as much as each of them has; B 

gives to A and as much as each of them then has ; 
and gives to A and B as much as each of them 
en has. In the end each of them has $6. How 
much had each at first ? 

64. A pays to B and C as much as each of them has ; B 

pays to A and one-half as much as each of them 
then has ; and C pays to A and B one-third of what 
each of them then has. In the end A finds that he 
has $1.50, B $4.16|, C $0.58^. How much had 
each at first ? 

170. Disonssion of Problems. The discussion of a problem 
consists in making various suppositions as to the relative 
values of the given numbers, and explaining the results. 
We will illustrate by an example : 

Two couriers, A arid B, were travelling along the same 
road, and in the same direction, from C towards D. A 
travels at the rate of m miles an hour, and B at the rate 
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of n miles an hour. At 12 o'clock B was d miles in 
advance of A. When wiU the couriers be together ? 

Suppose they will be together x hours after 12. Then A has trav- 
elled mx miles, and B has travelled nx miles, and as A has travelled 

(Smiles more than B, 

.*. mx — nx-\-df 

or 7nx — Tix = d. 

.•.x = ^-. 

771 — 71 

Discussion of the Problem. 1. If 7n is greater than ti, the value 
o(x, namely, , is positive, and it is evident that A will over- 

711 — 71 

take B after 12 o*clock. 

2. If 771 is less than ti, then will be negative. In this case 

m — n 

B travels faster than A, and as he is c? miles ahead of A at 12 o'clock 
it is evident that A cannot overtake B after 12 o'clock, but that B 
passed A before 12 o'clock. The supposition, therefore, that the 
couriers were together after 12 o'clock was incorrect, and the negative 
value of X points to an error in the ropposition. 

3. If 771 equals 7i, then the value of x, that is, , assumes the 

J 771 — 71 

form -. Now if the couriers were d miles apart at 12 o'clock, and if 

they had been travelling at the same rates, and continue to travel at 
the same rates, it is obvious that they never had been together, and 

that they never will be together, so that the symbol - may be regarded 
as the syinbol of impossibility. 

4. If 771 equals n and d is 0, then becomes -. Now if the 

771 — 71 

couriers were together at 12 o'clock, and if they had been travelling 
at the same rates, and continue to travel at the same rates, it is 
obvious that they had been together all the time, and that they will 
continue to be together all the time, so that there is an indefinite 

number of solutions. Therefore, the symbol - may be regarded as 
the lymholof indfitermination. 



CHAPTER XIII. 

SIMPLE INDETERMINATE EQUATIONS. 

171. If a single equation involving two unknown 
numbers is given, and no other condition is imposed, the 
number of solutions of the equation is unlimited ; for if 
one of the unknown numbers be assumed to have any 
value, a corresponding value of the other may be found. 

Such an equation is called an indeterminate equation. 

Although the number of solutions of an indeterminate 
equation is unlimited, the values of the unknown numbers 
are confined to a particular range ; this range may be fur- 
ther limited by some restriction, as for example by requir 
ing that the unknown numbers shall be positive integers. 

172. Every indeterminate equation of the first degree, 

in which x and y are the unknown numbers, may be made 

to assume the form 

axd[zby = dzCj 

where a, S, and c are positive integers and have no common 
factor. 

Note. The sign ± is read plus or mxntLs, and the sign t is read 
minus or plus. 

173. Examples. 

(1) Solve 3a; + 4y = 22, in positive integers. 
Transpose, 3 jc = 22 — 4 y . 

^ 3 
the quotient being written as a mixed expression. 

.-. a; + y — 7 =- — ^' 
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Since the values of x and y are to be integral, x + y — 7 will be 

integral, and bence ""^ will be integral, though written in the 
/orm of a fraction. 

Let ~~Q ~ ^* ^^ integer. 

o 

Then l-y = 3m. 

.*. y = 1 — 3 m. 

Snhstitate this value of y in the original equation, 

3a; +4 -12m = 22. 

.*. a; = 6 + 4m. 

The equation y = 1 — 3m shows that m may be 0, or have any 
negative integral value, but cannot have a positive integral value. 

The equation x = 6 + 4in further shows that m may be 0, but can- 
not have a negative integral value greater than 1. 

.*. m may be or — 1 ; 
and then a; = 6"j x = 2^ 

y = lJ y = 4J 

(2) Solve 6x— 14y = 11, in positive integers. 
Transpose, 5 a; = 11 + 14 y , 

a;=2 + 2y + li-i^. (1) 

5 

^ 5 

Since x and y are to be integral, a; — 2y — 2 will be integral, and 

hence ^-^ — ^ will be integral. 
5 

Let —^ — ^ = m, an integer. 

5 

mi. 5m — 1 
Then y = : — i 

^ 4 

. m — 1 ■ /o\ 

or y = m-\- — - — (2) 

Now raust be integral. 
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Let = n, an integer. 

4 

Then m = 4 n + 1. 

Substitating in (2), y = 5n + 1. 

Snbstitating in (1), a; » 14n + 5. 

Obviously x and y will both be positive integers if n have any 
positive integral value. 

Hence, a? = 5, 19, 33, 47 

y-1, 6. 11, 16 

It will be seen from (1) and (2) that when only positive integers 
are required, the number of solutions will be limited or unlimited 
according as the sign connecting x and y is positive or negative. 

(3) Find the least number that when divided by 14 and 
6 will give remainders 1 and 3 respectively. 

If JV represent the number, then 

= X. and = y. 

14 6 ^ 

.-. N= Ux + 1, and N= 5y + 3. 

.-. 14a; + 1 = 51/ + 3. 

5y = 14a;-2, 

6y = 15a; — 2 — a;. 

2 + a; 



y=3a;- 



5 



Let 2^ = m. an integer 

.'. aj = 6m — 2. 

y = J (14 a; — 2), from the original equation. 
.-. y = 14 m — 6. 
Ifm = l, a; = 3, andy = 8. 

.-. iV=14a; + l = 5y + 3 = 43. 

(4) Solve 5 a; + 6 y = 30, so that x may be a multiple of y, 
and both x and y positive. 

Let X — my. 

Then (5m + 6)y = 30. 
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30 



••3/ = 
and X 



6m + 6 
30 m 





6m + 6 


If m = 2, 


x^Sly^li 


Ifm = 3, 


x = ^, y = lf 



(6) Solve 14a; + 22y = 71, in positive integers. 

^ 14 
If we multiply the fraction by 7 and reduce, the result is 

a form which shows that there can be no integral solution. 

There can be no integral solution o{ ax±by = ±ci{ a and b have 
a common factor not common also to c ; for if c? be a factor of a and 
also of 5, but not of c, the equation may be written 

mdx ± ndy = i c, or nx ± ny = ± -^ ; 

which is impossible, since -; is a fraction, and mx±ny \a an integer, 
if X and y are integers. 

Exercise 70. 
Solve in positive integers : 

1. 2a;+lly=49. 5. 3a; + 8y = 61. 

2. 7a; + 3y = 40. 6. 8a; + 5y = 97. 

3. 5a; + 7y = 53. 7. 16a; + 7y = 110. 

4. a:+10y = 29. 8. 7a;+10y = 206. 
Solve in least positive integers : 

9. 12a;— 7y = l. 12. 23a; — 9y = 929. 

10. 5a; — 17y = 23. 13. 23a;-33y = 43. 

11. 23y-13a; = 3. 14. 555a;-22y = 73. 
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16. How many fractions are there with denominators 12 
and 18 whose sum is ff ? 

16. What is the least number which, when divided by 3 

and 5, leaves remainders 2 and 3 respectively ? 

17. A person counting a basket of eggs, which he knows 

are between 50 and 60, finds that when he counts 
them 3 at a time there are 2 over; but when he 
counts them 5 at a time there are 4 over. How 
many are there in all ? 

18. A person bought 40 animals, consisting of pigs, geese, 

and chickens, for $40. The pigs cost $6 apiece, 
the geese $1, and the chickens 25 cents each. Find 
the number he bought of each. 

19. Find the least multiple of 7 which, when divided by 

2, 3, 4, 5, 6, leaves in each case 1 for a remainder. 

20. In how many ways may 100 be divided into two parts, 

one of which shall be a multiple of 7 and the other 
of9? 

21. Solve 18a: — 5y = 70 so that y may be a multiple of 

ar, and both positive. 

22. Solve 8a: + 12y = 23 so that x and y may be positive, 

and their sum an integer. 

23. Divide 70 into three parts which shall give integral 

quotients when divided by 6, 7, 8, respectively, and 
the sum of the quotients shall be 10. 

24. Divide 200 into three parts which shall give integral 

quotients when divided by 5, 7, 11, respectively, and 
the sum of the quotients shall be 20. 

25. A number consisting of three digits, of which the mid- 

dle one is 4, has the digits in the units' and hundreds' 
places interchanged by adding 792. Find the number. 
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26. Some men earning each $2.50 a day, and some women 

earning each $ 1.75 a day, receive all together for 
their daily wages $44.75. Determine the number 
of men and the number of women. 

27. A wishes to pay B a debt of £1 125., but has only half- 

crowns in his pocket, while B has only 4 penny-pieces. 
How may they settle the matter most simply ? 

28. Show that 323 a; - 527 y = 1000 cannot be satisfied by 

integral values of x and y. 

29. A farmer buys oxen, sheep, and hens. The whole 

number bought is 100, and the whole price £100. 
If the oxen cost £5, the sheep £1, and the hens Is. 
each, how many of each did he buy ? 

10. A number of lengths 3 feet, 5 feet, and 8 feet are cut ; 
how may 48 of them be taken so as to measure 175 
feet all together ? 

31. A field containing an integral number of acres less 

than 10 is divided into 8 lots of one size, and 7 of 
4 times that size, and has also a road passing through 
it containing 1300 square yards. Find the size of 
the lots in square yards. 

32. Two wheels are to be made, the circumference of one 

of which is to be a multiple of the other. What cir- 
cumferences may be taken so that when the first has 
gone round three times and the other five, the dififer- 
ence in the length of rope coiled on them may be 17 






feet? 



33. In how many ways can a person pay a sum of £15 in 
half-crowns, shillings, and sixpences, so that the 
number of shillings and sixpences together shall be 
equal to the number of half-crowns? 



CHAPTER XIV. 

INEQUALITIES. 

174i Different expressions containing any given letter 
will have their values changed when different values are 
assigned to that letter ; one may be for some values of the 
letter greater than the other, and for some values of the 
letter smaller than the other. 

175. Two expressions, however, may be so related that, 
whatever values may be given to the letter, one of the 
expressions cannot be greater than the other. 

Thus, 2x'^x*-k'l, whatever value be given to x. 

Note. The signs ^ and ^ are read not less than and not greater 
than, respectively. 

176. For finding whether this relation holds between 
two expressions, the following is a fundamental proposition : 

If a and b are unequal, a* + 5' > 2a5. 

For, (a — }>f mnst be positive, whatever the values of a and 5. 

That is, (a - 6)« > 0, 

or a«-2aJ + 6«>0. 

.-. a' + 6«>2aJ. 

177. The principles applied to the solution of equations 
may be applied to inequalities, except that if each side of 
an equality have its sign changed, the inequality will be 
reversed. 

Thus, if a > 5 ; then - a < - 6. 
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(1) If a and b are positive, show that a' + 6'>a'6+aJ'. 

We shall have a» + 5' > a«6 + ab\ 

if (dividing each side by a + 6), 

a« - a6 + J'' > a6, 

But this is true (§ 176). /. a» + 6» > a«6 + a6*. 

(2) Show that a" + b^ + (^>ab + ac + be. 

Now, a« + 6« > 2 a6, 

a« + c»>2ac, (J 176) 

6« + c»>26c. 
Adding, 2a« + 26'' + 2c» > 2a6 + 2ac + 26c. 

.-. a' + 6* + c* > a6 + ac + 6c. 

Exercise 7J 
Show that, the letters being unequal and positive : 
1. a' + Sb*>2b(a + b). 2. a»S + aJ'>2aV. 

3. (a' + b')(a* + b*)>(a' + by. 

5. The sum of any fraction and its reciprocal > 2. 

6. Ifa;*=a'+S', andy'=c'+cP, xy '^ ac+bd, or ad-\- be. 

7. ab+ac+bc<(a+b-cy+(a + c-by+(b+c-ay. 

8. Which is the greater, (a* + 6*)(c» + cP) or (ac + 6c?)' ? 

9. Which is the greater, a*— 6* or 4 a' (a— 6) when a>b? 

10. Which is the greater, \-r + \~ °^ "^ + "^ ^ 

11. Which is the greater, 5^ or -^? 

^ 2 a + 6 

12. Which is the greater, ^ + Lorl + h 

b* or b a 



CHAPTER XV. 

INVOLUTION AND EVOLUTION. 

178. Involiition. The operation of raising an expression 
to any required power is called involution. 

Every case of involution is merely an example of multi- 
plication^ in which the factors are equal, 

179. Index Law. If m is a positive integer, by definition 

a'^ = ax ax a to m factors. § 19 

Consequently, if m and n are both positive integers, 

(a**)*" = a''X a"" X a"" to m factors. 

= {ax a to n factors)(a X a to n factors) 

taken m times 

= aX aX a to mn factors 

This is the index law for involution. 
Also, 

(aby = ab X ab to n factors 

= {ax a to n factors)(S X b to n factors) 

180. If the exponent of the required power is a composite 
number, the exponent may be resolved into prime factors, 
the power denoted by one of these factors found, and the 
result raised to a power denoted by another factor of the 
exponent; and so on. Thus, the fourth power may be 
obtained by taking the second power of the second power ; 
the sixth by taking the second power of the third power. 
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181. From the Law of Signs in multiplication it is evi- 
dent that all even powers of a number are positwe; all odd 
powers of a number have the same sign as the number itself. 

Hence, no even power of any number can be negative; 
and the even powers of two compound expressions which 
have the same terms with opposite signs are identical. 

Thus, (b-ay=l-(a- 6)}» =(a - b)\ 

182. Binomials. By actual multiplication we obtain,. 

(a + by = a' + 2ab + b^; 

(a + by-=a' + S a'b + Sab' + b'; 

la + by = a* + 4a»J + 6aV + 4aJ» + b\ 

In these results it will be observed that : 

I. The number of terms is greater by one than the 
exponent of the power to which the binomial is raised. 

II. In the first term, the exponent of a is the same as 
the exponent of the power to which the binomial is raised ; 
and it decreases by one in each succeeding term. 

III. b appears in the second term with 1 for an exponent, 
and its exponent increases by 1 in each succeeding term. 

IV. The coefficient of the first term is 1. 

V. The coefficient of the second term is the same as the 
exponent of the power to which the binomial is raised. 

VI. The coefficient of each succeeding term is found 
from the next preceding term by multiplying the coefficient 
of that term by the exponent of a, and dividing the product 
by a number greater by one than the exponent of b. 

If b is negative, the terms in which the odd powers of b 
occur are negative. Thus, 

(a - by = a* - 4a'S + 6a'6' - 4aJ» + b\ 

By the above rules any power of a binomial of the form 
a + b, or a — 6, may be written at once. 
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^j, -t 

Let »=» n, an integer. 

4 

Then m = 4 n + 1. 

Substituting in (2), y = 5 n + 1. 

Substituting in (1), a; = 14n + 5. 

Obviously a; and y will both be positive integers if n have any 
positive integral value. 

Hence, a; = 5, 19, 33, 47 

y = l, 6, 11, 16. 

It will be seen from (1) and (2) that when only positive integers 
are required, the number of solutions will be limited or unlimited 
according as the sign connecting x and y is positive or negative. 

(3) Find the least number that when divided by 14 and 
5 will give remainders 1 and 3 respectively. 

If JV represent the number, then 

jSr-l jiV^-3 

= X, and = y. 

14 ' 6 ^ 

.-. JV= 14a; + 1, and iV= 5y + 3. 

.-. 14a; + l = 5y + 3. 

5y = 14a;-2, 

6y = 15aj — 2 — aj. 

o 2 + a; 
.'. y = 3a; — 



Let — — ^ = m, an integer 



.'. a; = 5m — 2. 

y = ^{l4iX— 2), from the original equation. 
.*. y = 14 m — 6. 
Ifm=-1, a;=3, andy = 8. 

.-. iVr=14a; + l = 5y + 3 = 43. 

(4) Solve 5 a: + 6 y = 30, BO that x may be a multiple of y, 
and both x and y positive. 

Let X = my. 

Then (5m + 6)y=. 30. 
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30 



•••y = 

and X 



6m + 6 
30 m 





5m + 6 


If m = 2, 


aj = 3f. y = lf 


If m = 3, 


x = ^,y^^ 



(6) Solve 14 a; + 22 y = 71, in positive integers. 

^ 14 

If we multiply the fraction by 7 and redace, the resalt is 

-4y + i, 

a form which shows that there can be no integral solution. 

There can be no integral solution of ax±by=*±cifa and b have 
a common factor not common also to c ; for if (2 be a factor of a and 
also of 6, but not of c, the equation may be written 

mdx ± ndy = ± c, or no; ± ny = i - ; 

d 

which is impossible, since -; is s^ fraction, and ttut i: ny is an integer, 
if X and y are integers. 



Exercise 70. 
Solve in positive integers : 

1. 2a;+lly = 49. 5. 3a: + 8y = 61. 

2. 7a; + 3y = 40. 6. 8a: + 5y = 97. 

3. 5a; + 7y = 53. 7. 16a: + 7y = 110. 

4. a:+10y = 29. 8. 7a: + 10y = 206. 
Solve in least positive int-egers : 

9. 12a;— 7y = l. 12. 23a; — 9y = 929. 

10. 6a; — 17y = 23. 13. 23a:-33y = 43. 

11. 23y— 13a; = 3. 14. 555a;— 22y = 73. 
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15. How many fractions are there with denominators 12 

and 18 whose sum is ^ ? 

16. What is the least number which, when divided by 3 

and 5, leaves remainders 2 and 3 respectively ? 

17. A person counting a basket of eggs, which he knows 

are between 50 and 60, finds that when he counts 
them 3 at a time there are 2 over; but when he 
counts them 5 at a time there are 4 over. How 
many are there in all ? 

18. A person bought 40 animals, consisting of pigs, geese, 

and chickens, for $40. The pigs cost $5 apiece, 
the geese $ 1, and the chickens 25 cents each. Find 
the number he bought of each. 

19. Find the least multiple of 7 which, when divided by 

2, 3, 4, 5, 6, leaves in each case 1 for a remainder. 

20. In how many ways may 100 be divided into two parts, 

one of which shall be a multiple of 7 and the other 
of9? 

21. Solve 18a: — 5y = 70 so that y may be a multiple of 

a?, and both positive. 

22. Solve So; + 12y = 23 so that x and y may be positive, 

and their sum an integer. 

23. Divide 70 into three parts which shall give integral 

quotients when divided by 6, 7, 8, respectively, and 
the sum of the quotients shall be 10. 

24. Divide 200 into three parts which shall give integral 

quotients when divided by 5, 7, 11, respectively, and 
the sum of the quotients shall be 20. 

25. A number consisting of three digits, of which the mid- 

dle one is 4, has the digits in the units' and hundreds' 
places interchanged by adding 792. Find the number. 
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189. Square Boots of Oomponnd Expressions. Since the 
square of a + 6 is a' + 2a5 + 6', the square root of 

It is required to devise a method of extracting the square 
root a + 6 when a' + 2 oi + 6' is given. 

The first term, a, of the root is obviously the square root of the 

first term, a', in the expression. 

a^ + 2ab + 6« |o-f6 If the a» is subtracted from the given 

^ expression, the remainder is 2ab + b^. 

2a + 6 2ab + b^ Therefore, the second term, 6, of the root 

2ab + y is obtained by dividing the first term 

of this remainder by 2 a, that is, by 
double the part of the root already found. Also, since 2a6 + 6' 
= (2 a + 6)6, the divisor is completed by adding to the trial-divisor the 
new term of the root. 

The same method will apply to longer expressions, if care 
be taken to obtain the trial-divisor at each stage of the 
process, by doubling tike part of the root already founds and 
to obtain the complete divisor by annexing the new term of 
the root to the trial-divisor. 

Find the square root of 

1 + 10a;' + 2bx' + 16a;« - 24ar^ - 20r» - 4a;. 

16a^ - 24a:* + 25a:* - 20a:» + lOa:' - 4a: + 1 |4ar>-3j;^ + 2a:-l 
16 a:* 

- 24 ar^ + 25 a;* 

-24a:*+ 9a:* 



8a:»-3ar» 



8a:»-6a:« + 2a: 



16a:*-20ar» + 10ar» 
16a:*-12a:'+ 4a:» 



8ar»-6a;2 + 4a:-l 



- 8a:»+ 6a:»-4a: + l 

- 8a:»+ 6a;'-4a:+ 1 



The expression is arranged according to descending powers of x. 
It will be noticed that each successive trial-divisor may be obtained 
by taking the preceding complete divisor with its Uut term doubled. 



CHAPTER XIV. 

INEQUALITIES. 

174 Different expressions containing any given letter 
will have their values changed when different values are 
assigned to that letter ; one may be for some values of the 
letter greater than the other, and for some values of the 
letter smaller than the other. 

175. Two expressions, however, may be so related that, 
whatever values may be given to the letter, one of the 
expressions cannot be greater than the other. 

Thus, 2 a; j^ «* + 1, whatever value be given to x. 

Note. The signs ^ and >• are read not less than and not greaUr 
than, respectively. 

176. For finding whether this relation holds between 
two expressions, the following is a fundamental proposition : 

If a and b are uneqvxil, a* + 6' > 2aS. 

For, (a — hf most be positive, whatever the values of a and 5. 

That is, (a - hf > 0, 

or a«-2a5 + 6«>0. 

.-. a* + 6'>2o6. 

177. The principles applied to the solution of equations 
may be applied to inequalities, except that if each side of 
an equality have its sign changed, the inequality will be 
reversed. 

Thus, if a > 6 ; then — a < — 6. 
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(1) If a and b are positive, show that a"+6'>a'J+ai'. 

We shall have a* + 6* > a'6 + aft*, 

if (dividiDg each side by a + 6), 

a* — a6 + 6* > aft, 
a« + 6*>2a6. 
Bat this is true (J 176). /. a» + ft» > a«6 + aft«. 

(2) Show that a* + b^ + (^>ab + ac + be, 

Now, a« + ft'>2a6, 

a« + c«>2a(L (J 176) 

ft* + c*>2ftc. 
Adding, 2a* + 26« + 2c* > 2aft + 2ac + 26c. 

.*. a* + 6* + c* > aft + ac + be. 

Exercise 7i 
Show that, the letters being unequal and positive : 
1. a» + 3i'>26(a + 5). 2. a»J + ai»>2a'6». 

3. (a* + 5*)(a* + 6*)>(a» + i»)». 

4. a*b + a*c + ab^ + b^c + ac' + bc'>6abc. 

5. The sum of any fraction and its reciprocal > 2. 

6. If a?=a'+6*, and3/*=c'+c?, xy it: ac+bd, or ad + be. 

7. aS+flM?+Jc<(a+5-c)'+(a+c-i)»+(^+5-a)'. 

8. Which is the greater, (a' + b^)((^ + cP) or (ac? + bdy ? 

9. Which is the greater, a*— 6* or 4 a' (a— 5) when a^b? 

10. Which is the greater, aI ^ + \|~" °^ '^ + ^'^ ^ 

11. Which is the greater, 5L±i or -?^? 

2 a + 6 

12. Which is the greater, £ + Aorj + i? 

0^ or b a 



CHAPTER XV. 

INVOLUTION AND EVOLUTION. 

178. Inyolution. The operation of raising an expression 
to any required power is called involiUion, 

Every case of involution is merely an example of muUi- 
plication^ in which the factors are eqiMol, 

179. Index Law. If m is a positive integer, by definition 

a^ = aXaXa to m factors. § 19 

Consequently, if m and n are both positive integers, 

(a*)"* =^a^Xd!^ Xa!^ to m factors. 

— {aXa to n factors)(a X a to n factors) 

taken m times 

— aXaX a to mn factors 

This is the index law for involution. 
Also, 

{a^Y = a*"** = (a")** ; 

{aby = abxab to n factors 

= (ax a to n factors)(6 X b to n factors) 

= a"5". 

180. If the exponent of the required power is a composite 
number, the exponent may be resolved into prime factors, 
the power denoted by one of these factors found, and the 
result raised to a power denoted by another factor of the 
exponent; and so on. Thus, the fourth power may be 
obtained by taking the second power of the second power ; 
the sixth by taking the second power of the third power. 
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181. From the Law of Signs in multiplication it ia evi- 
dent that all even powers of a number are positive; all odd 
powers of a number have the same sign as the number itself. 

Hence, no even power of any number can be negative; 
and the even powers of two compound expressions which 
haye the same terms with opposite signs are identical. 

Thus, (b-ay = \-ia- h)Y={a - b)\ 

182. Binomials. By actual multiplication we obtain, 
(a + 5)» = a» + 2a5 + 6'; 

(a + by = a* + 4a»6 + ^a^b'' + ^aV + b\ 

In these results it will be observed that : 

I. The number of terms is greater by one than the 
exponent of the power to which the binomial is raised. 

II. In the first term, the exponent of a is the same as 
the exponent of the power to which the binomial is raised ; 
and it decreases by one in each succeeding term. 

III. b appears in the second term with 1 for an exponent, 
and its exponent increases by 1 in each succeeding term. 

IV. The coefficient of the first term is 1. 

V. The coefficient of the second term is the same as the 
exponent of the power to which the binomial is raised. 

VI. The coefficient of each succeeding term is found 
from the next preceding term by multiplying the coefficient 
of that term by the exponent of a, and dividing the product 
by a number greater by one than the exponent of b. 

If b is negative, the terms in which the odd powers of b 
occur are negative. Thus, 

(a - by = a* - 4a»6 + ^aV - ^ab^ + b\ 

By the above rules any power of a binomial of the form 
a + ft, or a — J, may be written at once. 
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183. The same method may be employed when the terms 
of a binomial have coefficients or exponents. 

(1) (a-6)« = a»-3a»6 + 3a6«-6». 

-(5ar»)»-3(5x»)»(2y») + 3(5ar»X2y»)»-(2y»)». 
= 125a^ - 150aj*y» + 60«y - 8y*. 

In like manner, a polynomial of three or more terms 
may be raised to any power by inclosing its terms in paren- 
theses, so as to give the expression the form of a binomial. 

(3) (x»-2ar» + 3a; + 4)«. 

= {(r»-2a:») + (3a; + 4)P, 

= (r» - 2 ar»)* + 2 (a:» - 2 ar»)(3 a; + 4) + (3 a: + 4)«, 

= oi* - 4a:* + 4a^ + 6a^ - 4ar» - 16a^ + 9ic2 + 24 a; + 16, 

-aJ»-4«* + 10ar*-4a:»- 7a;« + 24a; + 16. 

Exercise 72. 
Perform the indicated operations : 

1 . (a')». 1 1 . (2 a'bcr'y. 21 . (- 3 aVc)\ 

2. (afy. yl2. (- Saar'y*)'. 22. (- 3ay»)«. 
S.ix'y'y. 13. (-Tm'm^'y*)'. 23. (-5a'Ja;»)*. 

K^T /"-(-ii^)' ^'■(-^'■ 

6. (a; + 2)». /16. (2a; - a)*. 26. (1 — a - a*)». 

7. (a? - 2)*. 17. (3 a? + 2ay, 27. (2-3a:+4a;*)». 

8. {x + Sy, 18. (2a: -y)*. 28. (1 — 2a?+a;')». 

9. (l + 2a;)*. 19. {p(^y-2xy'y. 29. (1 - a? + a;»)». 
10. (2771 - 1)». 20. (ab — 3)^ 30. (1 +a; +a;»)*. 
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M Eyohtion. The operation of finding any required 
root of &n expression is called evoliUion, 

Every case of evolution is merely an example of facior- 
inff, in which the required factors are all equal. Thus, the 

square, cube, fourth roots of an expression are found 

bj taking one of the two, three, four equal factors of the 

expression. 

The symbol which denotes that a square root is to be 
extracted is -y/; and for other roota the same symbol is 
used, but with a figure written above to indicate the root ; 
thus, y/, -y/, etc., signifies the third root, fourth root, etc. 

185. Index Law. If m and n are positive integers, 

(ary = ar\ § 179 

Therefore -y/a"^ = a"*. 

Hence, the root of a simple expression is found by divid- 
ing the exponent of each factor by the index of the root, and 
taking the product of the resulting factors. 

Thus, the cube root of a* is a* ; the fourth root of 81 a^', that is, 
3* a", is 3 a' ; and so on. 

The above is the index law for evolution. 
Also, since (aJ)* = a*i*, 

therefore, -v/a*6* = ab= Va*» X V^. 

186. It is evident from § 181 that 

I. Any even root of a positive number will have the 
double sign, ±. 

II. There can be no even root of a negative number. 

III. Any odd root of a number will have the same sign 
as the number. 

187. The indicated even root of a negative number is 
called an impossible, or imaginary, number. 
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18& If the root of a number expressed in figures is \ 
readily det^ected, it may be found by resolving the numl 
into its prime factors. Thus, to find the square root 
3.415,104 : 



2» 


3415104 


2* 


426888 


3' 


53361 


7 


5929 


7 


847 


11 


121 



11 

.-. 3,415,104 = 2fxS'xVx IP. 

.-. V3415104 = 2»x3 x7 xll = 1848. 

Exercise 73. 
Simplify : 

1. V^*, ^?, Vi^, \/64, v^^VyS, \/l6a"6V, \^=32^. 

2. a/-1728cW/, a/3375 6"2", ^3111696 cV. 

*■ 

3. V5-336UWV^, J^^S?, <|S. 

^ > 3432'* ^729z~ 

. V25 a^'^V + -v/S^W? - ^^81 a'b'c* - \/32a*6 V. 

^27^X a/2437? X VT6^. 

When a = 1, 5 = 3, a: = 2, y = 6, find the values of: 
4\/2^ — 'Vabxy + ^^d^b^xy. 
2 aVSax + J'\/l2 ^y + 4 ahx^hxy. 
v/a« + 2ai + 6'' X ^a» + 3a'6 + 3a6' + 6'. 
/6» - 36»a + 36a« - a» -s- V6» + a* - 2a6. 



V 



CHAPTER XVI. 

THEORY OF EXPONENTS. 

199. If w is a positive integer, we have defined a* to 
mean the product obtained by taking a as a factor n times. 
Thus a? stands for aXaXa\ b* stands for b X b X b X b. 

200. From this definition we have obtained the following 
laws for positive and integral exponents : 

I. arxar = a"^*. 

II. {pry = ar^. 

III. ^ = a"-^ if 771 > n. 

IV. VcT" = or, 
V. {abf = arb"". 

201. Since by the definition of a* the exponent n denotes 
simply repetitions of a as a factor, such expressions as c? 
and a~' have no meaning whatever. It is found convenient, 
however, to extend the meaning of a** so as to include 
fractional and negative values of n, 

202. If we do not define the meaning of oT when n is 
a fraction or negative, but require that the meaning of a* 
must in all cases be such that the fundamental index law 
shall always hold true, namely, 

we shall find that this condition alone will be sufficient to 
define the meaning of a* for all cases. 
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192. If a number contaiDS an odd number of decimal 
places, or gives a remainder when as many figures in the 
root have been obtained as the given number has groups, 
then its exact square root cannot be found. We may, 
however, approximate to the exact root as near as we please 
by annexing ciphers and continuing the operation. 

Find the square roots of 3 and 357.357. 



3.(1.732 

1 


3 57.35 70(18.903 

1 


27)200 
189 


28)2 57 
224 


343) 11 00 
10 29 


369)33 35 
33 21 


3462) 71 00 
69 24 


37803) 14 70 00 
11 34 09 



193. The square root of a common fraction is found by 
extracting the square root of the numerator and of the 
denominator. But, when the denominator is not a perfect 
square, it is best to reduce the fraction to a decimal and 
then extract the root. 

Exercise 
Extract the square root of: 

1. 120,409; 4816.36; 1867.1041; 1435.6521; 64.128064. 

2. 16,803.9369; 4.54499761; 0.24373969; 0.5687573056. 

3. 0.9; 6.21; 0.43; 0.00852; 17; 129; 347.259. 

4. 14,295.387; 2.5; 2000; 0.3; 0.03; 111. 
6. 0.00111; 0.004; 0.005; 2; 5; 3.25; 8.6. 
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194. Oube Boots of Oompoimd Expressions. Siuce the cube 
of a + J is a' + 3a'6 + 3ai' + 6^ the cube root of 

a' + 3a'6 + 3a4* + 6» is a + 5. 

It is required to devise a method for extracting the cube 
root a + 6 when a* + 3 a'6 + 3 oi' + 6' is given. 



3o' 



a» + Sa^i + 3a6» + l^[a±b 



a" 



+ 3a6 + 6' 



3a2 + 3a6 + 6« 



3a«6 + 3a6» + 6» 



The first term of the root is a, the cabe root of a'. 

If o^ is subtracted, the remainder is 3 a'6 + 3 a5' + 6* ; therefore, 
the second term b of the root is obtained by dividing the first term 
of this remainder by three times the square of a. 

Also, since 3 a*6 + 3 a5' + 5* = (3 a' + 3 a5 + 6') 6, the complete divisor 
is obtained by adding 3 a5 + 6' to the tried-divisor 3 a*. 

The same method may be applied to longer expressions 
by considering a in the typical form to represent at each 
stKge of the process the part of the root already found. 

Find the cube root of a;* — 3a;* + 5r* — 3a; — 1. 



3aj* _ 

(3x» - x){- x) = -3g»+ 3? 



3a?*-3x»+ x» 



\x^ — x—\ 
a^-3a;* + 6ic»-3a;-l 

-3a:* +3aJ*- a:» 



3(a;»-a;)« = 3aJ*-6ar» + 3a^ 
(3x»-3a;-lX-l)= --3g« + 3a; + l 



3ar*-6r» 



+ 3a; + l 



-3aj* + 6a:»-3a;-l 



-3.r* + 6ic»-3a;-l 



The first trial-divisor is 3a^, and the first complete divisor is 
3 as* — 3 a^ + «*. The second trial-divisor is 3 {s? - «)«, or 3 a;*- 6 ar*+ 3 x^. 
The second term of the root is found by dividing — 3 a:*, the first term 
of the remainder, by 3 a?*, the first term of the root. The second 
complete divisor is3a:* — 6ic' + 3a;4-l. 
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Exercise 76. 
Find the cube root of: 
1. 3? + ^s^y + l2xy' + ^y', 
t. a' — 9a* + 27a -27. 

3. a;»+12a:* + 48a? + 64. 

4. a;*-3aa;* + 5aV — 3a*a; — a*. 

6. l-9a? + 39a:*-99a;»+156a;*-144a;* + 64a;». 

7. a«-6a* + 9a* + 4a»-9a*-6a-l. 

8. 64a;* + 192a;* + 144a;* -32a;»~ 362:* + 12a; -1. 

9. l-3a;+6a;*-10a;»+12a;*~12a;*+10a;*-6a;'+3a;»-a*. 

10. a« + 9 a*i - 135 a»6» + 729 ab^ - 729 b\ 

11. c«-125c*+606V-160iV+2406V-1925*c+646«. 

12. 8a«+48a'^J+60a*y-80a»6»-90a«i*+108a4*-27y. 

195. Arithmetical Oube Boots. In extracting the cube 
root of a number expressed by figures, the first step is to 
divide it into groups. 

Since 1 = 1», 1000 = 10». 1.000,000 = 100», and 8o on, it foUowg 
that the cube root of any integral cube number between 1 and 1000, 
that is, of any integral cube number which has one, twoy or three 
figures, is a number of one figure ; and that the cube root of any 
integral cube number between 1000 and 1,000,000, that is, of any 
integral cube number which has four, five, or six figures, is a number 
of two figures ; and so on. 

If, therefore, an integral cube number be divided into groups of 
three figures each, from right to left, the number of figures in the 
root will be equal to the number of groups. The last group to the 
left may consist of one, two, or three figures. 

196. If the cube root of a number have decimal places, 
the number itself will have three times as many. 




THEORY OP EXPONENTS. 211 

208. In like manner it may be shown that all the. index 
laws of positive integral exponents apply also to fractional, 
and negative, exponents. 

Exercise 79. 
Express with fractional exponents : 

1. V?; \/?; (VS/; </^*; V^'; (V^y ; V^' 

2. Vxy^7?\ ■v/ar'yV; V^o*^; b^a^bc^x^. 
Express with radical signs : 

3. a'; ah^\ 4a:*y"^; Zx^y^, 
Express with positive exponents : 

4. a-'; Zx-'y-^; &x-*y; x'y-'; ^g^,. 

Write in the form of integral expressions : 

- Sxy . _z_ . a . c* , x^ . ar^ 
* z' ' ar»/' be' a?b-'' y-V ^i * 

Simplify : 

6. a^Xc^] b^xb^\ c^Xc^\ d^xd^, 

7. w*Xw"^; n^Xn"^; a^Xa^\ aP X oTK 

8. a* X Va ; c"^ xVc; y^ xVy] x^ X V^. 

9. abh X arhc^ ; Jbh~^ X ah'h^d, 
10. a:*y*2* X x'^y'^z'^ ; ar^y^z* X a:"*y""*2"*. 
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203. To find the Meaning of a Fractional Exponent 

Assuming the index law to hold true for fractional expo- 
nents, we hav6 

a^Xa^ = a*^* = a^ = a, 

c^ Xa^Xc^ = a*^*^* = a^ = a, 

J[ 1 - + - ^ * terms * 

a" X a" to n factors = a* * =a!^—a, 

- ? ? + * tontenni ?? 

a'^Xa'* to 71 factors = a" * =a'^ =a^. 

That is, a* is one of the two equal factors of a, 
a* is one of the three equal factors of a, 
a^ is one of the four equal factors of a', 

a" is one of the n equal factors of a, 

a" is one of the n equal factors of a". 
Hence a* = Va ; a* = Va I 

i 1 2 
Also, a^'Xa^'Xa^'X to m factors, 

- 4- - + — to m terms — 

_^n n n =0*. 

m 

.-. a* = Va"* =(Va)"'. 

The meaning, therefore, of a*, where m and w are posi- 
tive integers, is, the nth root of the mth power of a, or the 
wth power of the nth root of a. 

Hence the numerator of a fractional exponent indicates 
a power, and the denominator a root ; and the result is the 
same when we first extract the root and raise this root to 
the required power, as when we first find the power and 
extract the required root of this power. 
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201 To find the Meaning of a^". 
Bj the index law, 

cfxdr = c^^^ = a*. 



.*. a^ = a^-^a^. 



.'. a°= 1, whatever the value of a is. 

905. To find the Meaning of a Negative Exponent 

If n stands for a positive integer, or a positive fraction, 
we have by the index law, 

a* X a~* = a*-* = a®. 
But a* = 1. 

.-. a*Xa-*=l. 

That is, a* and a"** are reciprocals of each other (§ 149), 

so that a~* = — , and a* = 



a* a"" 



206. Hence, we can change anj factor from the numerator 
of a fraction to the denominator, or from the denominator 
to the nxxmer&toTf provided we change the sign of its exponent. 

Thus -^ may be written ab^c~^d~^, or — ,, . . » 
c'd' ^ a-'b-^c'd' 

207i We have now assigned definite meanings to frac- 
tional and negative exponents, meanings obtained by 
subjecting them to the fundamental index law of positive 
integral exponents ; and we will now show that Law II., 
namely, (a"*)* = a"^, which has been established for positive 
integral exponents, holds true for fractional and negative 
exponents. 

(1) If n is a positive integer, whatever the value of w, 
we have 

(a*)* = a^Xa^Xant to n factors, 

^ (jM+m+m to n terms 
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(2) If n is a positive fraction ^, where p and q are posi- 
tive integers, we have ^ 



(a*)" = (a"»)« =* i^(a"»)P J 203 

:- i^5i^ (1) 

='a« 2203 

=:a « 

(3) If w is a negative integer, and equal to — jo, we have 

(a"»)'» = (a"»)-J» = — i— I 205 

' ' (a"»)i> 

= a-"' 2 205 

(4) If n is negative and equal to the fraction — -?, where 
p and g' are positive integers, we have ^ 

-^ 1 

(a"*)* = (a"») « = -^^ 2 205 

^ 1203 

2203 



mp 

1 

a ff 
1 

-^ (1) 

a"**. 2 205 



Hence, (a*)* = a"*", for aZ/ values of w and n. 
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208. In like manner it may be shown that all the. index 
laws of positive integral exponents apply also to fractional, 
and negative, exponents. 

Exercise 79. 
Express with fractional exponents : 

1. V?; v^; (VS)»; </^'; a/^*; (-v^/; V^' 

2. y/x^; ■v/ar'yV; Va^b^c^ ; SVa'^c'a;*. 
Express with radical signs : 

3. c?\ aH^\ 4a:«y~^; Zx^y^. 
Express with positive exponents : 

Write in the form of integral expressions : 



5. 



Zxy . _2_ . a^ . c* . x2. . ^"* 



Simplify : 

6. c^Xa^\ b^xb^\ c^Xc^\ c?* X c?^. 

7. m* X w"^ ; n* X n"^^ ; a** X a* ; a® X a"*. 

8. a^ X Va ; c"^ X V^; y* X \^ ; o:^ X Va:~^ 

9. a&*c X drhc^ ; a^^>*c"^ X a*^>"*c*c?. 

10. x^y^^ X x^^y'^z"^ ; ar^y^z* X ar"*^""^^-*. 



J 
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12. c^ -^c^ \ c^ -r-c^ \ 71^ -f- w* ; a« -f- Va*. 

13. (a«)*-f-(a*)*; (c"*)*; (m"*)*; (n*)"'; (rr*)*. 

14. (i?"*)"' ; (?*)"* ; (a:"*y*)"* ; (a* X a*)"^*. 
16. (4 a"*)"*; (27 5-')"^ (64 c")"*; (32 O*. 

"■(tFT*^(llF=)"'^<^'»-)-'^ <««)-'• 

209. Oomponnd Expressions having fractional or negative 
exponents are multiplied and divided the same as com- 
pound expressions having positive integral exponents. 

(1) Multiply y^ + y^ + y^+l by y*-l. 

y* + y* + y* + 1 
y*-i 



y ^yi ^yi ^yi 
A 1 1 

--y*~r-y*-i 



y — 1 y — 1- -^w«- 

(2) Divide rr* + rr* - 12 by ar* - 3. 






4a;* -12 a* + 4. ilrw. 



Exercise 80. 

Multiply : 

1. a;* + afy + y* by x^ — af'f + y^, 

2. ar**"* — y by a:* + y'**~*. 

3. ar*~2a;*+l by a;* — 1. 

4. 8a^ + 4a*6* + 5a*^>* + 9i* by 2a*-6*. 
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5. 1 + ab-^ + a^h-^ by 1 - oi"* + a'J-*. 

6. a'&-« + 2 + a-^V by a'J"* - 2 - a'W. 

7. 4a;-» + 3a:-' + 2a:-* + l by a:-'-a:-' + l. 

Divide : 

8. a;** — y** by af*— -y*. 

9. a: + y + z — 3a;'yy by a:* + y' + z'. 

10. a: + y by a;* — x^y^ + a;^y* — x^y^ + y*. 

11. a:*y~* + 2 + ar~y by xy^ + x'^y. 

12. a-* + a-'i-' + i"* by a"' - a-*&-* + i"'. 
Find the squares of : 

13. 4ai-*; a*-&*; a + a'^ 2a*&* — a"*i'. 

If a = 4, ft = 2, c = 1, find the values of : 

14. ah; 5 aft-'; 2 (aft)*; a"*ft-*c*; 12a-'ft-». 

16. Expand (a* - ft*)» ; (2a:-' + x)' ; (aft"' - by-'y. 
Extract the square root of: 

16. dx-^ — lSx-^y^ + lbx-^y-ex-^y^ + y". 

Extract the cube root of: 

17. Sx^ + Ux" - SOx - 35 + 45a;-' + 27a;-' - 27a;-». 

Resolve into prime factors with fractional exponents : 

18. a/12, \/72, \/96, \/64 ; and find their product. 

Simplify : 

1 1 



19. {(a;*^)»X(a;»)-' }»--*. 20. (a''«« X rr" ")»-*. 

21 . 3 (a* + ft*)' - 4 (a* + ft*)(a* - ft*) + (a* - 2 ft*)'. 

22. \(ary^^\^i. 24. [K«""*)"'*l']'-^[{(«"')"1"'']''- 



23. (^y^f^T\ 26. ^^^-^> - y'^^-'>. 

V a;« / V^-V 



a*(ff->) -(- y«(j»-») 



CHAPTER XVII. 

RADICAL EXPRESSIONS. 

210. A radical expression is an expression affected with 
the radical sign ; as, Va, V9, Va^ Va + b, V32. 

211. An indicated root that cannot be exactly obtained 
is called a surd, or irrational number. An indicated root that 
can be exactly obtained is said to have the /orm of a surd. 

The required root shows the order of a surd ; and surds 
are named quadratic, cubic, biquadratic, according as the 
second, third, or fourth roots are required. 

The product of a rational factor and a surd factor is 
called a mixed surd; as 3V2, &Va. The rational factor 
of a mixed surd is called the coefficient of the radical. 

When there is no rational factor outside of the radical 
sign, that is, when the coefficient is 1, the surd is said to 
be entire ; as, V2, Va. 

212. A surd is in its simplest fc/rm when the expression 
under the radical sign is integral and as small as possible. 

Surds which have the same surd factor, when reduced 
to the simplest form, are said to be similar. 

Note. In operations with sards, arithmetical nambers contained 
in the surds should be expressed in their prime factors. 

Reduction op Radicals. 

213. To reduce a radical is to change its form without 
changing its value. 
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Case I. 

21i When the Badioal is a Perfect Power and has for an 
SxponsDt a Factor of the Index of the Boot. 

(1) </?=a* = a*=V^; 

(2) v^36^ = <^(6^' = (6a&)* = (6aJ)* = V6^; 

(3) \/25a*iV = -\/(5a'bc'y = (5 a*bc*)^ = (5 a'bc*)^ 

We have, therefore, the following rule : 

Divide the index of the root by the exponent of the power, 

Exercise 81. 



Simplify : 

1. -y/se. 6. </I^\ 



11 



6/ 36 c' 



2. y/&i. 7. </9^\ 

3. </l25. 8. Vl6^\ 12. xP^'- 

^{x + oy 

4. \/100. 9. ^343 aW 



13. 






6. </343. 10. •v'^Sla*^*. \27r'y» 

Case II. 

216. When the Badioal is the Product of Two Factors, One of 
which is a Perfect Power of the Same Degree as the Badioal. 

Since Va'^b = Vo* X VJ = a^/b (§ 185), we have 

(1) V^=V^xV5 = aV6; 

(2) •v/I08 = \/27'x4 = \/27x^4 = 3^; 



216 
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(3) 4V72aV = 4V36a*6* X 26 = 4 V36a'6' X V26 

= 4 X 6a6V2J = 24a6V26 ; 

(4) 2\/54^ = 2A/27a»x2a6 = 2a/27V x </2cA 

= 2 X 3a\/2a6 = 6a-v''2a6. 

We have, therefore, the following rule : 

Resolve the radical into two factors^ one of which is the 
greatest perfect power of the same degree as the radical. 

Remove this factor from under the radical sign^ extranet 
the required root^ and multiply the coefficient of the radical 
by the root obtained. 



Simplify : 



1. VT25. 

2. V243. 

3. \/l62. 

4. •v^'256. 
6. 4^375. 



Exercise 82. 

13. 7\/r76. 

14. 7VmVi. 
16. bWa\ 
16. 6</^^. 



6. V320. 



7. V486. 

8. </729. 

9. </2i08. 

10. V605. 

11. 2a/144. 

12. '3a/2662. 

/ 



17. 3V^^». 

18. 7\/64^. 

19. e-v'lOSmV. 

20. 4\/?V". 

21. 2\/- 1029. 

22. \/^:Ti58. 

23. 3\/l876. 

24. 4\/686. 



25 



26 



27 



'/27^ 
• \64a:»/ 

l 49^y 



28 



sl512^* 
■ \l25/ 



''■'<S 



30 



. 2AEEWI 



31. 



(a: + y)» 

Aab fjEW 
6c >16a'i'' 



\ 



\ 



\ 



/ 



\ 
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Case III. 

216. When the Badical Expression is a Fiaction, the Benomi- 
nator of which is not a Perfect Power of the Same Degree as 
the BadicaL 



<•> V5-Vr«-V'°XTO=tvro; 



«NS=VifBWl-tl=%/s^=i^^ 



«vi->ES=NFSp=<(^ 



27x8 



3x2 

We have, therefore, the following rule : 

Multiply both terms of the fraction by such a number as 
wUl make the denominator a perfect power of the same 
degree as the radical; and then proceed as in Case IL 

Exercise 83. 
Simplify : 

1. VJ. 4. SVf 7. \/|. 10. 2\/^. 

2. Vi 6. 2</A- 8- '^' 11- ^^^' 

3. VJ. 6. 3V^. 9. V^. 12. 2</^. 

13. ^— . 16. ^— . 17. V^. 



14. A^. 16. d^^. 18. 2#^!?. 

\aV \125a; \4a:'y«' 



218 ALGEBRA. 

Case IV. 
217. To reduce a Mixed Surd to an Entire Surd. 
Since ayfh = -v^a" X "Vb = Va"&, we have 



(1) 3 V5 = VS^^^TS = V9"x5 = V45; 



(2) a^b-VTc = V(a^by X be = Va'b^ X be = Va*Pc ; 

(3) 2xVxy = ->/{2xy X xi/ = VSx^ X xi/ = -y/Sx^y ; 

(4) Sf</^ = V(S^yx^ = -v^SlyV. 

We have, therefore, the following rule : 

liaise the eoeffieient to a power of the same degree as the 
radical, multiply this power by the given surd factor ^ and 
indicate the required root of the product, 

Exercise 84. 
Express as entire surds : 

1. 3V6. 6. 2</7. 9. -2^y. 13. iftr^- 

2. 3V2T. 6. 3\/3. 10. -SV^. 14. -iVa\ 

3. 3\/2. 7. 2\/5. 11. -mVlO. 15. |Vm». 

4. 2\/5. 8. 2\/2. 12. -2^/x. 16. -^Vml 

Case V. 
218. To reduce Badioals to a Oommon Index. 
(1) Reduce V2 and V3 to a common index. 

We have, therefore, the following rule : 
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Write the radicals tuith fraxstional exponents^ and change 
these fractUmal exponents to equivalent exponents having the 
least common denominator. liaise each radical to the power 
denoted by the numerator, and indicate the root denoted by 
the common denominator. 

Exercise 85. 
Reduce to surds of the same order : 

1. </l and V2. 7. \/2, \^'3, and \/5. 

2. Vl and V6. 8. V^\ Vb, and Vi. 

3. V3 and Vi. 9. -v^o*, \/?, and -yjx^. 

4. Va and V6^ 10. Va;*y, Vaic, and -\/2z. 

5. V5 and V25. 11. Vo; — y and Va: + y. 

6. 3*, 3*, and 3^. 12. Va + b and \/'a^. 

Note. Sards of different orders may be reduced to surds of the 
same order and then compared in respect to magnitude. 

Arrange in order of magnitude : 

13. 2<^, 3 V2, |\^i. 15. 2\/22, 3^7, 4V2. 

14. Vf, -v/H. 16. 3VI9, 5\/2, 3a/3. 



Addition and Subtraction of Radicals. 

219. In the addition of surds, each surd must be reduced 
to its simplest form ; and, if the resulting surds are similar, 

Mnd the algebraic sum of the coefficients, and to this sum 
annex the common surd factor. 

If the resulting surds are not similar, 
Connect them vrith their proper signs. 
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(1) Simplify V27+ V48 + Vl47. 

v/27 = (3« X 3)* = 3 X 3* = 3 V3 ; 

V48 = (2* X 3)* = 2« X 3* = 4 X 3* = 4 VS ; 

Vl47 = (72 X 3)* - 7 X 3* = 7 V3. 

V27 + Vis + Vii7 = (3 + 4 + 7)V3 = 14 V3. 



(2) Simplify 2V320- 3 V40. 

2\/320 = 2(2« X 6)* = 2 X 2» X 5^ = 8v^6 ; 
3 v^= 3(23 X 5)i = 3 X 2 X 5* = 6 v^. 
.-. 2v^320~3v^ = (8-6)^ = 2v^. 

(3) Simplify 2 V| - 3 V| + V^, 



2V| = 2 V-V- = 2 V15 X i = §\/l5 ; 
3 V| = 3 VJI == 3 VTSIT^ = I VT5 ; 

/. 2V|-3V|.+ v^ = (i-t + A)Vi5=-iVi6. 



Exercise 86. 
Simplify : 

1. 8Vn + 7Vil-10ViT. 

2. 3V5-5V5 + 7V5. 

3. V27 + 2 V48 + 3 VIO8. 7. V1000+V50 + V288. 

4. \/l28 + ^686 + -v^Ie/ 8. \/5i + 3^l6 + \/4"32. 
6. 12V72-3Vl2^. 9. 7\/8l - 3-v^l029. 

6. 2 V3 + 3 Vli - V^. 10. V|+V60-Vl5-V|. 
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6» \ 6(^' > bm* 
3. V4^ + V25aP-(a-55)V^. 

6. 2\/40+3\/l08 + ^506--v^'320-2\/l372. 

6. V363-2V243+VT08-2VI47. 

7. \/l89 - 2^v''i48 + \/876 + \/l5l2. 

8. \/l62-\/512 + 2<^--yi250. 



9. V-81-3V=^ + 2V192. 

20. V20 + Vi5-Vi. 

21. 2 v''^' + A/Si"* - |\'f • 

22. V50 + W288 \, ~ 

V2 V450 

23. VlTOl + i V84 - i V525. 

Multiplication op Radicals. 

220. Since Va X V^ = Vab, we have 

(1) 3V8x5V2 = 3x5xV8xV2=15Vi6 = 60; 

(2) 3 V2 X 4a/3 = 3</8 X 4^9 = 12\/f2. 

We have, therefore, the following rule : 

Express the radicals with a common index. Find the 
prodiLct of the coefficients for the required coeffi>cient, and the 
product of the surd factors for the required surd factor. 
. Reduce the result to its simplest form. 
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Exercise 87. 
Find the product of : 

1. 3V2by4V6. 6. }y/lOhj^j^Vlb. 

2. 2V5by3Vl5. 7. 5V| by f Vl62. 

3. 2Vl6by6VIi. 8. iV2T by ^^V^- 

4. 3V27 by 7 Vis. ' 9. -vlOS by 5V32. 
6. 2^4by5\/32. 10. 6\/54 by 7V48. 

221. Compound radicals are multiplied as follows : 
Multiply 2V3 + 3 V5 by 3 V3 - 4 Vi. 

3\/3-4Vx 

18 + 9>/3i 

-8V3x-12a; 



18+ y/Sx-Ux 



Exercise 88. 
Find the product of : 

1. (2VJ-7)x3V5. 6. (V2 + V3-V5)«. 

2. (-\/a--\/by. 7. (V6 + 3V2 + V7)' 
8. (3V5-7V2)'. 8. (2 V6 - V2 - V7)«. 
4. (V7+3V3)(V7-2V3). 9. (2 Vi + V3^=^25)«. 

6. (3V5-V2)(V5-3V2). 10. (2V^+^-3V?^=Ty. 



^ 
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Division of Radicals. 
m Since ^= ^^y^ = ^, we have 



2V2 

2V2 2\^2» 2-v^ 
T'^e have, therefore, the following rule : 

-Srpre«« <A« radicals with a common index. Find the 
qw^ient of the coefficients for the required* coefficient, and 
the quotient of the surd factors for the required surd factor. 

Seduce the result to its simplest form. 

Exercise 89. 

Divide : 

1. Vl62 by V2. 4. Vi by V|. 7. VE by -y/i. 

2. ^/&i by </S. 5. V^ by Vf . 8. V| by \/^. 

3. V2^ by V^\ 6. 2VJ by | V|. 9. \/| by Vf . 

10. 3 V2 + V72 - 3 V8 by V3. 

11. 9\^-6\/6-3\/8 + 12^v^by3\/2. 

12. V2-V6 + \/l0-\/l2by \/2. 

223. The quotient of one surd by another may be found 
by rationalizing the divisor; that is, by multiplying the 
dividend and divisor by a factor which will free the divisor 
of surds. 

224. This method is of great utility when we wish to 
find the approximate numerical value of the quotient of 
two simple surds ; and is the method required when the 
divisor is a compound surd. 
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(1) Given V2= 1.41421, find the value of ~ 

V2 

5 5V2 5V2 _ 7^07105 ^ 3 53553 



V2 V2 X V2 2 2 

(2) Divide 3 V5 - 4 V2 by 2V5 + 3 V2. 

3v^~-4\/2 _(3 v^~4V2)(2\/5~3V2) ^ 54-17Vl0 
2^/5 + 3^2 (2V5 + 3V2)(2V5-3V2) 20-18 

2 

By two operations the divisor may be rationalized when 
it consists of three quadratic surds. 

Thus, if V6+ \/3- \/2 be multiplied by V6- V3 + V2, the 
result will be 6 - 5 + 2 VS = 1 + 2 V6 ; and if 1 + 2 V6 be multiplied 
by 1 - 2 V6, the product will be 1 - 24 = - 23. 



Exercise 90. 


Find the approximate 


value of: 


1. 4=. 2. ^. 

V3 V5 


3. 7^^. 4. 2V5. 
V3 3V2 


Divide : 




6. 3 by V7 + V5. 


10. 7 + 2VT0 by 7 - - 2 VlO. 


6. 7by2V5 V6. 


11. V5 V6 by 2V5 Vd 


7. 6by5-2V6. 


12. a + 6 by a — VS. 



8. 4-..V2by 1 + V2. 13. Iby V5+ V3 + V7. 

9. V5+ V2 by V5 - V2. 14. 2 by V5 - 3 V2 -f- V7. 
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Involution and Evolution of Radicals. 

225. Any power or root of a radical is easily found by 
using fractional exponents. 

(1) Find the square of 2 Va. 
(2v'a}*-(2a*)» = ^a^ = 4o' = 4v^«. 

(2) Find the cube of 2 Va. 

(2v^)» = (2a*)» = 2»o* = sJ - 8aVa. 

(3) Find the square root of 4 arVa'6'. 

(4x V^)* = (4 xah^^ - 4*a;M6* = 4* A*6* = 2 Vim^, 

(4) Find the cube root of 4a;Va*^. 

(4a;V^6»)* = (4.Ta*6*)^ = ^x^ah^ = 4* A*6* = Vl6a»6V. 

Exercise 91. 
Perform the operations indicated : 

1. (</8)*. 4. (a\/a)». 7. (\/256)*. 

2. (V64)3. 5. (:^^)^ 8. (^^^fj. 

3. (\/4)^ 6. (3^)'. 9. (2</4^)i. 

Properties of Quadratic Surds. 

226. The product or quotient of two dismnilar quadratic 
surds will he a quadratic surd. Thus, 

VaZ> X 'y/abc = ahyjc\ -y/abc -^ 'Vab = -y/c. 

For every quadratic surd, when simplified, will have 
under the radical sign one or more factors raised only to 
the first power ; and two surds which are dissimilar cannot 
have all these factors alike. 

Hence, their product or quotient will have at least one 
factor raised only to the first power, and will therefore be 
a surd. 



226 ALGEBRA. 

227. The sum or difference of two dissimilar quadrat 
surds cannot be a rational numAer, nor can it be expresset 
as a single siird. 

For if Va ± y/b could equal a rational number c, we 
should have, by squaring, 

that is, d= 2 Vo^ = c* — a — 5. 

Now, as the right side of this equation is rational, the 
left side would be rational ; but, by § 226, Va6 cannot be 
rational. Therefore, Va dz V6 cannot be rational. 

In like manner, it may be shown that Va ifc Vi cannot 
be expressed as a single surd Vc. 

228. A quadratic surd cannot equal the sutn of a rational 
number and a surd. 

For if Va could equal c + V6, we should have, by 
squaring, 

a = c» + 2cVZ^ + 6, 

and, by transposing, 

2cVJ = a — J — c». 

That is, a surd equal to a rational number, which is 
impossible. 

229. If a-\- -\/b = x-{- Vy, then a vnll equal z, and b 
will equal y. 

For, by transposing, V^ — Vy = a: — a ; and if 6 were 
not equal to y, the diflference of two unequal surds would 
be rational, which by § 227 is impossible. 

.'. b—y, and a = x. 

In like manner, if a — y/b = x — '\/y^ a will equal x, 
and b will equal y. 
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I To extract the Square Boot of a Binomial Snrd. 

Extract the sqaare root of a + V6. 

Suppose . Va+ Vft = V« + Vy. (1) 

By squaring, a + Vb = x-¥ 2Vxy + y. (2) 

.-. a « « + y and V6 = 2v^. J 229 

Therefore, a - V6 = a; - 2 Vj^ + y, (3) 

»nd ^/a-Vb = VI- - Vy. (4) 

Multiplying (1) by (4), 

Va* — 6 =» « — y. 
But a = x -\-y. 

Adding, and dividing by 2, a? = ^ f^ ~ • 

Sobtracting, and dividing by 2, 



^. a— y/a* — b 

y = ^^ 



From these two values of x and y, it is evident that this 
method is practicable only when a' — i is a perfect square. 

(1) Extract the square root of 7 + 4 V3. 



Let 


Vi+ >/y= V7+4V3. 


Then 


Vi- v^= V7-4V3. 


Multiplying, 


jc - y = V49 - 48. 




.-. «-y = l. 


But 


« + y = 7. 


• 


.'. a? = 4, and y — 3. 




/. v^ + Vy = 2 + V3. 




.-. V7 + 4V3 = 2 + Vs. 
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A root may often be obtained by inspection. For this pnrp 
write the given expression in the form a + 2^/b, and determine w 
two numbers have their sam equal a, and their product equal b. 

(2) Find by inspection the square root of 18 + 2V77. 

It is required to find two numbers whose sum is 18 and who& 
product is 77 ; and these are evidently 11 and 7. 

Then 18 + 2V77 - 11 + 7 + 2\/irxT, 

= (>/!! +\/7)«. 

That is, Vil + \/7 - square root of 18 + 2 V77. 

(3) Find by inspection the square root of 75 — 12V2I. 

It is necessary that the coefficient of the surd be 2; therefore, 
75 — 12 V2I must be put in the form 

75 - 2 V756. 

The two numbers whose sum is 75 and whose product is 756 are 
63 and 12. 



Then 75 - 2 V756 = 63 + 12 - 2\/63 x 12, 

= ( V63 - Vl2)« =. (3 V7 - 2V3)«. 

That is, 3\/7 - 2V3 = square root of 75 - I2V2I. 

Exercise 92. 

Extract the square roots of : 

1. 14 + 6V5. 6. 20-8V6. 11. 14-4V6. 

2. 17 + 4Vr5. 7. 9-6V2. 12. 38-12ViO. 

3. IO + 2V2I. 8. 94-42V5. 13. 103~12VlT. 

4. I6 + 2V55. 9. 18-2V30. 14. 57-12Vi5. 

5. 9~2VTi. 10. 11~6V2. 16. 3^-ViO. 

16. 2a + 2Va^^"^^. 18. 87-12V42. 

17. a'-26Va^"^«. 19. (a+6)*-4(a-J)Va?. 




CHAPTER XVIII. 

IMAGINARY EXPRESSIONS. 

23L An imaginary expression is any expression which 
inyolves the indicated even root of a negative number. 

It will be shown hereafter that any indicated even root 
of a negative number may be made to assume a form which 
involves only an indicated square root of a negative num- 
ber. In considering imaginary expressions, we accordingly 
need consider only expressions which involve the indicated 
square roots of negative numbers. 

Imaginary expressions are also called imaginary nnmben 
and complex nnmbers. In distinction from imaginary num- 
bers, all other numbers are called real numbers. 

232. Imaginary Square Boots. If a and h are both posi- 
tive, we have 

I. Vo^ = Va X Vb. II. ( Va)* = a. 

If one of the two numbers a and b is positive and the 
other negative, law I. is assumed still to apply ; we have, 
accordingly : 



Vi:i=:= V4(- 1) = Vi X V=n: = 2V^; 

V^ =• Va(- 1) = Va X V^ = a* V^i ; 

and so on. 

It appears, then, that every imaginary square root can 
bcr made to assume the form aV~ 1, where a is a real 
number. 
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233. The symbol V^ is called the imaginary miit, ani 
may be defined as an expression the square of which is —1. 

Hence, V^ X V^= (V^)' = - 1 ; 

V^ X V^= Va X V^ X V6 X V^ 

= VaX V^X(V^)' 
- V^ X (- 1) 

234. It will be useful to form the successive powers of 
the imaginary unit. 



(V-I 
(V— 1 
(V-i 



= + V-l; 

» =-1; 

' = ( V^)' V^ = (- 1) V^ = - V^ ; 
♦ = ( V^)' ( V=T)' = (- 1)(- 1) = + 1 ; 



1: 



and 80 on. We have, therefore, if n is any integer, 



(V- !)<-+> = + V-l; 
(V=l)*-+«=-l; 

236. Every imaginary expression may be made to assume 
the form a + ftV— 1, where a and b are real numbers, and 
may be integers, fractions, or surds. 

If 6 = 0, the expression consists of only the real part a, 
and is therefore real. 

If a = 0, the expression consists of only the imaginary 

part iV- 1, and is called a pure imaginary. 
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Exercise 93. 
Reduce to the form iV- 1 and add 



1. V^+V-^^. 6. V^^ + V^^Tc? - V-16 a*. 

2. V^^1~V^=^. 7. V^=n^«+V^^^49^'+V^^4Z 

3. V-144+V-100. 8. V-m + V^^-V^. 

4. V^^256 - V^^Te. 9. 3aV-^^'4a'* + 2aV=^^. 

6. V^^T2i-V^^^. 10. Vl8 + V^ns - V^. 



Reduce to the form 6 V~ 1 and multiply : 
11. 1 + V=^by 1- V^. 



12. 4 + V^ bv 4 - V^. 

13. V3 - 2V^ by V3 + 2V^=^. 

14. V54 - V^^ by V54 + V^^. 



15. V— a + V— b by V— a — V— 6. 



16. a-V^^c^ by a^^^^^~o^\ 

17. 2 V3 - V^ by 2 V3 + V^. 

18. V Ha) by V^^. 

Reduce to the form 6V— 1 and divide : 

19. V^n;2 by V=r3. 23. - V25 by V^. 

20. Vi5 by V^. 24. - V^^^ by - V^^. 

21. V^by V^^. 25. 4V^^^ by - 2V^^^. 

22. a by V^. 26. 4 + V^ by 2 — V^. 



CHAPTER XIX. 

QUADRATIC EQUATIONS. 

242. We have already considered equations of the fii 
degree in one or more unknowns. We now proceed to tl 
treatment of equations containing one or more unknowi 
to a degree not exceeding the second. An equation whid 
contains the square of the unknown, but no higher power, 
is called a qoadratio equation. 

243. A quadratic equation which involves but one un- 
known number can contain only : 

(1) Terms involving the square of the unknown number. 

(2) Terms involving the first power of the unknown 
number. 

(3) Terms which do not involve the unknown number. 

Collecting similar terms, every quadratic equation can 
be made to assume the form 

as^ + Jar + c = 0, 

where a, b, and c are known numbers, and x the unknown 
number. 

If a, i, c are numbers expressed by figures, the equation 
is a numerioal qaadratio. If a, &, c are numbers represented 
wholly or in part by letters, the equation is a literal qnadiatia 

244. In the equation aa^ + 6a; + c = 0, a, 6, and c are 
called the ooefSoients of the equation. The third term e is 
called the oonstant term. 
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If the first power of x is wanting, the equation is a pnre 
qoadntic; in this case ^ = 0. 

l{ the first power of x is present, the equation is an 
affected or complete qnadratio. 

Pure Quadratic Equations. 

245. Examples. 

(1) Solve the equation 5 a;* — 48 = 2 a:'. 

We have 5a;»-48 = 2x». 

Collect the terms, 3a:« = 48. 

Divide by 3, x^ = 16. 

Extract the square root, x = ±A. 

It will be observed that there are two roots, and that these are 
nnmerically equal, but of opposite signs. There can be only two 
roots, since any number has only two square roots. 

It may seem as though we ought to write the sign ± before the x 
as well as before the 4. If we do this, we have + or = + 4, — a; = — 4, 
+ x = — 4, — a;=+4. 

From the first and second equations, a; = 4 ; from the third and 
fourth, a; = — 4 ; these values of x are both given by the equation 
X = ± 4. Hence it is unnecessary to write the ± sign on both sides of 
the reduced equation. 

(2) Solve the equation 3 a;* — 15 = 0. 

We have 3a:«=15, 

or x* = 5. 

Extract the square root, x = ± V5. 

The roots cannot be found exactly, since the square root of 5 can- 
not be found exactly ; they can, however, be determined approxi- 
mately to any required degree of accuracy ; for example, the positive 
square root of 5 lies between 2.23606 and 2.23607. 

(3) Solve the equation 3x^ + 16 = 0. 

We have 3a:» = -15, 

or a;* = — 5. 

Extract the square root, a; = ± V— 5. 
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There is no square root of a negative number, since the square of 
any number, positive or negative, is necessarily positive. 

The square root of — 5 differs from the square root of + 5 in that 
the latter can be found as accurately as we please, while the former 
cannot be found at all. 

246. A root which can be found exactly is called an 
exact or rational root. Such roots are either whole numbers 
or fractions. 

A root which is indicated but can be found only approx- 
imately is called a snrd or irrational root. Such roots 
involve the roots of imperfect powers. 

Rational and surd roots are together called real roots. 

A root which is indicated but cannot be found, either 
exactly or approximately, is called an imaginary root. Such 
roots involve the even roots of negative numbers. 

Exercise 94. 
Solve : 

1. a:* -3 = 46. 6. 5a;« — 9=:2a;' + 24. 

2. 2(a;'-l)-3(a;»+l)+14-0. 7. (a; + 2)* = 4a:+ 5. 

^ x'-^ . 2a:' + l_l o ^' ^'-10_7 50+a;^ 

3 6 2 5 15 25 

3 , 3 Q ^ 3a;* -27, 90+ 4a;'' ^ 

l + arl-a; x^ + 3 x^ + 9 

c 3 17 1A Q . 7 65a: 

4a:' 6a:* 3 a; 7 

4.r' + 5 2a:'-5_7a:2-25 



11. 



10 15 20 

10.1:' +17 12a:' + 2_5a:'- 4 



12. 

18 lU'^-S 9 



13. 
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14a:' +16 2a:' + 8_2a:' 



21 So^-^-ll 3 

14. x^ +bx + a=bx(l — bx). 
15. mx' + n = q. 16. x^ — ax + b = ax(x~l). 

Affected Quadratic Equations. 

247. Since (xztby = x^dz2bx + b*, it is evident that 
the expression x^ dz2bx lacks only the third term, b*, of 
being a perfect square. 

This third term is the square of half the coefficient of x. 

Every affected quadratic may be made to assume the 
form X* dz2bx = c, by dividing the equation through by 
the coefficient of af. 

To solve such an equation : 

The first step is to add to both members the square of 
half the coefficient of x. This is called completing the square. 

The second step is to extract the square root of each 
member of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 

(1) Solve the equation a:' — 8 a: = 20. 

We have a;* -8a; = 20. 

Complete the square, x^ — Sx -\-lQ = 36. 
Extract the square root, a; - 4 = ± 6. 

Reduce, a; = 4 + 6 = 10, 

or a; = 4-6 = -2. 

The roots are 10 and — 2. 

Verify by putting these numbers for x in the given equation : 



a; =.10, 

10«-8(10) = 20. 

100-80-20. 



a? --2, 
(_ 2)'^ - 8 (- 2) = 20. 
4 + 16 = 20. 
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(2) Solve the equation 



^ + 1 — ^^-3 
x-1 x+9' 



Free from fractions, (x + 1) (x + 9) = (a; — 1) (4 a; - 3). 
Simplify. 3a;»-17x = 6. 

We can reduce the equation to the form x^ — 2bx by dividing by 3. 

Divide by 3, x^-i^^x = 2. 

Half the coefficient of a; is J of — y- = — V, a^^ the square of — V 
is ^y. Add the square of — Y to l^o^h sides, and we have 



or 






289 
36 



Extract the square root, x = ± — • 

.,, = iZ + l? = 36^ 
6 6 6 

^^6663* 



The roots are 6 and 

3 



Verify by putting these numbers for x in the original equation 







x = 


'6. 






6 


+ 1 


24- 


-3 




6 


-1 

7 
5 


6 + 

21 
15 


9 


That 


is, 


7_ 
5 


7 
5 









, 


1 








a; = 


3' 






1 


+ 1 


4 


3 




3 




3 






1 


-1 


_U9 




3 


2_ 
4 


3 

13 

26 




That 


is. 


1 


1 






1 


2 


2 
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248. When the coefficient of a^ is not unity, we may 
proceed as in the preceding section, or we may complete 
the square by another method. 

Since {ax i J)* is identical with aV ± 2abx + J*, it is 
evident that the expression a*a^ dz2abx lacks only the 
third term, J*, of being a perfect square. 

This third term is the square of the quotient obtained 
by dividing the second term by twice the square root of 
the first term. 

Every aflfected quadratic may be made to assume the 
form aV ± 2abx = c (§ 247). 

To solve such an equation : 

The first step is to complete the square; to do this, we 
divide the second term hy twice the sqiuire root of the first 
term, square the quotient, and add the result to both mem- 
bers of the equation. 

The second step is to extract the squxire root of each 
member of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 

249. ITnmerical Quadratics are solved as follows : 

(1) Solve the equation 16a:* + 5a: - 3 = 7a:* — a: + 45. 

16x« + 5a: - 3 = 7a;« - 0? + 45. 
Simplify, 9a:« + 6a' = 48. 

Complete the square, 9x' + 6 a; + 1 = 49. 

Extract the square root, 3a; + l = ±7. 

Reduce, 3a: = --l+7or-l-7; 

3a; = 6 or -8. 
.-. a; = 2 or - 2J. 

Verify by substituting 2 for x in the equation 

16x» + 5a;-3=-7a;*-a; + 45. 
16 (2)« + 5 (2) - 3 = 7 (2)« - (2) + 45, 
64 + 10-3 = 28-2 + 45. 
71 = 71. 
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Verify hy sabstitating — 2} for x in the equation 

.e(-|y.e(-|)--.(-|)'-(-|)*«. 

1024 40 , 448^8^.^ 
9 3 9 3' 

1024 - 120 - 27 = 448 + 24 + 405, 

877 = 877. 

(2) Solve the equation Sx' — Ax = S2. 

Since the exact root of 3, the coefficient of x**, cannot be found, it 
is necessary to multiply or divide each term of the equation by 3 to 
make the coefficient of a^ a sgitarc number. 

Multiply by 3, 9 ic^ - 12 x = 96. 

Complete the square, 9iB'-12a; + 4 = 100. 



Extract the square root. 


3a;-2 = dbl0. 


Reduce, 


3a; = 2 + 10or2-10; 




3a? =12 or -8. 




.-. a; = 4 or - 2f . 


Or, divide by 3, 


. ix 32 
'^ 3^3' 


Complete the square, 


4x^4 32^4 100 
3 9 3 9 9 


Extract the square root. 


2 ^10 

JB — - = ±— -. 

3 3 




2 ±10 




= 4or-2i. 



Verify by substituting 4 for x in the original equation, 

48 - 16 = 32. 
32 = 32. 

Verify by substituting — 2§ for x in the original equation, 

21J + (10}) - 32, 
32 - 32. 
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(3) Solve the equation -Sx^ + c>x = — 2. 

Since the even root of a negative number is impossible, it is neces- 
sary to change the sign of each term. The resulting equation is 

Multiply by 3, 9 x^ - 15 a; = 6. 

Complete the square, 9 a:* — 150; + = — 

•■ ^• 

Extract the square root, 3 a; — = db — 

«j ^ 

Reduce, 3a: = 5±^; 

2 

3a; = 6or-l. 

.-. a; = 2 or — -• 
%j 

Or, divide by 3, a;« - — = | 

Complete the square, x' — t" + r^ ^ 7, ;* 

3 3b ob 

5 7 
Extract the square root, a; — - = ± — 

^ 6 6 

5±7 



a; 



6 
= 2or--. 



O 



• If the equation 3 a;^ — 6 a; = 2 is multiplied hy four times the coeffi- 
cient of V?, fractions will be avoided : 

36a'«-60a; = 24. 
Complete the square, 36a;* - 60a: + 25 = 49. 
Extract the square root, 6 a; — 5 = ± 7. 

6a; = 5±7. 

.-. a; = 2 or 

3 

The number added to complete the square by this last method is 
the square of the coefficient of x in the original equation Sa;* — 5* = 2. 

Note. If the coefficient of x is an even number, we may multiply 
by the coefficient of a;*, and add to eiu^h member the square of half the 
coefficient of a; in the given equation. 
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There is no sqnare root of a negative number, since the sqaai 
any namber, positive or negative, is necessarily positive. 

The square root of — 5 differs from the square root of + 5 in t 
the latter can be found as accurately as we please, while the fom 
cannot be found at all. 

246. A root which can be found exactly is called a. 
exact or rational root. Such roots are either whole numben 
or fractions. 

A root which is indicated but can be found only approx- 
imately is called a snrd or irrational root. Such roots 
involve the roots of imperfect powers. 

Rational and surd roots are together called real roots. 

A root which is indicated but cannot be found, either 
exactly or approximately, is called an imaginary root. Such 
roots involve the even roots of negative numbers. 

Exercise 94. 
Solve : 

1. .r'-3 = 46. 6. 5a;» — 9 = 2a:' + 24. 

2. 2(x'-l)-3(x'+l)+U^0. 7. (a: + 2)* = 4a: + 5. 

^ x'-b,2x' + l_l o x" a:»-10 ^ bO+x" 

3 6 2 5 15 25 

4. -A_+_3_ = 8. 9. 3^-27 904-40:'^^ 

l + arl-o; a;' + 3a;* + 9 

r; 3 1 _7 ,^ o^ , 7_65x 

5. - — -«^=r' 10. OX -] — = --z— • 

4a;» 6a;* 3 x 7 



11. 



12. 



4.1-^ + 5 23;'-5 __ 7a;»-25 
10 15 20 

10.r' + 17 12^J-_2 _ b^j-A 
18 ' 1 1 x' - 8 ~ 9 ' 




QUADRATIC EQUATIONS. 



237 



13. 



14a:' + 16 2x^ + 8 _2x' 
21 8a,-2-ll 3' 



14. a:* + fta: + a = Ja:(l — bx). 
n. m^-\-n = q. 16. a^ — ax-^-b = ax(x — l). 

Affected Quadratic Equations. 

347. Since {x dz by = x* ±: 2bx + b*, it is evident that 
tie expression a^ ±i2bx lacks only the third iertn, &', of 
\mg a perfect square. 
Tliis third term is the square of half the coefficient of x. 
Every affected quadratic may be made to assume the 
form a^ z!t2bx = c, by dividing the equation through by 
the coefficient of a?. 
To solve such an equation : 

The first step is to add to both members the square of 
half the coefficient of x. This is called completing the square. 
The second step is to extract the square root of each 
member of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 

(1) Solve the equation ar* — 8 a: = 20. 

We have a;»-8aj = 20. 

Complete the square, a;* — 8.1; + 16 = 36. 
Extract the square root, a; — 4 = ± 6. 

Reduce, a; = 4 + 6 = 10, 

or a; = 4-6 = -2. 

The roots are 10 and — 2. 



Verify by putting these numbers for x in the given equation : 

a: = 10, a: = - 2, 

10» - 8(10) = 20, (- 2)2 - 8(- 2) = 20, 

100-80 = 20. 4 4-16 = 20. 
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(2) Solve the equation 



x-l x+9 



Free from fractions, (x + l)(a; + 9) = (x — l)(4aj — 3). 
Simplify, 3x»-17x = 6. 

We can reduce the equation to the form x* — 2 &x by dividing 

Divide by 3, x« - V a? = 2. 

Half the coefficient of x is } of — Y- == ~ V'> ^^^ ^® square of • 
is ^-. Add the square of — y to both sides, and we have 



^-5J^ + 



{?)■- 



+ 



289 
36 



or 



^-v«+(^) 



«_^361 
" 36 



17 19 
Extract the square root, ^ ~ "^ ^ =*" '^* 

. ^ 17_^19 36 f. 
^ ^ 17 _ 19 _ _ 2 _ _ 1 

The roots are 6 and — -• 

3 



Verify by putting these numbers for x in the original equation 







x = 


= 6, 






6 


+ 1 


24- 


■3 




6 


-1 

7 
5" 


6 + 

21 
15* 


9 


That 


is, 


7 
5° 


7 
t — • 

5 







, 


1 






X — 


3' 




1 


+ 1 


4 


3 


3 




3 




1 


-1 


>U9 


3 




3 






2_ 


13 






4 


26 




• 


1 


1 




18, 




^m^ ^^* 




1 


2' 


2 
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M When the coefficient of a:* is not unity, we may 
proceed as in the preceding section, or we may complete 
the square by another method. 

Since (ax±by is identical with ci^a^ ±. 2abx-\-h*, it is 
evident that the expression aV ifc 2abx lacks only the 
[ third term, i', of being a perfect square. 

This third term is the square of the quotient obtained 
hy dividing the second term by twice the square root of 
the first term. 

Every affected quadratic may be made to assume the 
form a'3^±2abx = c (§ 247). 
To golye such an equation : 

The first step is to complete the square; to do this, we 
^vide the second term hy twice the sqiuxre root of the first 
^, square the qitotientj and add the result to both mem- 
^8 of the equaiion. 

The second step is to extract the square root of each 
ttiember of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 

249. ITmnerical Quadratics are solved as follows : 

(1) Solve the equation I6x^ + 5a: - 3 = 7a:' — a: + 45. 

16ic» + 5a: - 3 = 7x* - 0? + 45. 
Simplify, 9.r« + 6a' = 48. 

Complete the square, 9ic* + 6 a; + 1 = 49. 

Extract the square root, 3 a; + 1 = ± 7. 

Reduce, 3a; = -lH-7or-l-7; 

3x = 6or-8. 
.-. a; = 2or-2J. 

Verify by substituting 2 for x in the equation 

16a;' + 5a; -3 = 70;* -a; + 45. 
16 (2)» + 5(2) - 3 = 7(2)« - (2) + 45, 
64 + 10 - 3 = 28 - 2 + 45, 
71 = 71. 
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Verify hy sabstitQting — 2} for x in the equation 

16x* + 5a; - 3 - 7a;» - « + 46. 

. -(-iy-(-l)-'(-i)H-l)- 

1024 - 120 - 27 = 448 + 24 + 405, 

877 » 877. 

(2) Solve the equation 3a:* — 4a: = 32. 

Since the exact root of 3, the coefficient of a^, cannot be fonn^ » 
is necessary to multiply or divide each term of the equation by ^ 
make the coefficient of a^ a square number. 

Multiply by 3, 9 ic^ - 1 2 a; = 96. 

Complete the square, 92^*— 12a; + 4 = 100. 



Extract the square root, 


3a;-2 = dbl0. 


Reduce, 


3a; = 2 + 10or2-10; 




3a: = 12 or -8. 




.-. a: = 4 or - 2f . 


Or, divide by 3, 


. 4a; 32 
•^ 3=3' 


Complete the square, 


o 4a;_^4_32^4 100 
3 ' 9 3 ' 9 9 


Extract the square root, 


. 2 ^10 
3 3 




2 ±10 
••"- 3 




= 4or-2§. 


Verify by substituting 4 for x in the original equation, 




48 - 16 = 32, 




32 = 32. 


Verify by substituting - 


- 2) for X in the original equation, 




21J + (10}) - 32. 



32 - 32. 
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(3) Solve the equation -3a:* + 5a; = — 2. 

iJince the even root of a negative number is impowible, it is neces- 
wy to change the sign of each term. The resulting equation is 

Multiply by 3, 9x«-15a? = 6. 

Complete the square, 9 a:* - 1 5 a; + ^ = ^-. 

4 4 

Ejtnict the square root, 3 x - 5 = db -• 

3aj = 6or-l. 

/. ar = 2 or 

3 

Oi", divide bv 3. a:» _ ^ = 2. 

3 3 

Complete the square, x^- ~ -\- — =^--- 

^ ^ 3 3(J 36 

Extract the square root, a: — - = ± -• 

6 6 

6 
= 2 or - -. 

r» 
O 

• If the equation Sa:* — 5a: = 2i8 multiplied by four times the coeffi- 
cient o/'ar', fractions will be avoided : 

36 ar*- 60a; = 24. 
Complete the square, 36 a:* — 60 a; + 25 = 49. 
Extract the square root, 6 a; — 5 = ± 7. 

6a; = 5±7. 

.-. a; = 2or--- 
3 

The number added to complete the square by this last method is 
the square of the coefficient qfx'm the original equation 3 a;* — 6 a; = 2. 

Note. If the coefficient of x is an even number, v^e may multiply 
by the coefficient of a;', and add to eltch member the square of half the 
coefficient of a; in the given equation. 
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250. Literal Qnadratios are solved as follows : 
(1) Solve the equation aa^ + ia: = c. 
Multiply the equation by 4 a and add the square of 6, 

4a«a:*-h()-hy«4a c-hy. 
Extract the square root, 2aa: + 6 = ± V4ac + ft*. 



Reduce, 2ax=^ — h ± V4 ac + 6*. 

— 6 ± V4ac+ 6* 
. . a; = • 

2a 

(2) Solve the equation adx — acoi? = hex — &c?. 

Transpose 5ca; and change the signs, 

acx^ + hex — adx =» hd. 

Express the left member in two terms, 

OCX* + (be — ad) x — hd. 
Multiply by 400, 

4a*c*aj' + 4ac (6c — ad) x = A.ahed. 
Complete the square, 

4a«c«r^ + ( ) + (6c - a</)* = 6*c* + 2a6af + a»(?. 
Extract the root, 2acx + (6c — ad) = ± (6c + ac?). 
Reduce, 2aca?=» — (6c — a(/) db (6c + ad) 

= 2ad or — 2bc. 

d h 

:. a: = - or — -• 

c a 

pq 

(3) Solve the equation ps? —px + qs^ + qx = , • 

Express the left member in two terms, 

pq 
{p-\-q)x»-{p-q)x^^-:^- 

Multiply by 4 times the coefficient of x^, 

4{p-{-qfs^-4: (p^ -q^)x = Apq. 
Complete the square, 

4(p + qfx^ _ ( ) + (p _ 5)« =|,« + 2pj + 9*. 
Extract the root, 2(p + j) a; — (p - j) = ± (j? + 9). 
Reduce, 2( j3 -\- q)x^(p-q)±{p -^-q) 

=-2|>or — 2g. 

.'. g — ^ . . or — 



l> + 9 P + 9 
Note. The left-hand member of the equation when simplified 

must be expressed in two terms, simple or compoundt one term con- 
taining x*, and the other term containing x. 
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Exercise 96. 

Solve : 

1- ^+2ar = a*. 14. 3^ + ax = a + x. 

i'X'=iax+7a\ 16. x" + ax = bx + ab. 

*' ^ — omx. 16. - + - = tH — 

^,cx = a^ + bx^--^^ 19. ^ = a+^^. 

a + b x — Z .r + 3 

7 aV , ft* 2aa; ^/^ ^ i rr(7n* — n') 



5 



mn 



8. (a* + l)a: = aa;* + a. 21. (arr — 6)(ia; — d) = c*. 

9 ^ -L ^ _ 2c 22 <^ + ^ _ mx + n 

x — a X — b X — c bx-\- a , nx + m 

). \ =i + i + l. 23. ^?_+^??- = c. 

a + b + x a b x m + x m — x 

1 1 _3 + .t' o.. (a-l)V+2(3a-l)a;_, 

, — -. ^4, ^— — X 

a — x a-\'X a — rr* 4a — 1 

I. ^ + ^f(f + ^^) = 2... 25. K-f)(f + l)^2re. 

• ;r^^ ^ = ^' 26. — — - = (m — nV, 

2a:-a + 2^» (m + w)' 

a--^ _ 14a^-5a^-10Z>^ , (2a-8^>)rg 
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28. a&x' + ^ = ^°' + «^-^^ -ig^. 

C (^ c 



29. 



m* 



4tt' 



0? 



3m — 2a 4a — 6m 2 



30 



. 6a: + ^5^+^' = 5(a-6) + 



25 ai 



a: 6a: 

31. |(a;' + a' + a^) = ia:(20a + 4^»). 

32. x^ — (b — a)c = ax — bx'{' ex. 

33. a:* — 2ma: = (n— jo + m)(n--j9 — ?7^). 

34. x^ — (m + n)x = \(p + q + m + n)(p + q 

35. wna:* — (m + n)(7nw + l)x + (rn + ny = 0. 
2b — x—2cf, , 4J — 7a a: — 4a 



— m- 



36. 



^a; 



+ 



ax — bx ab — b* 



37. 2a;«(a» - ^»') - (3a' + h')(x - 1) = (3 J« + a*)(ar + 1) 
a 



38. 



26 — a: 56 — a: . 2a — a;— 19b __^ 



a' -46' aa: + 26a: 



26a: 



ax 



X 



gg .^ + 13a + 36 ^_ a-26 
5a — 36 — a: x + 2b 



40. 



a: + 36 



36 



a + 36 



8a'-12a6 96'-4a» (2a + 36)(a:-36) 

41. nx^ -^px—px* — mx + m — n = 0. 

42. (a + 6 + c)a:»-(2a + 6 + <?)a: + a = 0. 

43. (ax — b)(c — d)~{a — b)(cx — d)x. 



=-0. 



44 2a: + l 1/1 2\_ 3a:+l 
6 a:\6 ay a 



45. 



+ 



a 



26a: + 6 



2a:' + a:~l 2a:»-3a:+l 26a:-A aa^-a 
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SSL SolntioiiB by a Formula. Every affected quadratic 
may be reduced to the form a^+px+q = 0/m which p 
and q represent numbers, positive or negative, integral or 

fractional. 

Solve: x'+px + q^O. 

ix'+0+p'=p'- ^q, 

2x-{'p = ±: Vp* — 4 5'. 

% this formula, the values of x in an equation of the 

iom a^^px + y = 0, may be written at once. Thus, take 

^e equation 

3x'-bx + 2 = 0. 



Divide by 3, 
Here, 



a;2_§a: + ? = 0. 
3 3 



5,2 
p = --, andg = -. 

= 5,1 

6 6 
-lor-. 



2S2. Solutions by Factoring. A quadratic which has been 
reduced to its simplest form, and has all its terms written 
on one side, may often have that side resolved by inspection 
into factors. 

In this case the roots are seen at once without complet- 
ing the square. 

(1) Solve or'^- 7a:- 60 = 0. 

Since ir* + 7a; - 60 = (a; + 12)(a; - 5), 

the eqaation a:* + 7a; — 60 = 

may be written (a; + 12) (x - 5) = 0. 
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If either of the hcton a; + 12 or « — 5 is 0, the jfrodud q| 
faetort is 0, aad the equation is satisfied. 

Hence, » + 12 - 0, or « - 5 = 0. 

.*. a: =» — 12, or oj — 5. 

(2) Solve a^+7x = 0. 

The equation 05* + 7 a: = 

becomes a:(x + 7) = 0, 

and is satisfied if a: = 0, or if oj + 7 = 0. 

.'. the roots are and — 7. 

This method is easily applied to an equation aU the terms of wh 
contain x. 

(3) Solve 23^ -x'-Gx^O. 

The equation 2a^ — «• — 6 x = 

becomes x(2a^ — x — 6) = 0, 

and is satisfied if a; = 0, or if 2a5* — » — 6 = 0. 

By solving 2a;*— a; — 6 = the two roots 2 and — - are found. 

td 

3 

.*. the equation has ihrtt roots, 0, 2, — • 

(4) Solve a:* + a;»-4a;-4 = 0. 

The equation a' + aj' — 4a; — 4 = 

becomes a;* (af + 1) — 4 (x + 1) = 0, 

(a;* - 4) (a; + 1) = 0. 
.-. the roots of the equation are — 1, 2, — 2. 

(6) Solve r'-2a;»- lire + 12 = 0. 

We find by trial that if we put 1 for x, the equation is satisfied. 
Hence, 1 is a root. 

Divide by a; — 1 ; the given equation may be written 

(a;-l)(a;»-a;-12) = 0. 
and is satisfied if a; - 1 = 0, or if a;* — a; — 12 = 0. 

The roots are found to be 1, 4, — 3. 

(6) Solve the equation a: (a:* — 9) = a (a* — 9). 

If we put a for x, the equation is satisfied : therefore a is a root 
3 68). 
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Trsnspose all the terms to the left member, and divide by x 
Tlie giYen equation may be written 

(x - a)(x* + ox + a* - 9) =. 0, 

and is satisfied if x- a = 0, or if x» + ox + a* - 9 =* 0. 
The roots are found to be 

a, }(_o+ V36-3a«), i(-a- VSG-Sa"). 



— a. 



Exercise 97. 



Find all the roots of : 

2. (x'~-Sx + 2Xx'-x-12) = 0. 

3. ix+lXx-2)ix + S) = -6. 

5. (x'-x-6)(x'-x-20) = 0. 
«■ a;(a:+l)(a:+2)=a(a+l)(a+2). 



7. a:» — a;'-a;+l = 0. 

8. 8a:»-l = 0. 

9. 8a;' + l = 0. 

10. x«-l = 0. 

11. a:(a:-a)(a;*-J»)=0. 

12. w(ar^+l)+a;+l=0. 



253. Equations in the Quadratic Form. An equation is in 
the qriadratic form if it contains but two powers of the 
unknown number, and the exponent of one power is exactly 
twice that of the other power. 

254. Equations not of the second degree, but of the 
quadratic form, may be solved by completing the square. 

(1) Solve: 8a:« + 63a;«-8. 

We have 8x« + 63x« = 8. 

Multiply by 32 and complete the square, 

256x« + () + (63)» = 4225. 
Extract the square root, 16x^ + 63 = ±65. 

Hence, x* = - or — 8. 



x' = - or 
8 
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Extracting the cube root, two values of x are i and — 2. To £ 
the remaining roots, it remains to solve completely the two eqaati< 



We have. 8x»-l = 0, 

or. (2a; - l)(4a;» -H 2a; + 1) = 0. 

.*. either 2 a; — 1 = 0, 

or, 43;* + 2a; + 1 = 0. 

Solving these, we find for three 
values of a;, 

-1 +>/^ 



i. 



l-V-3 



a;» = -8. 

We have, si^+S^ 

or, (a; + 2)(a;»-2a? + 4)« 

.'. either x -[-2^ 

or, a;* — 2a; + 4 = 1 

Solving these, we find for thrc 
values of x, 

-2, l + V^. l-V^Z. 



4 ' 4 

These six values of x are the six roots of the given equation. 

(2) Solve: V?~3\/? = 40. 

Using fractional exponents, we have a;* — 3 a;* = 40. 

Complete the square. 4 a;* — 12 a;* + 9 = 169. 

Extract the square root, 2 a;* — 3 = ± 13. 

.-. 2a;^ = 16, or - 10, 

a;* = 8, or - 6, 
a;= 16, or — 5v^5. 
There are other values of x which we do not at present find. 



(3) Solve: 

Add 2 to both members, 



^' + 3 + ^ + - = 4. 
or X 



a;«-H2f-i-Ha; + i-6. 
ar x 

Put a; -h - = y ; the equation becomes 
x 

y = 2, or - 3. 



Solving this. 



.-. a; + i = 2, or X + i = - 3. 

X X 



Solving these two equations, we find for the four values of a;, 

1 1 -3 + V5 -3-V5 
A» A, . ^ 
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(4) Solve: a?*~4a:« + 5a;*~2a?-20 = a 
Begin by attempting to extract the square root, 
a!* - 4a;» + 5»» - 2« - 20 Ix* - 2 j; 



23? -2x 



— 4a;» + 6»' 

— 4a:' + 4aj» 



x»- 2a; -20. 
Hence, the equation may be written in the quadratic form 

(a» - 2xf + a» - 2a? - 20 = 0. 
Put as* - 2 a! = y ; the equation becomes 

y« + y-20«0. 
Solving this, y = — 5, or + 4. 

.*. a;* — 2aj =» — 5, or a^ — 2a; = 4. 
Solving these two equations, we find for the four values of x, 

1 + 2V=T, i_2V=n[, 1 + V5, l-VB. 
Exercise 98. 



Solve: 

1. 3* + 7a^ = S, 

2. a^-bx' + ^ = 0. 

3. 37a:* — 9 = 4a;*. 

4. 16a;«=17a;*-l. 

5. 32a;>«-33a:*+l = 0. 

6. (a:»-2)' = i(a;' + 12). 

'' ^ -T-i2=^- 



8. (a^-9y=3 + ll{x'-2). 

9. a;«+14a;» + 24 = 0. 

10. 19a;* + 216a;^ = a:. 

11. a;« + 22a;* + 21 = 0. 

12. a;*» + 3a^ — 4 = 0. 

13. 4a;*-20ar»+23a;'+5a;=6. 

14. 



4- + i-20=0. 
ar"^ x^ 



16. a;* — 4a;»— 10a;» + 28a;— 15 = 0. 

16. a?*-2a;»-13a;*+14a; = -24. 

17. 108a?* = 20a;(9a;»-l)-51a;»+7. 

18. (a;'-l)(a;*-2) + (a;»-3)(a;»-4) = a;*+5. 
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265. Badioal Equations. If an equation involves radict 
expressions, we may first clear of radicals as follows: 



Solve Vx + l + V2a; + 6 = V7a;+14. 

Square both sides, 

a; + 4 + 2y/(x + 4X2x + 6) + 2x + 6 = 7x + 11 

Transpose and combine, 2 V(x + 4X2* + 6) = 4a; + 4. 

Divide by 2 and square, (x + 4X2a; + 6) = (2x + 2)«. 

Multiply and reduce, a^ — 3 a; = 10. 

Hence, a; = 5, or — 2. 

Of these two values, only 5 will satisfy the original equation. 
The value — 2 will satisfy the equation 

Vx + 4 - \/2a:+6 = V7a;+ 14. 

In fact, squaring both members of the original equation is equivv 
lent to transposing y/lx + 14 to the left member, and then multiply- 
ing by the rationalizing factor y/x + 4 + y/'lx + 6 + V7x + 14, to 
that the equation stands * 

(Vx + 4 + \/2a; + (3 - V7a; + 14XVa; + 4 + V2a; + 6+ V7a; + 14)-0, 



which reduces to y/{x + 4X2 a; + 6) - (2 a: + 2) = 0. 

Transposing and squaring again is equivalent to multiplying by 

{y/x -V 4 - V2a; + 6 + \/7a; + 14XVa: + 4 - V2a; + 6 - V7x + 14). 

Multiplying and reducing, we have 

«*-3a;-10 = 0. 

Therefore, the equation x* — 3a; — 10 = is really obtained from 

{VxTi + \/2a;-H6- >/7x + 14) 



X (Vj; + 4 + V2a; + 6 + V7a; + 14) 
X ( ViTi - V2a; + 6 - V7a; + 14) 
X ( VxT4 - V2a;-»-6 + V7a; + 14) = 0. 

This equation is satisfied by any value that will satisfy any one 
the four factors of its loft member. The first factor is satisfied 
^1 and the last factor by — 2, while no values can be found to 
'sfy the second or third factor. 
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Hence, if c^ radical equation of this form is proposed for solutioD, 
if there is a value of x that will satisfy the particular equation given, 
that valae must be retained, and any value that does not satisfy the 
eqaation given must be rejected. (See Wentworth, McLellan, and 
GlaBhan's Algebraic Analysis, pp. 278-281.) 

856. Some radical equations may be solved as follows : 

Solve 7x'-bx + SVf^'^^^bx+l = -S. 

Add 1 to both sides, 

Tx* — 5a; + l + 8V7a*-6a;+ l = -7. 



Pat y/la^ — dx + 1 = y ; the equation becomes 



Hence, 



y' + 8y = -7. 



y 1, or - 7, * 

y«=l, or49. 
Ve now have 7a* — 5a; + 1 = 1, or 70:* - 5a; + 1 = 49. 
Solving these, we find for the values of x, 



»4 



o 16 
3.--. 



These values all satisfy the given equation when we take the 
negative value of the square root of the expression 7 x* — 5 a? + 1 ; 
they are in fact the four roots of the biquadratic obtained by clear 
ing the given equation of radicals. 



Exercise 99. 



Solve : 



2. x' + 3x--+- = }-' 

3. (2a;*-3ar)'-2(2a;»-3a;) = 15. 

4. (ax — by + 4a (oa; — b) — — - 

6. S(2a^-x)-(2x'-x)^ = 2. 

6. lbx-Sa^ + ^x'-5x + 5)^ = ie. 

7. x' + x-^ + x + x-^ = ^. 9. x^+x + i(x' + x)i 

8. a;» + V^^^ = 19. 10. (x + 1)^ + (x - l)^ 



5. 



258 ALGEBRA. 

11. There are three lines of which two are each ^ of tL 

third, and the sum of the squares described on then 
is equal to a square yard. Determine the length 
of the lines in inches. 

12. A grass plot 9 yards long and 6 yards broad has a 

path round it. The area of the path is equal to 
that of the plot. Determine the width of the path. 

18. Find the radius of a circle the area of which would be 
doubled by increasing its radius by 1 inch. 

14. Divide a line 20 inches long into two parts so that the 

rectangle contained by the whole and one part may 
be equal to the square on the other part. 

15. A can do some work in 9 hours less time than B can 

do it, and together they can do it in 20 hours. 
How long will it take each alone to do it ? 

16. A vessel which has two pipes can be filled in 2 hours 

less time by one than by the other, and by both to- 
gether in 2 hours 55 minutes. How long will it 
take each pipe alone to fill the vessel ? 

17. A vessel which has two pipes can be filled in 2 hours 

less time by one than by the other, and by both to- 
gether in 1 hour 52 minutes 30 seconds. How long 
will it take each pipe alone to fill the vessel? 

18. An iron bar weighs 36 pounds. If it had been 1 foot 

longer each foot would have weighed ^ a pound less. 
Find the length and the weight per foot. 

19. A number is expressed by two digits, the units* digit 

being the square of the other, and when 54 is added 
its digits are interchanged. Find the number. 

20. Divide 35 into two parts so that the sum of the two 

fractions formed by dividing each part by the other 
may be 2^. 
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21. A boat's crew row 3|- miles down a river and back 

again in 1 hour 40 minutes. If the current of the 
river is 2 miles per hour, determine their rate of 
rowing in still water. 

22. A detachment from an army was marching in regular 

column with 5 men more in depth than in front. 
On approaching the enemy the front was increased 
by 845 men, and the whole was thus drawn jip in 
5 lines. Find the number of men. 

23. A jockey sold a horse for $144, and gained as much 

per cent as the horse cost. What did the horse cost? 

24. A merchant expended a certain sum of money in goods, 

which he sold again for $24, and lost as much per 
cent as the goods cost him. How much did he pay 
for the goods ? 

25. A broker bought a number of bank shares ($ 100 each), 

when they were at a certain per cent discount, fot 
$7500 ; and afterwards when they were at the same 
per cent premium, sold all but 60 for $5000. How 
many shares did he buy, and at what price ? 

26. The thickness of a rectangular solid is f of its width, 

and its length is equal to the sum of its width and 
thickness; also, the number of cubic yards in its 
volume added to the number of linear yards in its 
edges is f of the number of square yards in its sur- 
face. Determine its dimensions. 

27. If a carriage- wheel 16J feet round took 1 second more 

to revolve, the rate of the carriage per hour would be 
IJ miles less. At what rate is the carriage travelling? 



CHAPTER XX. 

SIMULTANEOUS QUADRATIC EQUATIONS. 

268. Quadratic equations involving two unknown num- 
bers require different methods for their solution, according 
to the form of the equations. 

Case I. 

259. When from One of the Equations the Value of One of 
the Unknown Kumhers can be found in Tenns of the Other, and 
this Value substituted in the Other Equation. 



Solve: 3:r'-2a;y = 5) (1) 

x-y = 2i (2) 

Transposa x in (2), y — x — 2. 

In (1) pnt a? — 2 for y. 

3a»-2a:(aj-2) = 5. 
The solution of which gives a? = 1, or a: = — 6. 
If a; = 1, 

y»l-2--l; 
and if « =» — 6, 

y = _5-2 = -7. 

We have therefore the pairs of values, 



^-M:or* = -n 



The original equations are both satisfied by either pair of values. 
But the values x = \,y== — l, will not satisfy the equations ; nor will 
he values a: = — 5, y = — 1. 

The student must be careful to join to each value of x 
e corresponding value ofy. 
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Case II. 

sea Wben the Left Side of Each of the Two Eqnatioiui is 
Hbrnogeneoiu and of the Second Degree. 



Solve: 






(1) 
(2) 



Lety — vx, aud substitute vx for y in both equations. 
From (1), 2v'x^- 4 vx* + 3 »» = 17. 

16 



From (2), 



.-. 3^ = 



17 



t;*-l 
16 



£rtj[U»l/C UiO ViftlUOB VJ Hi , 


2v»-4v + 3 v»-l 


32v»-64v 


+ 48 = 17v*-17, 




15v«- 


-64v = -65, 




225 1;2- 


960v = -975, 


225 1 


^^-0 + 


(32)« = 49, 




15 V 


-32 = ±7. 

5 13 


If »=| 




If V = ^^. 

5 


6x 
y = vx=' ^. 

Substitute in (2), 




13 a; 

y = va; = -— . 



Substitute in (2), 


^^ ar* = 16, 




169^ ..= 16. 
25 


a:« = 9, 




«' = ?• 


x^±S, 




9 


5x K 






^5 3 
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(3) Solve : a; — y = 4 ) 

a:« + y» = 40) 

Square (1), »'-2a!y + y» = 16. 

Subtract (2) from (3), - 2ay « - 24. 
Subtract (4) from (2), 

«* + 2ay + y»=.64. 
Extract the root, « + y = ± 8. 

?rom (1) and (5). a? = 6) or^"'"'^\ 

y-2/' y--6i 



(4) Solve: r» + y' = 91 

X + 



y= 7J 



Divide (1) by (2). x* - ay + y« = 13. 

Square (2), aj« + 2ay + y« =» 49. 

Subtract (3) from (4), 3 ay = 36. 

Divide by - 3, - ay = - 12. (. 

Add (5) and (3), «» - 2 ay + y« = 1. 

Extract the root, x — y « ± 1. (6 

From (2) and (6), a?»4'l. ^j.a; = 31 

y-3/' y = 4r 



(5) Solve: 


«+y=12 i 


(1 
(2 


Divide (1) by (2), «» 


-«y + y' = ^- 


(3 


Square (2), a» + 2 ay + y* - 144. 


(4 


Subtract (4) from (3), 


Zxy^^-f 144. 




which gives 
We now have, 

Solving, we find, 


ay = 32. 

« + y-121 

ay - 32 i » 
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Exercise 101. 



Solve: 

^- ar + y=13) 
ay = 36 ) 

ay =100 J 
^. a: — y = 19 



a;y = 66 



1 



^. a: — y = 45) 
a;y=260 ) 

5. a:-y=10 ) 
x' + y' = ns\ 

6. a? — y = 14 I 
a:» + y» = 436 3 

7. ar + y=12 ) 
a;* + y'=104) 

8. 1 + 1 = § 
X y 4: 

a:»"^y« 16 J 

9. 1 + 1 = 5 

X y 

1 + 1 = 13 

10. 7a:*-8a;y = 159) 
5a: + 2y = 7 3 



11. a; + y = 49 \ 
a:« + y» = 16813 

12. a;» + y» = 341) 
a: + y=ll 3 

13. a;» + y» = 1008) 
x + y=l2 3 



14. a;»-3/^ = 98 



^ = 98) 
= 2 3 



16. a;»-y' = 279) 
x—y=S 3 

16. a?-3y = l) 
a;y + y« = 53 

17. 4y = 5ar+l ) 
2a;y = 33 — a;M 



18. 1-1 = 3 

X y 

s^ y* 



19.1 

X 

1 



y 
^ y" ^ 



20. a;* — 2ay — 3^ = 1 1 

a? + y = 2 J 
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Exercise 102. 



Solve : 

1. sc' + an/ + 2y'=74: ) 
2x' + 2x7/ + y' = 7si 

2. a;' + a;y + 4y' = 6| 

3. s^-xy + t/' = 2l) 

4. a;»-4y*~9 = 0) 
a;y + 2y»~3 = 0j 

5. x^ — xy-Sb = 0) 

6. a;» + a:y + 2y» = 44) 
2a;'-a:y + y'=16j 

7. a:' + a;y-15 = 0) 
-y*-2 = J 

8. ^^_a;y + y»=7 ) 

^=162 3 



xy-y" 



Saj'+lSary+Sy' 



9. 2a;» + 3a:y + y» = 70) 
6a;» + a:y-y* = 50 j 

10. 3? — xy — y^ = b \ 
2a;» + 3a;y + y» = 28) 

11. 4a;y = 96-ar'y'| 

^+y=6 j 

12. a:' + y«=18-a:-y| 
xi/ = 6 ) 

13. 2(a;« + y^)=5a;y| 
4(a:-y)=a;y j 

14. 4(a; + y)=3a;y | 
x + y + x' + y' = 2&) 

15. 4a;» + a:y + 4y' = 68) 
5a;» + 5y» = 65 J 

16. xy(x + y)=SOl 
a^ + y» = 35 J 



Exercise 103. 



Solve : 



1. x — y = 7 I 
x' + xy + f^lBi 

2. a:' + a;y = 35) 
xy — y^=Q ) 

3. a;y-12 = 01 
a;-2y = 5 J 

4. a:y-7 = ) 
a;» + y» = 50j 



5. 2a; — 5y = 9 ) 

a:*-a;y + y*= 7 j 

6. X — y = 9 ) 
a;y + 8 = 0j 

7. 5a;-7y = 
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8. z-y = l 1 2JJ x + y . a;-.v _10) 

^+y' = 8i) ' x-y^x + y S \ 

, j..._._o ^ «' + v' = 45 J 



9. 3^ + ixy = S ) 
= 2i) 



40^ + 2^ = 2^) ^^ 1 + 1 = 5 

10. a" - a:y + y» = 48 ) * y 

a;-y-8 = j 1 I 1 -17 

x+1 y+1 12 



1. «'+3ay + y»=l 1 

= 13) 

y = 4 > 



Saj* + a:y + Sy* = 13 ) 24. a:» — ay + y» = 7 ) 

. . = 133 ) 

a' + ay — y» = | / 26. x + y = 



*'-2xy + 3y' = li| a!*+a:'y' + y' 

y = l 1 x — y = a ) 









. a:» + 9a;y = 340) 



a; + y = 



= 6 ) 

= 72) 



r» + y»=72i 29. a;y = | 

. 3:cy + 2a; + y = 485) a:* + y' = 16i 

3a:--2y = ) 30. 3? + xy + y^ = ^l ) 

a?* + a;'y* + y* = 481) 



. x — y= 1 ) 

9. a:» + y»=2728 ) 3^ = 0^ + 53; 

= 124 3 



31. 3i? = ax-\-hy^ 



>. a; + y = a ) 15(a:' — y') = 16a:y 

ai« + y» = i>j 



33. £±i^ + £izi^ = §5 

a;-^y a;+y "^ 
3a'-4a:y + 5y=9) 6a; = 20y + 9 



as»_y" = ) " a; — y x + y 40 

= 9) 
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34. 5 + ? = l1 
a 

X y 



36. a^ + y'^l + xy 
a^ + l/' = ^xy-\S 

36. a:*-y* = 3093) 
ar — y = 3 j 

37. f(:r-l)-i(a;+l)(y-l) = -in 
i(y + 2) = i(ar + 2) I 

38. 10a;» + 15a;y = 3a6-2aM 
10y»+15a;y = 3a6-2^»M 

39. (2a; + 3y)'-2(2a: + 3y) = 8) 



40. a; + y + Var + y = a ) 
a; — y -(- Va; — y = ^ I 

41. a;*-a:»y' + y* = 13) 

= 3 j 



44. (a:~y)»-3(a:~y) = 10) 
46. V5 — Vy = a;2 (a;i + yi) 



42. a:* + y* + a; + y = 48 
rEy=12 

43. v^ + xy + y^ = a^^ 
X + Vary -\-y — b ) 



] 



46 



■ (i%)'H^)'-} 

arv — Ca; + v) = 54 J 



47. a; + y+Va;y = 28) 
a:* + y' + a;y = 336 j 



Exercise 104. 



1. If the length and breadth of a rectangle were each 
increased by l^^the area would be 48 ; if they were 
each diminished by 1, the area would be 24. Find 
the length and i)readth. 




SIMULTANEOUS QUADRATIC EQUATIONS. 
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^ + 3^ = 8iJ 



3^ = 8^ 

9. a;' + 4a;y = 3 | 
4a;y + y« = 2iJ 

10. a;»-a;y + y« = 48) 

11. a;' + 3a;y + 3/»=l | 
3a;' + a;y + 3y« = 13j 

12. a;'-2a;y + 3y»=l|| 

13. x + y = a I 
4a;y-a« = ~46M 

14. x — y = \ 

X y 

y + x=^ 

15. o;' + 9a;y = 340 ) 
7a;y-y«=.171j 

16. a; + y = 6 ) 
a;» + y»=72j 

17. 3a:y + 2a; + y = 485| 
3a? — 2y = 

18. a: — y=l | 

19. r» + y»=2728 



I 



a^-xy + y" 



28 ) 
= 124) 



20. x + y=za \ 
a:» + y» = J«; 

21. a:*-y» = 

Za^-^xy + bf 



=,} 



22. £±i?+£:iy=io 

«— y x+y 3 
a:» + y« = 45 

23. 1 + 1 = 5 

X y 



^+-1-=1^ 
X+\^y + l I2J 

24. a;>-a;y + y» = 7 ) 
a;« + a:»y» + y* = 133) 

26. x + y = ^ \ 

26. a:'-y» = a') 
x—y=a ) 



] 



27. x' — xy = a^ + b^ 
xy — y* = 2ab 

28. a;'-y» = 4a5) 
xy = a^^b* ) 

29. xy = ) 
a:« + y« = 16j 



30. a;' + a:y + y» = 37 ) 
x' + x'y' + y'=:4:Sl) 

31. a;* = aa: + Jy') 
y* = ay + i^ 3 

32. a?— y — 2 = > 
15(a;«-y») = 16a;yj 

33. £±i^ + £lZi^ = §? 
a? — y a: + y 40 

6a? = 20j^ -f 9 
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real part, — -— , and the same imaginary parts, but w. 

opposite signs ; such expressions are called oonjngate ima^ 
naries. The expression b^ — ^ac is called the diSGiimuuL 
of the expression oar* + bx + c. 

266. The above cases may also be distinguished as foUow^a 

Case I. J' — 4ac > 0, roots real and unequal. 
Case II. ^' — 4a(? = 0, roots real and equal. 
Case III. i' — 4ac < 0, roots imaginary. 

266. By calculating the value of b* — ^ac, we can deter- 
mine the character of the roots of a given equation without 
solving the equation. 

(1) x'-'bx + 6 = 0. 

Here a = l,6 = — 5, c = 6. 

6«-4ac = 25-24 = l. 

The roots are real and uneqaal, and rational. 

(2) 3a;* + 7a;- 1 = 0. 

Here a = 3, 6 = 7, c = — 1.* 

6«-4ac = 49 + 12 = 61. 

The roots are real and aneqnal, and are both surds. 

(3) 4ar*-12a; + 9 = 0. 

Here a = 4, 6 = - 12, c-9. 

6«-4ac = 144 -144 = 0. 

The roots are real and equal. 

(4) 2a;»-3a; + 4 = 0. 

Here a = 2, 6 = - 3, c = 4. 

62-4ac = 9-32 = -23. 

The roots are both imaginary. 




PROPERTIES OF QUADRATICS. 
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(6) Find the values of m for which the following eqoa- 

tion has its two roots equal : 

Im^ + (6m + 2)a? + (4m + 1) = 0. 
Here a = 2m, &«5m + 2, c = 4m -i- 1. 

If the roots are to be equal, we mnat have 

6* - 4ac = 0, or (5m + 2)* - 8m{4m + 1) - 0. 



m » 2, •! 

7 



This gives 

For these values of m the equation becomes 

4ic* + 12a; -I- 9 = 0, and 4a:* - 4ar -|- 1 = 0, 
6ach of which has its roots equal. 



Exercise 105. 



Determine without solving the character of the roots of 
Gach of the following equations : 



1. a;* -7a: + 12 = 0. 

2. a;* — 7a; — 30 = 0. 

3. a;» + 4a; — 5 = 0. 

4. 6a:* + 8 = 0. 

6. 7ar»-3a:-22 = 0. 



6. a;» + 4a;+l=0. 

7. a;»-2a: + 9 = 0. 

8. 3a;» — 4a: — 4 = 0. 

9. a;» + 4a: + 4 = 0. 
10. 7a:-3a;»-2 = 0. 



Determine the values of m for which the two roots of 
each of the following equations are equal : 

11. (m + l)a:» + (m-l)a: + m + l = 0. 

12. (3m+l)a;» + (2m + 2)a: + m = 0. 

13. (m-2)a;» + (m-5)a:+2m — 5 = 0. 

14. 2ma;* + a:* — 6ma; — 6a;+6m-|- 1 = 0. 

15. ma;' + 2a;* + 2m = 3ma;-9a; + 10. 
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Relations of Roots and Coefficients. 

267. Consider the equation a;* — 10 a? + 24 = 0. Resol've 
into factors, {x — 6)(x — 4) = 0. The two values of x stre 
6 and 4 ; their sum is 10, the coefSicient of x with its si^n 
changed ; their product is 24, the third term. 

268. In general, representing the roots of the quaditLt^ic 
equation (ia^ + bx + c = by ri and r„ we have (§ 263), 





^2 


— 


b 
2a 


2a ' 




VJ'-4ae 
2a 


n 




c 
a 


b 
a' 





Adding, 

multiplying, 

If we divide the equation aa^ + Ja? + c = through by 

b c 

a, we have the equation a:* + -^ + - = 0; this may be 

a a 

written a^ -\- px -^ q ^= where ^ = -, q = -' 

a a 

It appears, then, that if any quadratic equation is made 

to assume the form a;* +^a: + y = 0, the following relations 

hold between the coefficients and roots of the equation : 

(1) The sum of the two roots is equal to the coefficient 
of X with its sign changed. 

(2) The product of the two roots is equal to the constant 
term. 

Thus, the sum of the two roots of the equation 

a;'~7a; + 8 = 
is 7, and the product of the roots 8. 



CHAPTER XXI. 

PROPERTIES OF QUADRATICS. 

263. Every aflfected quadratic can be reduced to the fortn 
as? -\-bx-\- c = 0^ the solution of which gives the two roots 



h . -y/b^ — ^ac j b '\/b^ — 4:ac 
— _ — I _ and — ^r 

2a 2a 2a 2a 

Ohaeactee of the Roots. 

264. As regards the character of the two roots, there are 
three cases to be distinguished. 

I. If V — 4ac is Positive and not Zero. In this case the 
roots are real and unequal. The roots are real, since the 
square root of a positive number can be found exactly or 
approximately. If i'--4ac is a perfect square, the roots 
are rational ; if 4' — 4ac is not a perfect square, the roots 
are surds. 



The roots are unequal, since V^' — 4a^ is not zero. 

n. If V — 4ac is Zero. In this case the two roots, are 

real and equals since they both become — ^r— 

Aa 

m. If b'— 4ac is Negative. In this case the roots are 
imaginary^ since they both involve the square root of a 
negative number. 

The two imaginary roots of a quadratic cannot be equal, 
since V — ^ac is not zero. They have, however, the same 
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272. Any quadratic expression may be resolved i. 
factors by putting the expression equal to zero, and solr. 
the equation thus formed. 

(1) Resolve into two factors a^ — 5x + S. 
Write the equation 

Solve this equation, and the roots are found to be 

5JlV13 ^^^ 5WB. 
2 2 

Therefore, the factors ofx* — 5a;-|-3are 

2 2 

(2) Resolve into factors 3 a:* — 4 a: + 5. 

Write the equation 

3a«-4a? -1-5-0. 
Solve this equation, and the roots are found to be 

2±VER and 2z^^. 
3 3 

Therefore, the expression 3a^ — 4 a? -f 5 may be written (J 270), 

2-fV^=TT\/ 2->/=ni' 



(.-5i^)(..-^. 



Exercise 106. 
Form the equations of which the roots are 

1. 2,1. 4. I, ~f. 7. a — 26, 3a + 2i. 

2. 7,-3. 6. -5, -f 8. 2a — 6, 6-8a. 

3. ii 6. -f f 9. a+1, 1-a. 
Resolve into factors : 

10. 3a;» — 15a;-42. 13. a;«-3ar + 4. 

11. Qa;* — 27a;-70. 14. x' + x + l, 

12. 49a:* + 49a; +6. 16. 4a;' + 12a: + 13. 




CHAPTER XXII. 
RATIO, PROPORTION, AND VARIATION. 

^. fiatio of Ntunbers. The relative magnitude of two 
combers is called their ratio when expressed by the indi- 
^fed quotient of the first by the second. Thus, the ratio 

^^fl to i is f, or a -5- 6, or a : J. 



The first term of a ratio is called the anteoedenty and the 

^ond term the conseqaent. When the antecedent is equal 

^ the consequent, the ratio is called a ratio of equality ; 

^hen the antecedent is greater than the consequent, the 

^tio is called a ratio of greater inequality ; when less, a ratio 

^( less inequality. 

When the antecedent and consequent are interchanged, 
the resulting ratio is called the inverse of the given ratio. 
llius, the ratio 3 : 6 is the inverse of the ratio 6 : 3. 

274* A ratio will not be altered if both its terms are 
multiplied by the same number. For the ratio a:b is 

represented by -, the ratio ma : mb is represented by — - ; 

unb 

and since — - = -, we have ma : mh = a:b. 
mb b 

87& A ratio will be altered if different multipliers of its 
terms are taken ; and will be increased or diminished ac- 
cording as the multiplier of the antecedent is greater than 
or less than that of the consequent. Thus, 
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If 

then 
and 

but 



ma'>na, 

mu na . 

nb nb * 

na__a 
nb b 

' ' nb b 



or ma : nb "^ a : b. 



If 
then 

and 
but 



ma<na, 

ma ^na ^ 
nb Tib ' 

na_a 
nb b 

ma ^a 
nb b 



or ma :nb<a:b. 



276. Batios are compounded by taking the product of th« 
fractions that represent them. Thus, the ratio compounded 
of a : 6 and c:d is ac: bd. 

The ratio compounded o^ a:b and a : i is the dupUcaU 
ratio a' : 4* ; the ratio compounded of a : 4, a : b, and a:i 
is the triplicate ratio a' : 4' ; and so on. 

277. Ratios are compared by comparing the fractions 
that represent them. 

a : b > or < c : df 



Thus, 
according as 



as 
as 



a^ ^c 
ad^ ^bc 
ac? > or < be. 



278. Proportion of Numbers. Four numbers, a, J, c, d, are 
said to be in proportion when the ratio a : 4 is equal to the 
ratio c : d. 

We then write a : b = c : d, and read this, the ratio of a 
to b equals the ratio of c to cZ, or a is to 4 as (? is to d, 

A proportion is also written a:b:: c:d. 

The four numbers, a, i, c, c2, are called proportionak ; a 
and d are called the eztremeSf b and (? the means. 
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269. Besolation into Factors. By § 268, if n and r, are 
the roots of the equation ai^-{-px + q = 0, the equation 
may be written 

^ — (^1 + ^2)^ + ^i^j = 0. 

The lefb member is the product of a: — ri, and x — r,, so 
that the equation may be also written 

(x — ri)(x — r,) = 0. 

It appears, then, that the factors of the qimdratic expres- 
sion x^ -\-px + q are x — ri and x — r,, where ri and r, are 
the roots of the qicadratic eqicaiion a^ -\-px -{- q = 0. 

The factors are real and different, real and alike, or 
imaginary, according as r^ and r, are real and unequal, 
real and equal, or imaginary. 

If r, = n, the equation becomes (x — r^(x — r^ = 0, or 
(x — ri)' = ; if, then, the two roots of a quadratic equa- 
tion are equal, the left member, when all the terms are 
transposed to that member, will be a perfect square as 
regards x, 

270. If the equation is in the form or* + 4a; + ^ = 0, the 
left member may be written 



\ a a J 

a(x — ri)(a; — r,). 



271i If the roots of a quadratic equation are given, we 

can readily form the equation. 

5 
Form the equation of which the roots are 3 and — - • 



The equation is (a? — 3)[ « -1- - j = 0, 

or (a;-3)(2a; + 5)=-0, 

or 2a;»-a!-16=-0. 



270 ALGEBRA. 

9. Two boys run in opposite directions round a rectan- 
gular field, the area of which is an acre ; they start 
from one corner and meet 13 yards from the oppo- 
site corner ; and the rate of one is ^ of the rate of 
the other. Determine the dimensions of the field. 

10. A, in running a race with B, to a post and back, met 

him 10 yards from the post. To make it a dead 
heat, B must have increased his rate from this point 
41^ yards per minute ; and if, without changing his 
pace, he had turned back on meeting A, he would 
have come 4 seconds after him. How far was it to 
the post ? 

Note. If 2a;=>the number of yards to the post and back, and 
y the number of yards A runs a minute, then of y, or 

m^::^ « the number of yards B runs a minute. "" "*" ^^ 
a; + 10 ^ 

11. The fore wheel of a carriage turns in a mile 132 times 

more than the hind wheel ; but if the circumferences 
were each increased by 2 feet, it would turn only 
88 times more. Find the circumference of each. 

12. A person has $6500, which he divides into two parts 

and loans at different rates of interest, so that the two 
parts produce equal returns. If the first part had 
been loaned at the second rate of interest, it would 
have produced $180; and if the second part had 
been loaned at the first rate of interest, it would 
have produced $245. Find the rates of interest. 



CHAPTER XXL 

PROPERTIES OF QUADRATICS. 

263. Every aflfected quadratic can be reduced to the fortn 
ao? + 6a: + c = 0, the solution of which gives the two roots 



2a 2a 2a 2a 



Character of the Roots. 

264* As regards the character of the two roots, there are 
three cases to be distinguished. 

I. If b' — 4ac is Positive and not Zero. In this case the 
roots are real and unequal. The roots are real, since the 
square root of a positive number can be found exactly or 
approximately. If b^ — ^ac is a perfect square, the roots 
are rational ; if J* — 4ac is not a perfect square, the roots 
are surds. 

The roots are unequal, since s/h^ — 4ac is not zero. 

n. If V — 4ac is Zero. In this case the two roots are 

real and equal, since they both become — — • 

^a 

nL If b'— 4ac is Negativei In this case the roots are 
imaginary^ since they both involve the square root of a 
negative number. 

The two imaginary roots of a quadratic cannot be equal, 
since 4' — 4 cw? is not zero. They have, however, the same 
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If 




m>n, 


then 




ma>na, 


and 




rna na . 
nb nb * 


but 




na a 
nb b 




• 
• • 


ma a 
nb b 


or 


ma 


:nb>a:b. 



If 


m<n, 


then 


ma<na, 


and 


ma ^na ^ 
nb nb * 


but 


na_a 
nb b 




. ma a 
' ' nb b 


or 


ma :nb<a:b 



276. Ratios are compounded by taking the product of the 
fractions that represent them. Thus, the ratio compounded 
of a : 5 and cdia acbd. 

The ratio compounded of a : i and a:b ia the duplicate 
ratio a* : 5' ; the ratio compounded of a:b, a:b, and a : b 
is the triplicate ratio a' : 4' ; and so on. 

277. Ratios are compared by comparing the fractions 
that represent them. 

a : 4 > or < c : cZ, 



Thus, 
according as 



as 



as 



a^ ^c 
ad ^ ^bc 
ad >- or < be. 



278. Proportion of UTiimberB. Four numbers, a, b, c, d, are 
said to be in proportion when the ratio a:b\a equal to the 
ratio c:d. 

We then write a : b = c : d^ and read this, the ratio of a 
to b equals the ratio of (? to (/, or a is to i as (? is to d, 

A proportion is also written a:b :: c:d. 

The four numbers, a, b, c, d, are called proportionals ; a 
and d are called the eztremesy b and c the means. 
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(6) Find the values of m for which the following eqoa- 
tion has its two roots equal : 

2mx' + (6m + 2)x + (4m + 1) = 0. 
Here a = 2m, & = 5m-|-2, c = 4m + 1. 

If ihe roots are to be equal, we most have 

6» - 4ac = 0, or {5m + 2)* - 8m(4m + 1) =» 0. 

2 
This gives m = 2, tr — -• 

For these values of m the equation becomes 

4a;» + 12a; -I- 9 = 0, and 4a:* - 4a: + 1 = 0, 
each of which has its roots equal. 

Exercise 105. 

Deteimine without solving the character of the roots of 
each of the following equations : 

1. a;'-7a: + 12 = 0. 6. a;» + 4a:+ 1 =0. 

2. x'-7x'-S0 = 0. 7. a;»~2a: + 9 = 0. 

3. a;' + 4a?-5 = 0. 8. Sa;*- 4a:-4 = 0. 

4. 6a;' + 8 = 0. 9. a;' + 4a: + 4 = 0. 
6. 7a;»-3a:-22 = 0. 10. 7a:- 3a;'~2 = 0. 

Determine the values of m for which the two roots of 
each of the following equations are equal : 

11. (m + l)a:' + (m-l)a: + m + l = 0. 

12. (3m+l)a;'+(2m + 2)a: + m = 0. 

13. (m-2)a;» + (m-5)a:+2m-6 = 0. 

14. 2mx' + x' — Qmx — 6x + Qm + l = 0, 

15. ma;* + 2a;' + 2m = 3ma; — 9a;+10. 
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If 

then 
and 

but 



ma^naf 

nb nb ' 

na_a 
nb b 

' ' nb b 



or ma mb^aib. 



If m < n, 

then ma < wa, 

J Tna ^na 

and -T < "T *» 

but ^=?. 

or ma : ti^ < a : J. 



276. Ratios are compounded by taking the product of the 
fractions that represent them. Thus, the ratio compounded 
of a:b and c:d is ac: bd. 

The ratio compounded of a : 5 and a : i is the duplicaU 
ratio a' : i* ; the ratio compounded of a : J, a : b, and a : h 
is the triplicate ratio a' : i' ; and so on. 

277. Ratios are compared by comparing the fractions 
that represent them. 

a : b> or <c:dt 



Thus, 
according as 



as 
as 



a^ ^c 
ad ^ ^bc 
ad > or < be. 



278. Proportion of Numbers. Four numbers, a, J, c, cZ, are 
said to be in proportion when the ratio a : i is equal to the 
ratio c: d. 

We then write a : b = c : d, and read this, the ratio of a 
to b equals the ratio of c to cZ, or a is to 4 as c is to d, 

A proportion is also written a:b ::c:d. 

The four numbers, a, b, c, d, are called proportionals; a 
and d are called the extremes, b and c the means. 
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279. When four numbers are in proportion, the product 
0^ the extremes is equal to product of the means. 

For, if 
then 



a:b = 


= c : 


d. 


a 


c 
^ d 




ad = 


= bc. 





Multiplying by bd, 

The equation ad = be gives a = -7, b=—] so that an 

d c 

extreme may be found by dividing the product of the 
taeans by the other extreme ; and a mean may be found by 
dividing the product of the extremes by the other mean. 
If three terms of a proportion are given, it appears from 
the above that the fourth term can have one, and but one, 
value. 



280. If the product of two numbers is equal to the 
product of two others, either two may be made the ex- 
tremes of a proportion and the other two the means. 

For, if ad= be, 

then, dividing by Jrf, ad_ be 

bd~bd 



or 



a c 

b~d 

.', a:b = c:d. 



281. Transformations of a Froportion. If four numbers, a, 
J, {?, d, are in proportion, they will be in proportion by : 

L Inversion ; that is, b will be to a as (2 is to c, 
F#r, if a:b = e:d, 

than 5f = f, 

b ct 
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and 1 -^- - = 1 -f- -» 

o a 

h d 

or - = -. 

a c 
.', b:a = d:c. 



n. Oomposition ; that is, a -fi will be to 5 as (?-f-^ is to 
For, if a:b = c:d, 



then 



a_£ 
b^<i 



and |+l = f+l, 

a + b __c + d 



or 



.*. a-{'b:b = c + d:d. 

III. Diyision ; that is, a — i will be to J as c — rf is to (?. 
For, if a : 6 = <? : c?, 



then 



a c 



— -t 



b d 



and T-— 1 = -— 1, 

o d 

a — b c — d 

.'. a—b:b = c — d:d. 

IV. Oomposition and Division; that is, a + i will be to 
a — ias(? + c?isto(? — rf. 

For. from II.. «±i=£±i. 

b d 

and from III., 



Dividing, 



b d 

a-\-b c-^-d 
a — b C — d 
:, a-\-b \ a — b =^ e -\' d '. c — d. 
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7' Altemation ; that is, a will be to (? as i is to c?. 



For, if 


a:b = c:dj 


then 

1 


a c 
b d 


Multiplying by -» 

c 


ab be 
be ed 


►r 


a _ b 




c d 


• 
• 


. a:c=^b:d. 



282. In a Series of Equal Batios, the sum of the antecedents 
is to the sum of the consequents as any antecedent is to its 
consequent. 

For, if « = f = f = 2. 
' b d f h 

r may be put for each of these ratios. 
Then ^ = r,^=r.t=^r,l = r. 

.', a = br, e = dr, e^=fry g = hr. 

.-. a + e + e + g^{b + d+f+h)r, 

, a + c + e + g _^_a 
" b+d+f+h b 

.'. a + e + e + gib + d+f+h = a\b. 

In like manner it may be shown that 

ma + ne+pe + qg : mb-{-nd+pf-{'qh = a:b, 

283. Ckmtinued Proportion. Numbers are said to be in 
coniinited proportion when the first is to the second . as the 
second is to the third, and so on. Thus, a, i, c, d, are in 

n h r 

oontimied proportion when t = - = -;• 

bed 



.^ 



■^- 
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(3) li a :b = c: d. and a is the grealeU term, show that 
a-r d I'. 'fiTHAl^v than h-^ c. 

(1) 



(2) 



.S;:iC* 




2 = f and a > c, 
6 <f 


ih': 'Unoriiinator 


b>d. 


From H;, 


by divUioL. 


a — h c — d 
h d 


Hince 




h>d. 


from ^2». 




a-h>c -d. 


Now, 




h-d=^h^d. 


Ad'l.ng. 




a - d> h -*- c. 



288. Batio of Qnantities. To measure a quantity of any 
kind is to find out how many times it contains another 
known quantity of the same kind, called the unit of measniei 
Thus, if a line contains 5 times the linear unit of measure, 
one yard, the length of the line is 5 yards. 

289. OommoDBurable Quantities. If two quantities of the 
same kind are so related that a unit of measure can be 
found which is contained in each of the quantities an in- 
tegral number of times, this unit of measure is a common 
measure of the two quantities, and the two quantities are 
said to be commensurable. 

If two commensurable quantities are measured by the 
same unit, their ratio is simply the ratio of the two numbers 
by which the quantities are expressed. Thus, ^ of a foot is 
a common measure of 2^ feet and 8f feet, being contained 
in the first 15 times and in the second 22 times. 

The ratio of 2^ feet to 8f feet is therefore the ratio of 
15 : 22. 

Evidently two quantities different in kind can have no 
ratio. 
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Extracting 


the nth root, 


1 

6« 


1 






1 


1 
:6» = 


1 


I 



287. The laws that have been established for ratios 
should be remembered when ratios are expressed in frac- 
tional form. 

(1) Solve: ^ + ^+l ^ a:'-a: + 2 
By composition and division, 

2(a; + l)°-2(a;-2)' 

This equation is satisfied when a; = 0. For any other valae of x^ 
we may divide by jb*. 

We then have = » 

a? 4- 1 2-x 

and therefore a; = }. 

(2) If a : 6 = c : c?, show that 

a' + aJ : i' — aJ = 6?' + cc? : cP — cd. 

If 
then 
and 



thatlB, 
or 







6 


c 








a + 6 


c + d 








a — b 


c — d 








a 
-b 


c 
-d 




• 


•~6 


X^ + J = 
o»4-a6 


c j^C + rf. 

— d " c — c?* 

c»4 erf 
rf*-crf 




a« 


4-a6 


:6«-a6 = 


. C* 4- erf : cP — 


erf. 
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Now V2= 1.41421356 , a value greater than 1.414213, 

but less than 1.414214. 

If then, a millionth part of h is taken as the unit, the 

value of the ratio ? lies between ]V^31 and i|^^, 

b 1000000 1000000 

and therefore differs from either of these fractions by less 

than 

1000000 

By carrying the decimal farther, a fraction may be found 
that will differ from the true value of the ratio by less than 
a billionth^ a tnllionth^ or any other assigned value what- 
ever. 

291. The ratio of two incommensurable quantities is an 
incommensnrable ratio, and is a fixed valine toward which its 
successive approximate values constantly tend as the error 
is made less and less. 

292. Proportion of Quantities. In order for four quanti- 
ties. Ay Bf Cj Df to be in proportion, A and JB must be of 
the same kindy and O and D of the same kind (but O and 
D need not necessarily be of the same kind as A and JB), 
and in addition the ratio of ^ to J? must be equal to the 
ratio of C to D, 

If this be true, we have the proportion 

A:JB=C:I). 

When four quantities are in proportion, the numbers by 
which they are expressed are four abstract numbers in 
proportion. 

293. The laws of § 281, which apply to proportion of 
numbers, apply also to proportion of quantities, except that 
alternation will apply only when the four quantities in 
proportion are all of the same kind. 
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Exercise 107. 
If a : i : : c : rf, prove that : 

1. ma :nb::mc: nd. 4. c?:h^ :\(? : cP. 

2. da + b:b::Sc-\-d:d, 6. a:a + b : :c:c + d. 

3. a+2b:b::C'\-2d:d. 6. a:a — b::c:c — d. 

7. ma + nb : ma — nb:: mc + nd : mc — nd, 

8. 2a + 3i:3a-4i::2c + 3c?:3c-4rf. 

9. ma* + nc* : mb^ + wcP : : a' : 6*. 

10. Tna' + nai +pb* : wic* + ^^c? +p(P :\V : cP. 

If a : 6 : : i : (?, prove that : 

11. a + 6 : i + c: : a: S. 12. a' + aS : 6' + Jc: : a : c. 

13. a : c : : (a + i)» : (i + (?)». 

14. When a, S, and c are proportionals, and a the greatest, 

show that a + c>2b, 

15. If — -^ = ^ = , and a:, v, z are unequal, then 

I m n 

l + m + n = 0. 

16. Find a: when a: + 5 : 2ar — 3 : : 5ar + 1 : 3ar — 3. 

17. Find a: when x -\- a : 2x — b : : Sx -\- b : 4:X — a, 

18. Find a: when -Vx + V^ : VS — V^ : : a : i. 

19. Find X and y when a: : 27 : : y : 9, and a; : 27 : : 2 : a:— y. 

20. Find x and y when ar + y+l:a; + y + 2::6:7, and 

when y+2x:y — 2x: : 12a:+6y — 3 : 6y — 12x—l. 

21. Find X when x*—4:X-{-2 : a:*— 2 a:— 1 : : a:'— 4 a; : a:*— 2 a;— 2. 
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22. A railway passenger observes that a train passes him, 

moving in the opposite direction, in 2 seconds ; bub 
moving in the same direction with him, it passes him. 
in 30 seconds. Compare the rates of the two trains. 

23. A and B trade with different sums. A gains $200 ani 

B loses $50, and now A's stock : B's : : 2 : ^. But, if 
A had gained $100 and B lost $85, their stocka 
would have been as 15 : 3i. Find the original stock 
of each. 

24. A quantity of milk is increased by watering in the 

ratio 4 : 5, and then 3 gallons are sold ; the remainder 
is mixed with 3 quarts of water, and is increased in 
the ratio 6 : 7. How many gallons of milk were 
there at first ? 

25. In a mile race between a bicycle and a tricycle their 

rates were as 5 : 4. The tricycle had half a minute 
start, but was beaten by 176 yards. Find the rates 
of each. 

26. The time which an express-train takes to travel 180 

miles is to that taken by an ordinary train as 9 : 14. 
The ordinary train loses as much time from stopping 
as it would take to travel 30 miles; the express- 
train loses only half as much time as the other by 
stopping, and travels 15 miles an hour faster. What 
are their respective rates ? 

27. A line is divided into two parts in the ratio 2 : 3, and 

into two parts in the ratio 3:4; the distance be- 
tween the points of section is 2. Find the length 
of the line. 

28. When a, S, c, c?, are proportional and unequal, show 

that no number x can be found such that a + x^ 
h -\-x, c + x, d-\-x, shall be proportionals. 
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Variation. 

SSL A quantity which in any particular problem has a 
&xei value is called a oonstaut quantity, or simply a constant ; 
^ quantity which may change its value is called a variable 
Quantity, or simply a variable. 

Variable numbers, like unknown numbers, are generally 
represented by x, y, z, eto. ; constant numbers, like known 
numbers, by a, S, c, etc. 

295. Two variables may be so related that when a value 
of one is given, the corresponding value of the other can be 
found. In this case one variable is said to be a function 
of the other ; that is, one variable depends upon the other 
for its value. Thus, if the rate at which a man walks is 
known, the distance he walks can be found when the time 
is given ; the distance is in this case & function of the time. 

296. There is an unlimited number of ways in which 
two variables may be related. We shall consider in this 
chapter only a few of these ways. 

297. When x and y are so related that their ratio is 
constant, y is said to vary as x ; this is abbreviated thus : 
yccx. The sign oc, called the sign of variation, is read 
"varies as." Thus, the area of a triangle with a given 
base varies as its altitude ; for, if the altitude is changed 
in any ratio, the area will be changed in the same ratio. 

In this case, if we represent the constant ratio by m, 

y 

y:x^=m,or~ = m] .*. y^= mx. 

Again, if y', x* and y", x" be two sets of corresponding 
values of y and or, then 

y' : X* = y" : x" ; 

by alternation, y' : y" — x* : x". 
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298* When x and y are so related that the ratio of y to - 

in constant, y is said to vary invenely as x ; this is written 

y oc - . Thos, the time required to do a certain amount of 

work varies inversely as the number of workmen employed ; 
for, if the number of workmen be doubled, halved, or 
changed in any ratio, the time required will be halved, 
doubled, or changed in the inverse ratio. 

1 m. 

In this case, y:- — m\ /. y = — , and ary = wi ; that is, 

the product xy va constant. 

As XAiUjTC, y' : - . = y" : -./ 

^ x' ^ x" 

xy - x"y", 

or y' : y" - x" : :r'. § 280 

299. If the ratio oi y.xz is constant, then y is said to 
vary jointly as a: and z. 

In this case, y = mxz, 

and y' : y" = ar'2' : 2-"2". 

300. If the ratio y : - is constant, then y varies directly 



as X and 


inversely 


as z. 












In this 


case, 






y 


mx 

» 

z 








and 






y' 


:y" 


mar* 


wta;" 
2" 




a." 

z" 



301. Theorems. 

I. If y oc X, and xazz, then y oc «. 

For y = Twar and a: = nz. 

:. y = mnz, 
,'. y varies as z. 
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H. If yocar, and arocz, then (y dr z)ocx. 
For y = mx^dz = nx. 

.*. y ± z = (w ± n)x. 

.'. ydzz varies as x. 

m. H yccx when z is constant, and yccz when x is 
oonstant, then yccxz when x and z are both variable. 

Let ar*, y', z\ and ar", y", z", be two sets of corresponding 
values of the variables. 

Let X change from x* to a:", z remaining constant, and let 
the corresponding value of y be Y! 

Then y' : Y=x':x'\ (1) 

Now let z change from z' to z", x remaining constant. 

Then Y:y'^^-z*:J\ (2) 

From (1) and (2), 

y'r:y'T=a:y:a:V, §285 

or y' : y" = rc'z' : a:"z", 

or y':rcV =y" : :f V. § 281, V. 

.*. the ratio -^ is constant, and y varies as rrz. 
a'z 

Li like manner, it may be shown that if y varies as each 

of any number of quantities ar, z, w, etc., when the rest are 

unchanged, then when they all change, y oc xzu^ etc. 

Thus, the area of a rectangle varies as the base when the altitude 
is constant, and as the altitude when the base is constant, but as the 
product of the base and altitude when both vary. 

The volume of a rectangular solid varies as the length when the 
width and thickness remain constant ; as the width when the length 
and thickness remain constant ; as the thickness when the length and 
width remain constant ; but as the product of length, breadth, and 
*^*'^ky^<>w when all three vary. 
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302. Examples. 

(1) If y varies inversely as x, and when y = 2 the 
responding value of x is 36, find the corresponding vali-a. e 
of a; when y = 9. 

Here y = — . or m = ay 

a; 

.-. m = 2 X 36 = 72. 

If 9 and 72 are substituted for y and m respectively in 

m 

the result is 9 = — , or 9 a; = 72. 

X 

:. a; = 8. 

(2) The weight of a sphere of given material varies as 
its volume, and its volume varies as the cube of its diam- 
eter. If a sphere 4 inches in diameter weighs 20 pounds, 
find the weight of a sphere 5 inches in diameter. 

Let W represent the weight, 

V represent the volume, 
D represent the diameter. 
Then TFoc F and Foe 2)8. 

.-. W^U". {301,1. 

Put W=ml^\ 

then, since 20 and 4 are corresponding values of W and Z), 

20 = m X 64. 

. ^^20^^ 

64 16 

.-. when i> = 5, Tr= T?^ of 125 = 39^. 

Exercise 108. 

1. If-4oc-B, and ^=4 when ^=5, find -4 when ^=12. 

2. If -4 oc^, and when B=\, -4 = ^, find A when B—\, 

3. If A vary jointly as B and (7, and 3, 4, 5, be simulta- 

neous values of ^, B, C, find A when B — C = \0. 
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4. UAac i, and when ^ = 10, J5 = 2, find the value of 
B when -4=4. 

«. If 4 oc^, and when ^-=6, 5 = 4, and C-3, find 
the value of A when 5 = 5 and (7=7. 

^« If the square of X varies as the cube of F, and X= 3 
when F= 4, find the equation between X and Y. 

*3^. If the square of X varies inversely as the cube of Y, and 
X= 2 when F = 3, find the equation between X 
andF. 

8. If Ovaries as X directly and F inversely, and if when 

Z= 2, X= 3, and F= 4, find the value of ^ when 
Jr= 15 and F= 8. 

9. If ^ oc 5 + c where c is constant, and if ^ = 2 when B 

= 1, and if -4 = 5 when 5 = 2, find ^ when 5 = 3. 

10. The velocity acquired by a stone falling from rest 

varies as the time of falling ; and the distance fallen 
varies as the square of the time. If it be found that 
in 3 seconds a stone has fallen 145 feet, and acquired 
a velocity of 96 J feet per second, find the velocity 
and distance at the end of 5 seconds. 

11. If a heavier weight draw up a lighter one by means 

of a string passing over a fixed wheel, the space 
described in a given time will vary directly as the 
diflference between the weights, and inversely as 
their sum. If 9 ounces draw 7 ounces through 8 
feet in 2 seconds, how high will 12 ounces draw 9 
ounces in the same time ? 



294 ALGEBRA. 

12. The space will vary also as the square of the tim^ 

Find the space in Example 11, if the time in tlfc. 
latter case is 3 seconds. 

13. Equal volumes of iron and copper are found to weig 

77 and 89 ounces respectively. Find the weight 
10^ feet of round copper rod when 9 inches of ire 
rod of the same diameter weigh 31^^ ounces. 

14. The square of the time of a planet's revolution vari 

• as the cube of its distance from the sun. The dis 
tances of the Earth and Mercury from the sun bein 
91 and 35 millions of miles, find in days the time oU 
Mercury's revolution. 

15. A spherical iron shell 1 foot in diameter weighs ^^ 

of what it would weigh if solid. Find the thick- 
ness of the metal, knowing that the volume of a 
sphere varies as the cube of its diameter. 

16. The volume of a sphere varies as the cube of its diame- 

ter. Compare the volume of a sphere 6 inches in 
diameter with the sum of the volumes of three spheres 
whose diameters are 3, 4, 5 inches respectively. 

17. Two circular gold plates, each an inch thick, the diam- 

eters of which are 6 inches and 8 inches respectively, 
are melted and formed into a single circular plate 
1 inch thick. Find its diameter, having given that 
the area of a circle varies as the square of its diameter. 

18. The volume of a pyramid varies jointly as the area of 

its base and its altitude. A pyramid, the base of 
which is 9 feet square, and the height of which is 
10 feet, is found to contain 10 cubic yards. What 
must be the height of a pyramid upon a base 3 feet 
square, in order that it may contain 2 cubic yards? 



CHAPTER XXIII. 
PROGRESSIONS. 

303. A succession of numbers that proceed according to 
^ine fixed law is called a series ; the successive numbers 
^1^ called the terms of the series. 

A series that ends at some particular term is a finite 
Tories; a series that continues without end is an infinite 
Seiies* 

304. The number of different forms of series is unlimited ; 
in this chapter we shall consider only Arithmetical Series, 
Greometrical Series, and Harmonical Series. 

Arithmetical Progression. 

305. A series is called an arithmetical series or an arith- 
metioal progression when each succeeding term is obtained 
by adding to the preceding term a constant difference. 

The general representative of such a series will be 

a, a + dy a'\- 2c?, a + Sd , 

in which a is the first term and d the common difference ; 
the series will be increasing or decreasing according as d is 
positive or negative. 

306. The nth Term. Since each succeeding term of the 
series is obtained by adding d to the preceding term, the 
coefiicient of d will always be one less than the number of 
the term, so that the nth term is a + (w — 1) d. 



296 ALGEBRA. 

If the nth term is represented by I, we have 

Z = a + (n-l)c?. 3. 

307. Snm of the Series. If I denotes the nth term, a tkise 
first term, n the number of terms, d the common differen(^ ^i 
and 8 the sum of n terms, it is evident that 

s= a +{a+d)-\-{a+2d) + +{l-d)+ Z, crrD^f 

g= Z -},(^^eQ+(Z-2d)+ +la+d)+ a. 

.-. 2s = (a+0+(a+O+(a+0 + + (a+0 +(«+0 

= n(a + Z). 

.•.« = 5(«+0. I 

308. From the two equations, 

l=:a + {n—\)d, I«- 

any two of the five numbers a, c?, Z, n, a may be found when 
the other three are given. 

(1) Find the sum of ten terms of the series, 2, 5, 8, 11, 

Here o = 2, c? = 3, n = 10. 

From I., Z = 2 + 27 = 29. 

Substituting in II., « = ^ (2 + 29) = 155. 

(2) The first term of an arithmetical series is 3, the last 
term 31, and the sum of the series 136. Find* the series. 

From I. and II., 31 = 3 + (n - l)rf. (1) 

136-^(3 + 31). (2) 

it 

From (2), n = 8. 

Substituting in (1), rf =» 4. 

The series is 3, 7, 11, 15, 19. 23, 27, 31. 
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(3) How many terms of the series, 5, 9, 13, , must be 

token in order that their sum may be 275? 
FfomL, Z = 5 + (n-l)4. 

/. Z = 4n + 1. (1) 

From XL, 275 = ^(5 + 0. (2) 

> Sabstitating in (2) the value of I found in (1), 

275 = |(4n + 6), 

or 2n« + 3n = 275. 

We now have to solve this quadratic. 
Complete the square, 

16n« + + 9 = 2209. 
Extract the root, 4 n + 3 = db 47. 

.-. n = 11, or — 12J. 
We use only the positive result. 

(4) Find n when c?, l, s are given. 
From I., a = l — {n — l) d. 

From II., a = illlll!:. 

n 

Therefore, l-{n-\)d= 28 -In 

n 

.'. In — dn^ -\- dn = 28 — ln. 

.'. dn*-(2l + d)n='-28. 

This is a quadratic with n for the unknown number. 
Complete the square, 

4cPn« - ( ) + (2Z + (Q« = (2U <i)» - 8(fe. 
Extract the root, 

2c?n - (2? + rf) = ± y/{2l-^dY^Sd8. 

2l + d±V{2l + d)^-Sd8 
2d 

Note. The table on the following page contains the results of 
the general solution of all possible problems in arithmetical series, 
in which three of the numbers a, I, d, n, s are given and two required. 
The student is advised to work these out, both for the results obtained 
and for the practice gained in solving literal equations in which the 
unknown numbers are represented by letters other than x, y, z. 



-"r.i 



- ~ I 



1- . 



: I 



." = — ♦ i = \ - 
-If 






1 — • •• ■ * ^ ^ ._ 






= • 



::- - -: i" 






u 



^ " : 



- . ? 



n?i 



■I - I 



a >i « 



lo 


alK 


1^; 


nit 


17 


adl 


1^ 


a d $ 


K^ 


alt 


2() 


dli 



.7 



n 



V _ -? .7 



^ = ♦ ' = \ .' - i (f .^ — 



2':'*. 



2f 



d 
d 

■ ^ 



— <1 



n 


— 1 




2 


i — 


/»r, , 


n 


n - 


-1. 




?s _ 


a» 


-'i 


5 — ' 


'-a 


o 


t 


- J? 



H '1-1 



n = 



/-^ 



^ 1. 



n = 



^ - 2 ^ = Vi 2a - d> ^ 8 A 



2rf 



n = 



2« 



I -r a 



n = 



2l-\-d= :Vr2l-rdt'-^ds 
2d 



ARITHMETICAL PROGRESSION. 299 

309. The arithmetdoal mean between two numbers is the 
number which stands between them, and makes with them 

an arithmetical series. 

« 

If a and b represent two numbers, and A their arithmet- 
ical mean, then, by the definition of an arithmetical series, 

A — a = b — A. 

• ^=?^±^. 

• 2 

310. Sometimes it is required to insert several arithmet- 
ical means between two numbers. 

Insert six arithmetical means between 3 and 17. 

Here the whole number of terms is eight; 3 is the first term, and 
17 the eighth. 

By I., 17 = 3 + 7rf. 

(1=2. 

The series is 3, [5, 7, 9, 11, 13, 15,] 17, 

the terms in brackets being the means required. 

311. When the sum of a number of terms in arithmet- 
ical progression is given, it is convenient to represent : 

Three terms by x — y, x, x-\-y. 

Four terms by x — Sy, x — y, a; + y, a: + 3y. 

The sum of three numbers in arithmetical progression 
is 36, and the square of the mean exceeds the product of 
the two extremes by 49. Find the numbers. 

Let X — y, X, X + ^ represent the numbers. 
Then, adding, 3 x =- 36. .-. x = 12. 

Fatting for x its value, the numbers are 

12 «y, 12, 12 + y. 
The value of y is i: 7 ; and the numbers are 

5, 12, 19; or 19. 12, 5. 
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Exercise 109. 



1. Find the thirteenth term ©f 5, 9, 13 

ninth term of — 3, — 1, 1 

tenth term of — 2, — 5, — 8 

eighth term of a, a + 36, a + 6i 

fifteenth term of 1, ^, y 

thirteenth term of — 48, —44,-40 

2. The first term of an arithmetical series is 3, the thir- 

teenth term is 55. Find the common difference. 

3. Find the arithmetical mean between: (a.) 3 and 12; 

(h.) - 5 and 17 ; (c.) a^ + ab- h" and d^-ab + h\ 

4. Insert three arithmetical means between 1 and 19; and 

four means between — 4 and 17. 

5. The first term of a series is 2, and the common differ- 

ence \. What term will be 10 ? 

6. The seventh term of a series, whose common difference 

is 3, is 11. Find the first term. 

7. Find the sum of 

5 + 8 + 11 + to ten terms. 

~ 4 — 1 + 2 + to seven terms. 

a + 4a-f-7a + to n terms. 

f + y^ + 3^+ to twenty-one terms. 

1 + 2f + 4-J^ + to twenty terms. 

8. The sum of six numbers of an arithmetical series is 27, 

and the first term is 1. Determine the series. 

9. How many terms of the series — 5 — 2 +1 + must 

be taken so that their sum may be 63 ? 

10. The first term is 12, and the sum of ten terms is 10. 
Find the last term. 
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No. 

1 
2 
3 

4 

5 
6 

7 
8 

9 
10 
11 
12 

13 
14 
15 
16 

17 
18 
19 
20 



Given. 



a d n 
ads 
an 8 

d n 8 



a d n 
a d I 

a n I 
dnl 



dnl 
dn 8 
d I 8 
nl 8 



a n I 
a n 8 
al 8 
nl 8 



a dl 
a d 8 
al 8 
dl 8 



Requibed. 



a 



n 



Results. 



I 
I 
I 

I 



a + (n-l)d 

-\d±^/\2d8■\■(a 

2« n. 
a. 

£\(n-l]rf, 
n 2 



-wi 



= Jn[2a + (n-l)d]. 



2d 



(i + a) 



n 



8 = \n[2l-(n-\)d\ 



a 
a 
a 
a 



7-(n-l)d 

£ _ {n — \)d 
n 2 

n 



d 
d 



l^a 
n-i 

2(8 — an) 
n(n — 1) 
P-g* 
28-^ -a* 
2(nl-8) 
n{n - 1) 



n 



I — a 
d 



+ 1. 



n 



_ (f- 2a J: V(2a - c?)« -f 8"5 



2d 



28 

Z + a 

_ 2l-¥d±V(2l-^d)*'-Sd8 

2d 



n = 



n 
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A The arithmetioal mean between two numbers is the 
iber which stands between them, and makes with them 
irithmetical series. 

.fa and b represent two numbers, and A their arithmet- 
i mean, then, by the definition of an arithmetical series, 

A — a = b — A. 

. A _ a+b 
..A ~ 

310. Sometimes it is required to insert several arithmet- 
cal means between two numbers. 

Insert six arithmetical means between 3 and 17. 

Here the whole number of terms is eight; 3 is the first term, and 
17 the eighth. 

By I., 17 = 3 + 7rf. 

The series is 3, [5, 7, 9, 11, 13, 15,] 17. 
the terms in brackets being the means required. 

311. When the sum of a number of terms in arithmet- 
ical progression is given, it is convenient to represent : 

Three terms by x — y, x, x-\-y. 

Four terms by x — ^y, x — y, x + y, x + Sy. 

The sum of three numbers in arithmetical progression 
is 36, and the square of the mean exceeds the product of 
the two extremes by 49. Find the numbers. 

Let x — y, x^ X -k-y represent the numbers. 
Then, adding, 3 a; = 36. .-. x = 12. 

Fntting for x its value, the numbers are 

12«y, 12. 12 + y. 
The value of y is i: 7 ; and the numbers are 

5. 12, 19; or 19. 12. 5. 
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4. If ^ oc --, and when A—10,B—2, find the value of 

-5 when ^ = 4. 

5. If ^ oc — , and when A — 6, 5 = 4, and C— 3, find 

o 

the value of A when B = b and (7=7. 

6. If the square of X varies as the cube of F, and X=S 

when F=4, find the equation between Xand Y. 

7. If the square of X varies inversely as the cube of Y, and 

X=2 when F= 3, find the equation between X 
and Y, 

8. If Z varies as X directly and F inversely, and if when 

Z=2, X= 3, and F= 4, find the value of ^ when 
X=15and F=8. 

9. If Ace B -{-c where c is constant, and if -4 = 2 when B 

= 1, and if -4 = 5 when -5 = 2, find A when -5 = 3. 

10. The velocity acquired by a stone falling from rest 

varies as the time of falling ; and the distance fallen 
varies as the square of the time. If it be found that 
in 3 seconds a stone has fallen 145 feet, and acquired 
a velocity of 96J feet per second, find the velocity 
and distance at the end of 5 seconds. 

11. If a heavier weight draw up a lighter one by means 

of a string passing over a fixed wheel, the space 
described in a given time will vary directly as the 
diflference between the weights, and inversely as 
their sum. If 9 ounces draw 7 ounces through 8 
feet in 2 seconds, how high will 12 ounces draw 9 
ounces in the same time ? 



f 
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^i- The arithmetical mean between two numbers is 10, 
and the mean between the double of the first and 
the triple of the second is 27. Find the numbers. 

^-5« Find the niddle term of eleven terms whose sum is 66. 

^3. The first term of an arithmetical series is 2, the com- 
mon difference is 7, and the last term 79. Find the 
number of terms. 

14. The sum of fifteen terms of an arithmetical series is 600, 
and the common difference is 5. Find the first term. 

16. Insert ten arithmetical means between — 7 and 114. 

16. The sum of three numbers in arithmetical progression 

is 15, and the sum of their squares is 83. Find the 

numbers. 

Let 0? — y, if, a; + y represent the numbers. 

17. Arithmetical means are inserted between 5 and 23, so 

that the sum of the first two is to the sum of the last 
two as 2 is to 5. How many means are inserted ? 

18. -Find three numbers of an arithmetical series whose 

sum shall be 21, and the sum of the first and second 
shall be f of the sum of the second and third. 

19. Find three numbers whose common difference is 1, 

such that the product of the second and third ex- 
ceeds that of the first and second by -J-. 

20. How many terms of the series 1, 4, 7 must be 

taken, in order that the sum of the first half may 
bear to the sum of the second half the ratio 10 : 31 ? 

21. A travels uniformly 20 miles a day; B starts three 

days later, and travels 8 miles the first day, 12 the 
second, and so on, in arithmetical progression. In 
how many days will B overtake A ? 
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22. A number consists of three digits which are in arit 

metical progression ; and this number divided b^ 
the sum of its digits is equal to 26 ; but if 198 b^ * 
added to it, the digits in the units* and hundred 
places will be interchanged. Required the number 

23. The sum of the squares of the extremes of four numbe 

in arithmetical progression is 200, and the sum of th 
squares of the means is 136. What are the numbers? 

24. Show that if any even number of terms of the series 1, 

3, 5 be taken, the sum of the first half is to the 

sum of the second half in the ratio 1:3. 

25. A and 6 set out at the same time to meet each other 

from two places 343 miles apart. Their daily jour- 
neys are in arithmetical progression, As increase 
being 2 miles each day, and B's decrease being 5 
miles each day. On the day at the end of which 
they met, each travelled exactly 20 miles. Find the 
duration of the journey. 

26. Suppose that a body falls through a space of 16^^ feet 

in the first second of its fall, and in each succeeding 
second 32J- more than in the next preceding one. 
How far will a body fall in 20 seconds ? 

27. The sum of five numbers in arithmetical progression 

is 45, and the product of the first and fifth is f of 
the product of the second and fourth. Fird the 
numbers. 

28. If a full car descending an incline draw up an empty 

one at the rate of 1^ feet the first second, 4|- feet the 
next second, 7^ feet the third, and so on, how long 
will it take to descend an incline 150 feet in length? 
What part of the distance will the car have de- 
scended in the first half of the tim^? 
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Geometrical Progression. 

312. A series is called a geometrioal series or a geometrioal 
progression when each succeeding term is obtained by mul- 
tiplying the preceding term by a constant multiplier. 

The general representative of such a series will be 

a, ar, ar^, a?-*, a?* , 

in which a is the first term and r the constant multiplier 
or ratio. 

The terms increase or decrease in numerical magnitude 
according as r is numerically greater than or numerically 
less than unity. 

313. The nth Term. Since the exponent of r increases 
by one for each succeeding term after the first, the expo- 
nent will always be one less than the number of the term, 
so that the nth term is ar^~^. 

If the nth term is represented by I, we have 

l=ai'^-\ I. 

314. Sum of the Series. If I represents the nth term, a the 
first term, n the number of terms, r the common ratio, and 
8 the sum of n terms, then 

s = a + ar -\- ar^ + ar^~^. 

Multiply by r, 

rs = ar + ai^ -\-a7^-{' ar^~^ + ar^. 

Subtracting the first equation from the second, 

7-5 — s = ar^ — a, 

or (r — l)5 = a(r**— 1). 

?• — 1 
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4. If ^ oc --, and when -4 = 10, -6 = 2, find the value of 

B when ^ = 4. 

5. If ^ oc ^, and when ^ -= 6, 5 = 4. and C= 3, find 

the value of A when -5 = 5 and C= 7. 

6. If the square of X varies as the cube of F, and X= 3 

when F=4, find the equation between JTand Y, 

7. If the square of JT varies inversely as the cube of F, and 

X= 2 when F= 3, find the equation between X 
andF. 

8. If Ovaries as X directly and F inversely, and if when 

Z=% X= 3, and F= 4, find the value of ^ when 
X=15and F=8. 

9. li Ace B-{'C where c is constant, and if -4 = 2 when B 

— 1, and if ^ = 5 when 5 = 2, find A when 5 = 3. 

10. The velocity acquired by a stone falling from rest 

varies as the time of falling; and the distance fallen 
varies as the square of the time. If it be found that 
in 3 seconds a stone has fallen 145 feet, and acquired 
a velocity of 96 J feet per second, find the velocity 
and distance at the end of 5 seconds. 

11. If a heavier weight draw up a lighter one by means 

of a string passing over a fixed wheel, the space 
described in a given time will vary directly as the 
difiierence between the weights, and inversely as 
their sum. If 9 ounces draw 7 ounces through 8 
feet in 2 seconds, how high will 12 ounces draw 9 
ounces in the same time ? 
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No. 



1 
2 
3 
4 



6 

7 
8 



9 

10 

11 

■ 12 



I 13 

' 14 
I 
15 

! 16 



Given. ! Requieed. 



a r n 
a r 8 
a n 8 
r n 8 



a r n 
art 

a n I 

r n I 



r 71 1 

r n 8 

r I 8 
n I 8 



a n I 
a n s 
a I s 
nl 8 



Results. 



^^ a + (r-l)8 

r 
Z(8-Z)»-i_a(«-a)"-» = 0. 

^_ (r-l)8r" 1 
r«- 1 



8 = 



8 = 



_ a(r»- 1) 
r-1 ." 
rl — a 



s = 



r-1 



a 



7 



a 



jM 1 

r"- 1 
a = W — (r — 1)8. 



0. 



'a 



-. 8 , 8 - a f. 



r = 



a a 

s — a 



8-1 



8-^ 



8-1 



0. 



316. The geometrioal mean between two numbers is the 
number which stands between them, and makes with them 
a geometrical series. 
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Since ar^'^ = I, it follows that ar^ = rZ, and II. may h& 
written 

s = ri:i^. III. 

r— 1 

315. From the two equations I. and II., or the two 
equations I. and III., any two of the five numbers a, r, /, 
71, s, may be found when the other three are given. 

(1) The first term of a geometrical series is 3, the last 
term 192, and the sum of the series 381. Find the num- 
ber of terms and the ratio. 



From I. and III.. 192 = 3 f^-\ (1) 

92r- 
r-1 



381 = ^^^^-^ . (2) 



From (2), r = 2. 

Substituting in (1), 2»»-» = 64 = 2«. 

.-. n= 7. 
The series is 3, 6, 12, 24, 48, 96, 192. 

(2) Find I when r, n, s are given. 
From I., a = — ^ 

|.n 1 

I 



rl- 



|4» — 1 

Substituting in III., s = ; — . 

r — 1 

(r-l)8 = (^"~^) z. 

r» - 1 

Note. The table on page 305 contains the results of all possible 
problems in geometrical series in which three of the numbers a, r, Z, 
n, 8, are given and the other two required, with the exception of 
those in which n is required ; these last Te<\uviQ th« \v%e of Vo^«.T\t]b.m« 
with which the student is suppoeed to \>« txo\. 7^1 «iCQ^w%;va\fe^. 
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1 

2 
3 



5 
6 



8 



9 

10 

11 
12 



13 
14 
15 
16 



Given. 



a r n 
ar 8 
a n 8 
r n 8 



ar n 



ar I 



a nl 



r nl 



ml 

r n 8 

r I 8 
nl 8 



a n I 
a n 8 
a I s 
n I s 



Required. 



a 



Results. 



I = ar^-K 

^^a±{f^-l}8 

r 
^(s-Z)*-i-a(s-a)"-> 

^_ (r-l)ar" ^ 
r*- 1 



0. 



a(r^- 1) 
r-1 . 
rl^a 



8 = 



s = 



r-1 



A-**! 



f^n-l 



a = 



/ 



r-n-l 



(r -!).<? 
r»- 1 

a = rl — {r — l)s. 

a{s- a)"-» - ^(s - 0»»-» = 0. 



'a 



r* r H = 0. 



r = 



a a 

s — a 



8-1 



jM _ ^ yW-1 ^ ^ 



8-^ 



S-/ 



= 0. 



316. The geometrioal mean between two numbers is the 
number which stands between thera, and makes with them 
a geometrical series. 
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6. If a = 2 and r = 3, which term will be equal to 162 



«) 



6. The fifth term of a geometrical series is 48, and the 

ratio 2. Find the first and seventh terms. 

7. Find the sum of 

3 + 6 + 12 + to eight terms. 

1 — 3 + 9 — to seven terms. 

8 + 4 + 2 + to ten terms. 

0.1 + 0.5 + 2.5 + to seven terms. 

m — 7 + Tx — to five terms. 

4 16 

8. The population of a city increases in four years from 

10,000 to 14,641. What is the rate of increase? 

9. The sum of four numbers in geometrical progression is 

200, and the first term is 5. Find the ratio. 

10. Find the sum of eight terms of a series whose last term 

is 1, and fifth term i. 

11. In an odd number of terms, show that the product of 

the first and last will be equal to the square of the 
middle term. 

12. The product of four terms of a geometrical series is 4, 

and the fourth term is 4. Determine the series. 

13. If from a line one-third be cut ofi*, then one-third of 

the remainder, and so on, what fraction of the whole 
will remain when this has been done five times ? 

14. Of three numbers in geometrical progression, the sum 

of the first and second exceeds the third by 3, and 
the sum of the first and third exceeds the second by 
21. What are the numbers? 

15. Find two numbers whose sum is 3t and geometrical 

mean 1}. 
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A glass of wine is taken from a decanter that holds ten 
glasses, and a glass of water poured in. After this 
is done five times, what part of the contents is wine ? 

r. There are four numbers such that the sum of the first 
and the last is 11, and the sum of the others is 10. 
The first three of these four numbers are in arith- 
metical progression, and the last three are in geomet- 
rical progression. Find the numbers. 

18. Find three numbers in geometrical progression such 

that their sum is 13 and the sum of their squares 
is 91. 

19. The difference between two numbers is 48, and the 

arithmetical mean exceeds the geometrical by 18. 
Find the numbers. 

20. There are four numbers in geometrical progression, 

the second of which is less than the fourth by 24, 
and the sum of the extremes is to the sum of the 
means as 7 to 3. Find the numbers. 

21. A number consists of three digits in geometrical pro- 

gression. The sum of the digits is 13 ; and if 792 
be added to the number, the digits in the units' and 
hundreds' places will be interchanged. Find the 
number. 

22. Find the sum of each of the infinite series : 

4+ 2-f 1 + 2-H + f- 

i+ i+ i + 0.1 + 0.01+0.001 + 

i - tV + A - 0.868686 

1- 1 + ^- 0.54444 

\ + ^ + ^ + 0.83636 
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Harmonical Progression. 

319. A series is called a harmonioal seriesy or a harmonical 
progression, when the reciprocals of its terms form an arith- 
metical series. 

The general representative of such a series will be 

111 1 



— ♦ 



a a + d a + 2d a + (n — l)d 

Questions relating to harmonical series are best solved 
by writing the reciprocals of its terms, and thus forming an 
arithmetical series. 

320. If a and h denote two numbers, and H their har- 
monical mean, then, by the definition of a harmonical series, 

JS a b H 

. 2 _1 , l_a + b 
* JS a b ah 

2ab 



js:= 



a + b 



321. Sometimes it is required to insert several harmoni- 
cal means between two numbers. 

Insert three harmonical means between 3 and 18. 

Find the three arithmetical means between - and --• 

19 14 9 . 

These are found to be — , — , — ; therefore, the harmonical means 

72 72 72 

are ^, ^. '^-^ ; or 3U, 51, 8. 
19 14 9 ^^ ^ 

322. Since, §§ 309, 316, 320, 

^=«±*, G=Vab, and JT=^, 
2 a + b 

we have A-.Q—O-.H. 
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Exercise 111. 

1. Insert four harmonical means between 2 and 12. 

2. Find two numbers whose difference is 8 and the har- 

monical mean between them 1|^. 

8. Find the seventh term of the harmonical series 3, 3^, 
4 

4. Continue to two terms each way the harmonical series, 
two consecutive terms of which are 15, 16. 

6. The first two terms of a harmonical series are 5 and 6. 
Which term will equal 30 ? 

6. The fifth and ninth terms of a harmonical series are 8 

and 12. Find the first four terms. 

7. The difference between the arithmetical and harmonical 

means between two numbers is If, and one of the 
numbers is four times the other. Find the numbers. 

8. Find the arithmetical, geometrical, and harmonical 

means between two numbers a and h ; and show that 
the geometrical mean is a mean proportional between 
the arithmetical and harmonical means. Also, ar- 
range these means in order of magnitude. 

9. The arithmetical mean between two numbers exceeds 

the geometrical by 13, and the geometrical exceeds 
the harmonical by 12. What are the numbers ? 

10. The sum of three terms of a harmonical series is 11, and 

the sum of their squares is 49. Find the numbers. 

11. When a,b, c are in harmonical progression, show that 

a : c : : a — b : b — c. 



CHAPTER XXIV. 

INDETERMINATE COEFFICIENTS. 

323. Oonyergent and Diyeigent Series. By performing the 
indicated division, we obtain from the fraction the 

1 —X 

infinite series 1 + ^ + ^ + ^ + • This series, however, 

is not equal to the fraction for all values of x. 

324. If x is numerically less than 1, the series is equal to 
the fraction. In this case we can obtain Sui approximate 
value for the sum of the series by taking the sum of a num- 
ber of terms ; the greater the number of terms taken, the 
nearer will this approximate sum approach the value of the 
fraction. The approximate sum will never be exactly equal 
to the fraction, however great the number of terms taken ; 
but by taking enough terms, it can be made to differ from 
the fraction as little as we please. 

Thus, if a: — ^, the value of the fraction is 2, and the 
series is 1 1 i 

^2^4^8^ 

The sum of four terms of this series is 1 J ; the sum of 

five terms, Ij^; the sum of six terms, 1|^; and so on. 

The successive approximate sums approach, but never 
reach, the finite value 2. 

325. An infinite series is said to be oonvei^ent when the 
sum of the terms, as the number of terms is indefinitely in- 
creased, approaches some fixed finite valice; this finite value 
is called the sum of the series. 
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328. In the series l + a: + ^ + ^ + suppose x 

nomerically greater than 1. In this case, the greater the 
number of terms taken, the greater will their sum be ; by 
taking enough terms, we can make their sum as large as . 
we please. The fraction, on the other hand, has a definite 
value. Hence, when x is numerically greater than 1, the 
series is not equal to the fraction. 

Thus, if ar = 2, the value of the fraction is — 1, and the 
series is 

1 + 2 + 4 + 8 + 

The greater the number of terms taken, the larger the sum. 
Evidently the fraction and the series are not equal. 

327. In the same series suppose x=\. In this case the 
fraction is r = ;;» 3,nd the series 1 + 1 + 1 + 1 + 

The more terms we take, the greater will the sum of the 
series be, and the sum of the series does not approach a 
fixed finite value. 

If X, however, is not exactly 1, but is a little less than 1, 

the value of the fraction will be very great, and the 

1 — X 

fraction will be equal to the series. 

Suppose x= — 1. In this case the fraction is -i — r = o' 

and the series 1 — 1 + 1 — 1 + If we take an even 

number of terms, their sum is ; if an odd number, their 
sum is 1. Hence the fraction is not equal to the series. 

828i A series is said to be divergent when the sum of the 
terms, as the number of terms is indefinitely increased, 
either increases without end, or oscillates in value without 
approaching any fixed finite value. 
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No reasoning can be based on a divergent series ; heno«, 
in using an infinite series it is necessary to make sixc?^ 
restrictions as will cause the series to be convergent. Thtifi, 

we can use the infinite series l + x-{-a^ + 3^-{- whexi, 

and only when, x lies between + 1 and — 1. 

329. A series, ax -\- bx* + ca^ + dx* + , in which the co- 

eflScients a, J, o, d are finite, may, by taking x suflScientlj^ 

small, be made less than any assigned value. 

For if q is any assigned value, and k the greatest of the coeffi- 
cients a, 6, c, , then 



ax + bx^ + C3^ + < kx + kz^ -\- ka? -{■ 

But ibo: + ib« + ib» + = -^ 

1 — x 

(as is evident by dividing ^a; by 1 — x). 

kx 
.'. ax -\- bx^ -\- ca? + < , if x is taken less than 1. 

1 —X 

Hence, if be taken less than q, 

1 — x 

that is, if a? < ^ . 

q + k 

then ax + bx^ + ca^ + will be less than q. 



330. Theorem of Indeterminate OoefBcients. If two seiies, 
arranged by powers of x, are equal for all values of x thai 
make both series convergent^ the corresponding coefficients are 
equal each to each. 



For, ifA + Bx-\- Cx^ + = ^^ + B^x + Ca;* + 

by transposition, 

A-A' = {B'- B)x + (O' - Qx» + •. 



Now by taking x sufficiently small, the right side of this equation 
can be made less than any assigned value whatever, and therefore 
less than A — A\ '\i A — A^ has any value whatever. Hence A — A' 
cannot have any value. 
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:.A-A'^0 or A^A\ 

Hence, Bx-\-Ch? + Da^ + = B^x + Oo? + -DV + 

or {B - B^x - (Cy - 0)a^ + (i)' - i))«» + ; 

1)7 dividing by x^ 

B-B^^((y-C)x + (D^'-D)a^-{'"*"i 
and, by the same proof as for A — A^^ 

5-5'-0 or B=^B^. 
In like manner, 

(7= Cy^ D'^ D\ and so on. 

Hence, the equation 

A + Bx+Cai? + = A^ + B'x + CV + , 

if true for all finite values of x^ is an identical equation; 
that is, the coefficients of like powers of x are the same. 

Expand - — "^ ^ in ascending powers of x. 
JL ~r~ X ~r~ Xi 

Assume ^^^^ ^ A + Bx + (h? -^ Ds? -^ ; 

1 + a: + ar 

then, by clearing of fractions, 

2 + Zx=^A-^Bx+ Ch? +i)ar» + 

-{- Ax -\- Bs? -{■ Ch? -{- 

+ Ax'^ + 5a^ + 

,% 3 + 3« = il + (-B + A)x + (a+ B + A)3? + (Z> + a+ B)7? + 

.-. il = 2, 5 + ^«3, C+-B + il = 0, i) + + 5-0; 
whence 5 « 1, 0= - 3, i) = 2 ; and so on. 

/. -A±li^ = 2 + «-3a» + 2aJ» + 

1 +ar + a:* 

Tlie series is of coarse equal to the fraction for only such values 
ofstm make the series convergent. 
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!?<77K. In «^j!o7:::g Ui* nK^od <:/ Isde(«7iniBAt« Co«ficieBti, 
tL<r fona of th^ g:Ten exprcflKon ciift det^nBuie viiat poven of the 
TanabU 2 QQft be ajnuLfd. It ii neocauj and ivfideBt thai die 
juvom^d <qoat;on, wL^ni fimpliEed, shall haTe iu die ligjbt Bcnber 
all the p<yw«n of z that are focn'l in the left member. 

If aaj poven of z occxir in the n^A< member that are not in Ae 
Uft tctember, the coefficient! of th^se powen in the rig^t member vill 
van lib, so tliat in this caae the method rtill appliei : bnt if any povera 
of z occnr in the l^ member that are not in the rigki member, then 
tlie coefficienu of th<se powers of z most be pat equal to in equating 
the coefficieotf of like powen of z; and this leads to aheuid raalts. 
Tlios, if it were assomed that 



1 -rZ-rX* 



= Az^Bj?^C3? 



there wooM be in the simplified equation no term on the ri^t oor- 
TfX[ff>xAMi% to 2 on the left; so that, in equating the coefficients of 
like powers of z, 2, which is 2:^, would have to be put equal to 0:^; 
that is, 2 =» 0, an absurdity. 



112. 
Expand to foar terms in ascending powers of x : 



1-Zx 2 + 3a: 4-3a: l~a: + a:» 

^ 1 ^ b-2x - Ax-ex" 



l-2x + Za^ l + ^x-a? l-2x + Zaf 

331. Partial FractionB. To resolve a fraction m\jo partial 
fractuma is to express it as the snm of a number cxf fiao- 
tions of which the respeetive denominators are the fiuston 
of the denominator of the given fraction. This.pioceflB is 
the reverse of the process of adding fractions which have 
different denominators. 

Resolution into partial fractions may be easily accom- 
plished by the use of indeterminate coefficients. 

In decomposing a given fraction into its simplest partial 
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A'actioDS, it is important to dist-ennine what form the assumed 
iractions must have. 

Since the given fraction is the sura of the required par- 
tial fractions, each assumed denominator must be a factor 
of the given denominator ; moreover, all the factors of the 
given denominator must be taken as denominators of the 
assumed fractions. 

Since the required partial fractions are to be in their 
simplest form incapable of further decomposition, the nu- 
merator of each required fraction must be assumed with 
reference to this condition. Thus, if the denominator is 
a:* or (ar ± a)*, the assumed fraction must be of the form 

— or -; r- ; for if it had the form — — or - — ^^^— , 

a;* (iTzfca)* a:** (a:±a)* 

it could be decomposed into two fractions, and the partial 

fractions would not be in the simplest form possible. 

When all the monomial factors, and all the binomial 

factors, of the form x±La have been removed from the 

denominator of the given expression, there may remain 

quadratic factors which cannot be further resolved; and 

the numerators corresponding to these quadratic factors 

may each contain the first power of x, so that the assumed 

fractions must have either the form — — — r, or the 

ri. . «* + 6 



k J^ 



(}^)t?Sesolve • into partial fractions. 

6uMe.J^ + 1 = (a; + IXx* — a; + 1), the denominators will be a; + 1 

^ ■■: a:* + 1 a; + 1 x'* ~ x + 1 

ften--'- • 3 = A(ar«-a; + l) + (5a; + C)(a; + l) 

= (^ + 5) a;» + (5 + a - -4) aj + (^ + C) ; 
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whence, ^ + (7=3, j5+C--4 = 0, A + B = 0, 

and il = l, 5 = -l. C=2. 

3 1 aj-2 



Therefore, 



«• + 1 « + 1 «* — aj + 1 



(2) Resolve — — into partial fractions. 

ar(ar+l/ 

The denominators may be a, a?, a; + 1, (aj + 1)'. 



x'(x + 1)* « a;' a; + 1 (a; + 1)' 

.-. 4aJ» - «* - 3a; - 2 = Ax(x + 1)« + j5(aj + 1)« + aB»(aj + 1) -h2>a!i» 
^(A + C)a» + i2A-^B + C+D)x' + {A-^2B)x-^B', 
whence, -4 + (7 = 4, 

2ii + -B+C+i) = -l, 
^ + 25 = -3, 
B = -2; 
or 5 = - 2, il = 1, a= 3, D = - 4. 

Therefore. ^^-/~?.r ^=-^-4+ ^ ^ 



a;«(a: + l)2 a; a» a; + 1 (a? + l)« 

Exercise 113. 
Resolve into partial fractions : 
- 7a: +1 . x-2 - 3a;* — 4 

1. -: ■ r- 4. -— -— • 7. 



(x+4:){x-b) x'-Bx-lO x\x + 6) 

2. .: § 5. -i. 8. 7^-^ 



(a;+3)(a:+4) x^-l (^~l)'(«+2) 

5a:- 1 g a:* — a;~3 ^ 2a:'-7a?+l 

* (2a;-l)(a:-5)* * a:(a;^-4)* ' a;»-l 



CHAPTER XXV. 

BINOMIAL THEOREM. 

332. Binomial Theorem, Fositiye Integral Exponent By suc- 
cessive multiplications we obtain the following identities : 

{a+by = a* + 2ab +b'; 

(a+ J)» = a» + 3a»6 + Sa^ + *' ; 

{a + by = a' + 4:a'b + 6a'b' + 4:ab' + b\ 

The expressions 'on the right may be written in a form 
better adapted to show the law of their formation : 

(a + J)' = a' + 2aJ+^6'; 

(a + by = a^ + Sa^b + ^^ab^ +|^J»; 

1"2 1-2-3 1-2-3-4 

Note. The dot between the Arabic figures means the same as the 
sign X. 

833. Let n represent the exponent of (a + b) in any one 
of these identities ; then, in the expressions on the right, 
we observe that the following laws hold true : 

I. The number of terms is n + 1. 

II. The first term is a**, and the exponent of a is one 
less in each succeeding term. 

The first power of J _ occurs in the second term, the 
second power in the third term, and the exponent of b is 
one greater in each succeeding term. 

The sum of the exponents of a and b in any term is n. 
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III. The coefficient of the first term is 1 ; of the secon^d 
term, n ; of the third term, ^^ "~ ^ ; and so on. 

334. Consider the coefficient of any term; the number 
of factors in the numerator is the same as the number of 
factors in the denominator, and the number of factors £ » 
each is the same as the exponent of b in that term ; tLx£ 
exponent is one less than the number of the term. 

336. Proof of the Theorem. To show that the laws of § 833 
hold true when the exponent is any positive integer : 

We know that the laws hold for the fourth powers- 
suppose, for the moment, that they hold for the ^th power. 

We shall then have 

(a + by = a* + ^a'^-'b + ^^ff^ a*-'i» 

^l^it^miLz^a'-V + (1) 

Multiply both members of (1) by a + 6 ; the result is 
(a + 6)'+' = a*+' + (* + !) a'6 + ^^^^ a'-»i' 

+ (^+1)^(^-1) »-JJJ , /£) 

1 • 2 • 3 " " ^ y") 

In (1) put k-\-\ioi k; this gives 
(a + J)'+» = a*+' + (A + 1) a'J + ^^+'^X^+^-'^) cf-^v 

(^ + 1X^ + 1-1X^+1-2) ,_.y 

1-2-3 ^ 

= a*+' + (A + 1) a'6 + ^^ + P^ a*-W 

^(iil)|(|^^._.,,^ (3) 

Equation (3) is seen to be the same aa ecyiatioa (2Y 
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Hence (1) holds when we put k + 1 for k; that is, if the 
laws of § 833 hold for the Z;th power, they must hold for 
the (k + l)th power. 

But the laws hold for the fourth power; therefore they 
must hold for the fifth power. 

Holding for the fifth power, they must hold for the sixth 
power ; and so on for any positive integral power. 

Therefore they must hold for the nth power, if n is a 
positive integer ; an d we have 



(a + by = a* + na^'-'b + ^(^ ^^ a^-^b^ 



X * ^ ' o 

Note. The above proof is an example of a proof by mathematical 
indiuition. 



336. This formula is known as the binomial theorem. 

The expression on the right is known as the expansion of 
(a + by ; this expansion is ai, finite series when w is a positive 
integer. That the series is finite may be seen as follows : 

In writing out the successive coefficients we shall finally 
arrive at a coefficient which contains the factor n — n; the 
corresponding term will vanish. The coefficients of all the 
succeeding terms likewise contain the factor w — w, and 
therefore all these terms will vanish. 

837. If a and b are interchanged, the identity (A) may 
be written 

(a + by =--(b + ay - 5« + w J-'a + ^^!^~-^^ J'- V 

, w(n-l)(n-2) j,_s , , 
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This last expansion is the expansion of (A) written in 
reverse order. Comparing the two expansions, we see 
that : the coefficient of the last term is the same as the 
coefficient of the first term ; the coefficient of tiie last term 
hut one is the same as the coefficient of the first term bat 
one ; and so on. 

In general, the coefficient of the rth term from the end 
is the same as the coefficient of the rth term from the 
beginning. In writing out an expansion by the binomial 
theorem, after arriving at the middle term, we can shorten 
the work by observing that the remaining coefficients are 
those already found, taken in reverse order. 

338. If b is negative, the terms which involve even 
powers of h will be positive, and those which involve odd 
powers of b negative. Hence, 

(a - by = a* - nar-'b + ^(j^""^) a-V 

_ n(n--lXn-2) ^.^y_^ (B) 

Also, putting 1 for a and x for b, in (A) and (B), 



(\ + xY = l+nx + '!!^^^3? 



^ n(n-lXn-2) ^^_ (0) 



{l-xf=\-nx^- ''^'^-J-) a? 



_ n(n-lXn-2) ^^ (D) 
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I. Examples. 

(1) Expand (l + 2a:)*. 

In (0) put 2 a; for a; and 5 for n. The result is 

1-2-3-4 1-2-3-4-5 

-. 1 + 10a? + 40a^ + 80a^ + 80a;* + 32a:*. , >> 

(2) Expand to three terms ( — - ) • 

Put a for i and 6 for — ; then, by (B). 
X 3 

(a - J)« = a« - 6 a*6 + 15a*6» + .•- 
Replacing a and b by their values, 

a-¥)-e)-'a)W)*'K:)W)'- ■ 

afi ar» 3 

340. Any Eeqnired Term. From (A) it is evident (§ 335) 
that the (r + l)th term of the expansion of (a + i)* is 

w(n -— l)(n — 2) to r factors n-rj^r 

1x2x3 r 

Note. In finding the coefficient of the (r + l)th term, write down 
the series of factors 1x2x3 r for the denominator of the coeffi- 
cient, then write over this series the factors n(n — l)(n — 2), etc., 
writing just as many factors in the numerator as there are in the 
denominator. 

The (r + l)tli term in the expansion of (a — by is the 
Hume as the above if r is even, and the negative of the 
above if r is odd. 
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Find the eighth term of f 4 — -— j . 

Here a = 4, 6-^, n=-10.r = 7. 

The term required is , ^ " ! ^ ^ ^ (4)'( --;:»• 
^ 1-2-3-4-5-6-7 V 2/ 

which reduces to — 60 x^*. 

341. A trinomial may be expanded by the binomial 
theorem as follows : 

Expand (1 + 2a: -a;*)'. 

Put 2x — 7?^z\ 

then (1 + a)* = 1 + 32 + 32* + 2». 

Replace 2 with 2 a: — x*. 
.-. (1 + 2a; -»«)» = l + 3(2a;-»«) + 3(20?- a:*)* + (2a;-a;*)» 

= 1 + 6a; + 9»» - 4x» - 9a?* + 6a:* - a«. 

Exercise 114. 

1. {l + 2x)\ 3. (2a:~3y)*. 5. (l-^Y- 

2. {x-Z)\ 4. (2-a:)». 6. (l-fY 

7. Find the fourth term of (2a;— 5y)". 

8. Find the seventh term of (0+0) • 

9. Find the twelfth term of (a* — oar)". 

10. Find the eighth term of {pa^y — 2a;y*)*. 

11. Find the middle term of /"-+ 2^Y- 

12. Find the middle term of (--y\ . 

13. Find the two middle terms of (-— ^ k 
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Find the rth term of (2 a + a?)*. 
Find the rth term from the end of (2 a + ar)*. 
. Find the (r + 4)th term of (a + a;)*. 
t. Find the middle term of (a + ar)*". 

18. Expand (2a + xf^, and find the sum of the terms if 

a=l, a? = -2. 

Expand : 

19. (Va+V6)^ 24. (•v^»+ V?)». 29. ( Va - 2 VT)*. 

20. (2a*-iVa/. 25.(2\/^-iy')*. 30. ^^^ - -v/^Y. 

3^ Bmomial Theorenii Any E^nent. We have seen 
(§ 338) that when n is a positive integer we have the 
identity 

We proceed to the case of fractional and negative ezpc 
nents. 
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I. Suppose n is a positive fraction, ? We may assnme 
that ^' 

(l + xy = {A + £x+Cx' + Dsi'+ )«, (1) 

provided x be so taken that the series 

A + £x+Cx'+I>3i^ + 

is convergent (§ 325). 

That this assumption is allowable may be seen as follows: 

Expand both members of (1). We obtain 



^ 1-2 1-2-3 



+ 



and A" + qA*-'Bx+ ^^^ (^'-'-B* + qA'-'C)x'+ 

In the first k coefficients of the second series there enter 

only the first k of the coefficients A, jB, (7, 2), If, then, 

we equate the coefficients of corresponding terms in the 
two series (§ 330) as far as the ^th term, we shall have just 

k eqitations to find h unhnxyum numbers A^ B^ C, J9, 

Hence the assumption made in (1) is allowable. 

Comparing the two first terms and the two second terms, 
we obtain 

A' = \, .-. ^ = 1; 
qA^-^B=p, or qB=p, :. £ = -• 
Extracting the jth root of both members of (1), we have 

(\ + xj=\+?.x+Cx^ + D3? + , (2) 

where rr is to be so taken that the series on the right is 
convergent. 
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II. Suppose n is a negative number, integral or frac- 
tional. Let w = — m, so that m is positive ; then 

(1 + a;)« =(1 + a;)-* = — 1— . 

(l + xy 

From (2), whether m is integral or fractional, we may 

assume 

1 1 

(1 + a:)"' l+mx + cx' + da^ + ' 

By actual division this gives an equation in the form 
(l + xy'* = l-mx + Cx' + I)sf' + (3) 

843. It appears from (2) and (3) that whether n be inte- 
gral or fractional, positive or negative, we may assume 
(l + xy = l + nx+Ox' + I)af' + , 

provided the series on the right is convergent. 
Squaring both members, 

(l + 2x + x'y = l + 2nx + 2Cx' + 2I)a? + (1) 

+ nV +2nCa?, 
Also, since 

(l + yy=l + ny+a/' + iy+ , 

we have, putting 2 a; + a;* for y, 

(l + 2x + a^y = l + n(2x + x')+a(2x + x'y 

+ I)(2x + x'y 

= l + 2wa; + na;» +4(?ar' + 

+4:0a^+SI)af'. (2) 

Comparing corresponding coefficients in (1) and (2), 
n + 40=2C+n\ 
^C+8I) = 2I) + 2na 

... 2C=n'-n, and (7= ''^!'":^l 

1*2 

SJ) = (n-2)a and i) = ^(^7 ^X^" 2) 
V / ' 1-2-3 

sad 8o on. 
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Hence, whether n be integral or fractional, podtiv 
negative, we have 

if :r is 80 taken that the series on the right is converge: 
The series obtained will be an infinite series unless i 
positive integer (§ 336). 

344 If :r is negative, 

^ ^ 1*2 1-2-3 

Also, if a; < a, 

(a + a:)* = a*^l+^Y 

-A , X . n(n— l)rc* , \ 
\ a 1-2 a' / 

= a* + nar-^x + ^^^""^^ a*" V + ; 

i£ x>af 

(a + a;)» = (a; + a)* = a:*/'l+-Y 

-A , a , n(n— l)a' , \ 
= ^(^l + ,_ + .L_J^+ j 

= af + noa;*-* + ^^^~^) aV-' + 

345. Examples. 

(1) Expand (1 + a;)* 

^ ^ '^ 1-2 1-2-3 

= l + ia;--LaJ + -2i5_ ^ _ 

^ 3-6 3-6-9 

if X is 80 taken that the series is convergent. 
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(2) Expand (1 + z)"^. 



• 3-6 3-6-9 
if c is 80 taken that the series is convergent 

(3) Expand ^ ♦ 
Vl —X 

^ *' 1-2 1-2-3 

4*8 4-813 
if a; is so taken that the series is convergent 

A root may often be extracted by means of an expansion. 
(4) Extract the cube root of 344 to six decimal places. 

344-343fl + -l-^=7'fl+— Y 
V 343/ V 343y 

\ 3V343y 12 V343/ / 

= 7(1 + 0.000971815 - 0.000000944) 
- 7.006796. 

f6) Find the eighth term of (x ^V*- 

\ 4Vx/ 

Here a=^x, 6=-i_ = ^, n = -l r = 7. 

4Vi 4,* 2' 

Thetermis -J'-J — f — ? — <•-¥ — ¥ ,-^l 

1-2-3-4-5-6-7 

1-3-5-7-91113-3T 
or 



(-i)' 



2 4 6 8101214-4Tx" 
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Exercise 115. 

Expand to four terms : 

1. (1 + a;)*. 5. (a'-a;*)* 9. ^ 

2. (1 + rp)* 6. (x' + xi/yi. )__ 

10. < l 1 

3. (a + z)i. 7. (2a;~3y)"*. ' \(l_3y)5* 

4. (1-a:)-*. 8. VT^^^, 11. (1+ar + a;')* 

12. (l-x + x')K 

13. Find the rth term of (a + a:)*. 

14. Find the rth term of (a — ar)~'. 

15. Find V65 to five decimal places. 

16. Find VT^ to five decimal places. 

17. Find \/129 to six decimal places. 

18. Expand (1 — 2a; + 3 a:*)"* to four terms. 

19. Find the coefficient of a:* in the expansion of ;, "* ■ ^{ . 

20. By means of the expansion of (1 + ^)* show that the. 

limit of the series 

1 + 1 L-+ 1x3 1x3x5 . J ^2: 

^2 2x2'^2x3x2» 2x3x4x2*^ 



CHAPTER XXVI. 

COMMON LOGARITHMS. 

346. If the natural numbers are regarded as powers of 
ten, the exponents of the powers are the Oommon or Briggs 
Logarithms of the numbers. If A and JB denote natural 
numbers, a and b their logarithms, then 

10" = A, W = £] 

or, in logarithmic form, 

log A = aj log B = b, 

347. The logarithm of a product is found by adding the 
logarithms of its factors. 

For AxB= 10" X 10* = 10*+*. 

Therefore, log (^ X ^) = a + i = log ^ + log B, 

848. The logarithm of a quotient is found by subtracting 
Hie logarithm of the divisor from that of the dividend. 

For A = ^ = 10-\ 

B 10* 

Therefore, \og^=a — b = logA- log B, 

B 

848. The logarithm of a power is found by multiplying 
the logarithm of the number by the exponent of the power. 

For j4» = (10")** = 10»*. 

Therefore, log A^ = an=^n log A . 



For y/A = ^/W=lQr. 

Therefore. log V3 = ^ = ^&^. 



n n 
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■ 

350. The logarithm of the root of a number is found by 
dividing the logarithm of the number by the index of the 
root. 



361. The logarithms of 1, 10, 100, etc., and of 0.1, 0.01, 
0.001, etc., are integral numbers. The logarithms of all 
other numbers are fractions. 

Since 10^= 1, 10-^ (=^) =0.1, 

10'= 10, 10-' (=T*^) =0.01, 

10» = 100, 10-' (= T^) = 0.001, 

therefore log 1 = 0, log 0.1 = — 1, 

log 10 = 1, log 0.01 =-2, 

log 100 = 2, log 0.001 = - 3. 

Also, it is evident that the common logarithms of all 
numbers between 

1 and 10 will be + a fraction, 

10 and 100 will be 1 + a fraction, 

100 and 1000 will be 2 + a fraction, 

1 and 0.1 will be — 1 + a fraction, 
0.1 and 0.01 will be — 2 + a fraction, 
0.01 and 0.001 will be - 3 + a fraction. 

352. If the number is less than 1, the logarithm is nagk- 
tive (§ 351), but is written in such a form that \hQ fiigsiuinal 
part is always positive. 

353. Every logarithm, therefore, consists of two parts : a 
positive or negative integral number, which is called the 
oharacteristio; and a positive proper iT«Lc\>\oTi,\?\i\OtL\^ ^-a^^ 
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the mantissa. Thus, in the logarithm 8.5218, the integral 
number 3 is the characteristic, and the fraction .5218 the 
mantissa. In the logarithm 0.7825 — 2, which is sometimes 
written 2.7825, the integral number — 2 is the character- 
istic, and the fraction 0.7825 is the mantissa. 

864. If the logarithm has a negative characteristic, it is 
customary to change its form by adding 10, or a multiple 
of 10, to the characteristic, and then indicating the sub- 
traction of the same number from the result. Thus, the 
logarithm 2.7825 is changed to 8.7825 - 10 by adding 10 
to thq characteristic and writing — 10 after the result. The 
logarithm 13.9273 is changed to 7.9273 - 20 by adding 20 
to the characteristic and writing — 20 after the result. 

355. The following rules are derived from § 351 : 

Rule 1. If the number is greater than 1, make the 
characteristic of the logarithm one unit less than the num- 
ber of figures on the left of the decimal point. 

Rule 2. If the number is less than 1, make the charac- 
teristic of the logarithm negative^ and one unit more than 
the number of zeros between the decimal point and the 
first significant figure of the given number. 

Rule 3. If the characteristic of a given logarithm is 
positive, make the number of figures in the integral part of 
the corresponding number one more than the number of 
units in the characteristic. 

BuiiE 4. If the characteristic is negative^ make the num- 
ber of seros between the decimal point and the first signifi- 
cant figure of the corresponding number one less than the 
number of units in the characteristic. 

Thus, the characteristic of log 7849.27 is 3 ; the character- 
28t2c of log 0.03718-2 = 8.0000 - 10. If the characteristic 
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is 4, the corresponding number has five figures in its integral 
part. If the characteristic is — 3, that is, 7.0000 — 10, the 
corresponding fraction has two zeros between the decimal 
point and the first significant figure. 

356. The mantissa of the common logarithm of any inte- 
gral number, or decimal fraction, depends only upon the 
digits of the number, and is unchanged so long as the 
sequence of the digits remains the same. 

For changing the position of the decimal point in a 
number is equivalent to multiplying or dividing the num- 
ber by a power of 10. Its common logarithm, thei;pfore, 
will be increased or diminished by the exponent of that 
power of 10 ; and since this exponent is integral, the man- 
tissa, or decimal part of the logarithm, will be unaffected. 

Thus, 27196 = 10*-*^, . 2.7196 = 10»*»«, 
2719.6 = 10**^, 0.27196 = W'*^^-^\ 
27.196 = lO'-****, 0.0027196 = 10^"«-'^ 

One advantage of using the number ten as the base of a 
system of logarithms consists in the fact that the m^aniissa 
depends only on the sequence of digits, and the characteristic 
on the position of the decimal point. 

357. In simplifying the logarithm of a root the equal 
positive and negative numbers to be added to the logarithm 
should be such that the resulting negative number, when 
divided by the index of the root, gives a quotient of — 10. 

Thus, if the log 0.002* = i of (7.3010 - 10), the expres- 
sion i of (7.3010 — 10) may be put in the form i of 
(27.3010 - 30), which is 9.1003 - 10, since the addition 
of 20 to the 7, and of -— 20 to the — 10, produces no change 
in the value of the logarithm. 
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Exercise 116. 

Given : log 2 = 0.3010 ; log 3 = 0.4771 ; log 6 = 0.6990 ; 
log 7 = 0.8451. 

Find the common logarithms of the following numbers 
by resolving the numbers into factors, and taking the sum 
of the logarithms of the factors. 

1. log 35. 5. log 12. 9. log 0.05. 13. log 1.75. 

2. log 9. 6. log 60. 10. log 12.5. 14. log 105. 

3. log 8. 7. log 75. 11. log 1.25. 15. log 0.0105. 

4. log 49. 8. log 7.5. 12. log 37.5. 16. log 1.05. 

Find the common logarithms of the following : 

17.- 7*. 20. 5*. 23. 2^. 26. 3^^^, 29. 5^. . 

18. 3*. 21. 3*. 24. 5* 27. 7^. 30. 7^\ 

19. 7». 22. 7^. 25. 3^ 28. 3*. 31. 21*. 

358. The logarithm of the reciprocal of a number is 
called the oologarithm of the number. 
If A denote any number, then 

colog ^ = log 1 = log 1 - log A (§ 348) = - log ^ (§ 351). 

JO. 

Hence, the cologarithm of a number is equal to the log- 
arithm of the number with the minus sign prefixed, which 
sign affects the entire logarithm, both characteristic and 
mantissa. 

In order to avoid a negative mantissa in the cologarithm, 
it is customary to substitute for — log -4 its equivalent 
(10 - log A) - 10. 

Hence, the cologarithm of a number is found by subtract- 
ing the logarithm of the number from 10, and then annexing 
— 10 to the remainder. 
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The best way to perform the subtraction is to begin on 
the left and subtract each figure of log A from 9 until )we 
reach the last significant figure, which must be subtracted 
from 10. 

If log A is greater in absolute value than 10 and less 
than 20, then in order to avoid a negative mantissa, it is 
necessary to write — log A in the form (20 — log A) — 20. 
So that, in this case, colog A is found by subtracting log A 
from 20, and then annexing — 20 to the remainder. 

(1) Find the cologarithm of 4007. 

10 -10 
Given: log 4007= 3.6028 

Therefore colog 4007= 6.3972-10 

(2) Find the cologarithm of 103992000000. 

20 -20 
Given : log 103992000000 = 11.0170 

Therefore, colog 103992000000 = 8.9830-20 

If the characteristic of log A is negative, then the subtra- 
hend, — 10 or — 20, will vanish in finding the value of 
colog A. 

(3) Find the cologarithm of 0.004007. 

10 -10 
Given: log 0.004007= 7.G028-10 

Therefore, colog 0.004007 = 2.3972 

By using cologarithms the inconvenience of subtracting 
the logarithm of a divisor is avoided. For dividing by a 
number is equivalent to multiplying by its reciprocal. 
Hence, instead of subtracting the logarithm of a divisor, its 
cologarithm may be added. 



I 



1) Find the logarithm of 
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5 



0.002 



(2) Find the logarithm of 



log-A_ = log5 + colog 0.002 
*^ 0.002 ^ ^ 

log 5 = 0.6990 

colog 0.002 = 2.6990 

log quotient = 3.3980 
0.07 



2» 



log 5^ = log 0.07 + colog 2». 

log 0.07 = 8.8451 -10 
colog 25 = (10 - 3 log 2) - 10 = 9.0970 - 10 

log quotient = 7.9421 - 10 



Exercise 117. 

Given: log 2 = 0.3010; log 3 = 0.4771; log 5 = 0.6990; 
log 7 = 0.8451; log 11 = 1.0414. 

Find the logarithms of the following quotients : 



1 2 


7. 

• 


5 
3 


13. 


0.05 
3 


19. 


0.05 
0.003 


25. 


0.02« 
3» 


«. 2. 

7 


8. 


5 
2 


14. 


0.005 
2 


20. 


0.007 
0.02 


26. 


3» 
0.02« 


3.1 

5 


9. 


7 
3* 


15. 


0.07 
5 


21. 


0.02 
0.007 


27. 


7» 
0.02? 


*l 


10. 


7 
2 


16. 


5 
0.07 


22. 


0.005 
0.07 


#28. 


0.07» 
0.003» 


'1 


11. 


3 
2 


17. 


3 
0.007 


23. 


0.03 

7 


29. 


0.005« 

7» 


'l 


12. 


7 
0.5 


18. 


0.003 

7 


24. 


0.0007 
0.2 


30. 


7» 
0.005« 
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359. Tables. A table oi four-place common logaritbns 
is given on pages 340 and 341, which contains the common 
logarithms of all numbers under 1000, the decimal point 
and characteristic bemg omitted. The logarithms of single 
digits, 1, 8, etc., will be found at 10, 80, etc. 

Tables containing logarithms of more places can Be pro- 
cured, but this table will serve for many practical uses, and 
will enable the student to use tables of five-place, seven- 
place, and ten-place logarithms, in work that requires 
greater accuracy. 

In working with a four-place table, the numbers corre- 
sponding to the logarithms, that is, the antilogarithmSf as 
they are called, may be carried iofour significant digits. 

360. To find the Logarithm of a ITumber in this Table. 

(1) Suppose it required to find the logarithm of 65.7. 
In the column headed " N" look for the first two significant 
figures, and at the top of the table for the third significant 
figure. In the line with 65, and in the column headed 7, 
is seen 8176. To this number prefix the characteristic and 
insert the decimal point. Thus, 

log65.7 = 1.8176. 

(2) Suppose it is required to find the logarithm of 20347. 
In the line with 20, and in the column headed 3, is seen 
3075 ; also in the line with 20, and in the 4 column, is seen 
3096, and the diflference between these two is 21. The dif- 
ference between 20300 and 20400 is 100, and the difference 
between 20300 and 20347 is 47. Hence, ^ of 21 = 10, 
nearly, must be added to 3075 ; that is, 

log 20347 -= 4.3085. 

(3) Suppose it is required to find the logarithm of 
0.0005076. In the line with 50, and in the 7 column, is 
seen 7050; in the 8 column, 7059: the difference is 9. The 
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difference between 5070 and 5080 is 10, and the difference 
between 5070 and 5076 is 6. Hence, -j^ of 9 = 5 must be 
added to 7050 ; that is, 

logO.0005076 = 6.7055 - 10. 

86L To find a Nnmber when its Logarithm is given. 

(1) Suppose it is required to find the number of which 
the logarithm is 1.9736. 

Look for 9736 in the table. In the column headed "N," 
and in the line with 9786, is seen 94, and at the head of 
the column in which 9786 stands is seen 1. Therefore, 
write 941, and insert the decimal point as the characteristic 
directs; that is, the number required is 94.1. 

(2) Suppose it is required to find the number of which 
the logarithm is 8.7986. 

Look for 7986 in the table. It cannot be found, but the 
two adjacent mantissas between which it lies are seen to be 
7981 and 7938 ; their difference is 7, and the difference be- 
tween 7981 and 7930 is 5. Therefore, ^ of the difference 
between the numbers corresponding to the mantissas, 7981 
and 7988, must be added to the number corresponding to 
the mantissa 7981. 

The number corresponding to the mantissa 7938 is 6220. 

The number corresponding to the mantissa 7981 is 6210. 

The difference between these numbers is 10, 
and 6210 + ^ of 10 = 6217. 

Therefore, the number required is 6217. 

(3) Suppose it is required to find the number of which 
the logarithm is 7.8882 - 10. 

Look for 8882 in the table. It cannot be found, but the 
two adjacent mantissas between which it lies are seen to be 
8874 and 3892 ; the difference between the two mantissas 
is 18, and the difference between 8874 and the given man- 
tissa 8882 is 8. 
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/ 



N 

"io 

11 

12 
13 
14 

16 

16 
17 
18 
19 

20 

21 
22 
23 
24 

26 

26 
27 
28 
29 

30 

31 
32 
33 
34 

35 

36 
37 
38 
39 

40 

41 
42 
43 
44 

45 

46 
47 
48 
49 

60 

51 
52 
53 



0000 
0414 
0792 
1139 
1461 

1761 
2041 
2304 
2553 

2788 

3010 
3222 
3424 
3617 
3802 

3979 
4150 
4314 
4472 

4624 

4771 
4914 
5051 
5185 
5315 

5441 
5563 
5682 
5798 
5911 

6021 
6128 
6232 
6335 
6435 

6532 
6628 
6721 
6812 
6902 

6990 
7076 
7160 
7243 



0043 
0453 
0828 
1173 
1492 

1790 
2068 
2330 
2577 
2810 

3032 
3243 
3444 
3636 
3820 

3997 
4166 
4330 

4487 
4639 

4786 
4928 
5065 
5198 
5328 

5453 
5575 
5694 
5809 
5922 

6031 
6138 
6243 
6345 
6444 

6542 
6637 
6730 
6821 
6911 

6998 
7084 
7168 
7251 



0086 
0492 
0864 
1206 
1523 

1818 
2095 
2355 
2601 
2833 

3054 
3263 
3464 
3655 
3838 



6i 1 7324 I 7332 



4014 
4183 
4346 
4502 
4654 

4800 
4942 
5079 
5211 
5340 

5465 
5587 
5705 
5821 
5933 

6042 
6149 
6253 
6355 
6454 

6551 
6646 
6739 
6830 
6920 

7007 
7093 
7177 
7259 
7340 



0128 
0531 
0899 
1239 
1553 



1847 
2122 
2380 
2625 
2856 



3075 
3284 
3483 
3674 
3856 



4031 
4200 
4362 
4518 
4669 



4814 
4955 
5092 
5224 
5353 



5478 
5599 
5717 
5832 
5944 



6053 
6160 
6263 
6365 
6464 



6561 
6656 
6749 
6839 
6928 



0170 
0569 
0934 
1271 
1584 



1875 
2148 
2405 
2648 

2878 



3096 
3304 
3502 
3692 
3874 



4048 
4216 
4378 
4533 
4683 



4829 
4969 
5105 
5237 
5366 



5490 
5611 
5729 
5843 
5955 



6064 
6170 
627i 
6375 
6474 



6571 
6665 
6758 
6848 
6937 



7016 7024 
7101 7110 
7185 7193 
7267 7275 
7348 \ 7356 



6 



0212 
0607 
0969 
1303 
1614 



1903 
2175 
2430 
2672 
2900 



3118 
3324 
3522 
3711 
3892 



4065 
4232 
4393 
4548 
4698 



4843 
4983 
5119 
5250 
5378 



5602 
5623 
5740 
5855 
5966 



6075 
6180 
6284 
6385 
6484 



6580 
6675 
6767 
6857 
6946 



7033 
7118 



0253 
0645 
1004 
1335 
1644 



1931 
2201 
2455 
2695 
2923 



3139 
3345 
3541 
3729 
3909 



4082 
4249 
4409 
4564 
4713 



4857 
4997 
5132 
5263 
5391 



5514 
5635 
5752 
5866 
5977 



6085 
6191 
6294 
6395 
6493 



6590 
6684 
6776 
6866 
6955 



7042 
7126 



8 



0294 
0682 
1038 
1367 
1673 



1959 
2227 
2480 
2718 
2945 



3160 
3365 
3560 
3647 
3927 



4099 
4266 
4425 
4579 
4728 



4871 
5011 
5145 
5276 
5403 



5527 
5647 
5763 
5877 
5988 



6096 
6201 
6304 
6405 
6503 



6599 
6693 
6785 
6875 
6964 



7202 7210 



n275\n2&\\n'2a^V 

\7356\136\\T.Vi'1\ 



0334 
0719 
1071 
1399 
1703 



1987 
2253 
2504 
2742 
2967 



3181 
3385 
3679 
3766 
3946 



4116 
4281 
4440 
4594 
4742 



4886 
5024 
6159 
6289 
6416 



5639 
5658 
5775 
5888 
5999 



6107 
6212 
6314 
6415 
6513 



6609 
6702 
6794 
6884 
6972 



7050 7059 7067 
7135 7143 7162 
7218 7226 7235 



0374 
0755 
1106 
1430 
1732 



2014 
2279 
2529 
2765 
2989 



3201 
3404 
3698 
3784 
3962 



4133 
4298 
4466 
4609 
4757 



4900 
6038 
6172 
5302 
6428 



6661 
6670 
6786 
6899 
6010 



6117 
6222 
6325 
6425 
6622 



6618 
6712 
6803 
6893 
6981 
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N 
55 




« 


1 


2 


3 


4 


5 


6 


7 


8 


9 


7404 


7412 


7419 


7427 


7436 


7443 


7461 


7469 


7466 


7474 


66 


7482 


7490 


7497 


7605 


7613 


7620 


7628 


7636 


7643 


7551 


67 


7559 


7566 


7574 


7582 


7689 


7697 


7604 


7612 


7619 


7627 


68 


7634 


7642 


7649 


7667 


7664 


7672 


7679 


7686 


7694 


7701 


69 

oo 


7709 


7716 

7789 


7723 


7731 
7803 


7738 


7746 

7818 


7762 


7760 
7832 


7767 
7839 


7774 
7846 


7782 


7796 


7810 


7826 


61 


7863 


7860 


7868 


7876 


7882 


7889 


7896 


7903 


7910 


7917 


62 


7924 


7931 


7938 


7945 


7962 


7969 


7966 


7973 


7980 


7987 


63 


7993 


8000 


8007 


8014 


8021 


8028 


8036 


8041 


8048 


8066 


64 

e5 


8062 


8069 
8136 


8075 


8082 
8149 


8089 
8166 


8096 


8102 


8109 


8116 


8122 
8189 


8129 


8142 


8162 


8169 


8176 


8182 


66 


8195 


8202 


8290 


8216 


8222 


8228 


8236 


8241 


8248 


8264 


67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


68 


8325 


8331 


8338 


8344 


8361 


8367 


8363 


8370 


8376 


8382 


69 
70 


8388 


8395 


8401 
8463 


8407 
8470 


8414 
8476 


8420 

8482 


8426 


8432 
8494 


8439 


8445 
8606 


8451 


8457 


8488 


8600 


71 


8513 


8519 


8526 


8631 


8637 


8643 


8649 


8665 


8561 


8567 


72 


8573 


8579 


8585 


8691 


8697 


8603 


8609 


8615 


8621 


8627 


73 


8633 


8639 


8646 


8661 


8667 


8663 


8669 


8675 


8681 


8686 


74 
75 


8692 
8751 


8698 
8766 


8704 


8710 
8768 


8716 
8774 


8722 
8779 


8727 


8733 
8791 


8739 

8797 


8745 


8762 


8786 


8802 


76 


8808 


8814 


8820 


8826 


8831 


8837 


8842 


8848 


8864 


8859 


77 


8865 


8871 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8916 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8964 


8960 


8965 


8971 


79 
80 


8976 
9031 


8982 


8987 
9042 


8993 


8998 


9004 


9009 


9015 
9069 


9020 
9074 


9025 
9079 


9036 


9047 


9063 


9058 


9063 


81 


9085 


9090 


QAQA 


9101 


9106 


9112 


9117 


9122 


9128 


9133 


82 


9138 


9143 


9149 


9154 


9169 


9165 


9170 


9175 


9180 


9186 


83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


84 
85 


9243 

• 

9294 


9248 


9263 


9268 


9263 
9316 


9269 
9320 


9274 
9325 


9279 
9330 


9284 
9336 


9289 
9340 


9299 


9304 


9309 


86 


9345 


9360 


9366 


9360 


9366 


9370 


9376 


9380 


9386 


9390 


87 


9395 


9400 


9406 


9410 


9415 


9420 


9425 


9430 


9436 


9440 


88 


9445 


9450 


9456 


9460 


9466 


9469 


9474 


9479 


9484 


9489 


89 
00 


9494 


9499 
9547 


9604 
9562 


9609 


9613 
9662 


9618 


9623 
9671 


9628 


9633 


9538 


9542 


9667 


9666 


9676 


9581 


9686 


91 


9590 


9595 


9600 


9606 


9609 


9614 


9619 


9624 


9628 


9633 


92 


9638 


9643 


9647 


9652 


9667 


9661 


9666 


9671 


9676 


9680 


93 19685 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


94 9731 


9736 

9782 


9741 
9786 


9745 


9750 
9795 


9764 
9800 


9769 
9806 


9763 
9809 


9768 
9814 


9773 


05 


9777 


9791 


9818 


96 


9823 


9827 


9832 


9836 


9841 


9846 


9860 


9864 


9869 


9863 


97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


ffS 1 9912 1 9917 1 9921 j 9926 


9930 


9934 


9939 


9943 


9948 


9962 


99 h 


99561 


99611 


9965 \ 9969 


9974 


997ft \ 9^ft^ \ ^^«1 \^^^\V^^^ I, 
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IV. When the inierest is payable monthly ^ 

V. When interest is payable q times a year, 

Find the present worth of $500, due in 4 years, at 5 per 
cent compound interest. 

^ = P(l + r)*. 



:^ 1^ 1411.36. 
+ r)* (1.05)* 



' (1 + rf (1.05) 

368. Sinking Funds. If the sum set apart at the end of 
each year to be put at compound interest is represented 
by 8, then 

The sum at the end of the 
first year = 8, 
second year = 8+ 8R, 
third year =8+8R + 8R, 

nth year =8+SR + 8Il' + + 8R'-\ 

That is, the amount A = 8+ 8R + 8I?+ + /S/^*-^ 

.-. AR = SR + 8Il' + 8I? + + /afl*. 

.-. AR-A = 8Br-8. 
. j^ __ 8(R^ - 1) 

r 

(1) If $10,000 be set apart annually, and put at 6 per 

cent compound interest for 10 years, what will be the 

amount ? 

^ _ 8{R^ -!) _, ! 10.000 (1.06^ - 1) 
r ^ 0.06 ' 

By logarithms the amount is iouxxd lo \ift "^ViV^V^ Vlf^AorV^. 
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(2) A county owes $60,000. What sum must be set 
apart annually, as a sinking fund, to cancel the debt in 10 
years, provided money is worth 6 per cent ? 

S=--^^ ^^QQQf/ ^-^ = 14555 {nearly), 
i2n-l 1.0610-1 ^ ^^ 

Note. The amount of tax required yearly is $3600 for the interest 

and $4555 for the sinking fund ; that is, $ 8155. 

369. Aimtdties. A sum of money that is payable yearly, 
or in parts at fi;^ed periods in the year, is called an annuity. 

To find the amount of an unpaid annuity when the inter- 
estf timej and rasper cent are given. 

The sum due at the end of the 
first year = a5, 
second year = 8-{- SB, 
third year =S+SE + SIP, 
nth year =S+SE + SIP+ + 8Ii^-\ 

That is, A^^^^-^\ 

r 

An annuity of $ 1200 was unpaid for 6 years. What was 

the amount due if interest is reckoned at 6 per cent ? # 

_^_ 5(ifr-l)J|;i200(1.06«-l) _^33yQ 
r 0.06 ^ ' 

870. To find the present worth of an annuity when the 
time it is to continue and the rate per cent are given. 

Let P denote the present worth. Then the amount of 
P for n years will be equal to A, the amount of the annuity 
for n years. 

Therefore for n years 

A=F(l + ry = FIt-, §367 

and A = ^^^_~^) . § 369 

... Pi^ = ^(flziD. • 
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It" B-l 
This equation may be written 



P= 



^-1 

As n increases, the expression 






C-i) 



approaches 1. Therefore, if the annuity 'v& perpetual, 

8 8 



P = 



^-1 r 



(1) Find the present worth of an annual pension of 
$ 105 for 5 years, at 4 per cent interest. 

R^^ R-\ 

? 105^1.04*-! <PAa*7f 7 \ 

(2) Find the present worth of a perpetual scholarship 
that pays $300 annually, at 6 per cent interest. 

P = ^=:l^ = $5000. 
r 0.06 

371. To find the present worth of an annuity/ that begim 
in a given number of years ^ when the time it is to continue 
and the rasper cent are given. 

Let p denote the number of years before the annuity 
begins, and q the number of years the annuity is to con- 
tinue. 

Then the present worth of the annuity to the time it 
terminates is 

8 ^B^'-l 



JE?+« R-\ 



INTEREST AND ANNUITIES. 351 

ad the present worth of the annuity to the time it begins is 

S I^-\ 
B? R-\ 
Hence, 

If the annuity is to begin at the end of p years, and to 
be perpetual, the formula 

becomes 
And since 





P - ^ 


1)" i?* 


If 


— approach«s 


1 (§ 370), 




P _ ^ 





B'iE-l) 

(1) Find the present worth of an annuity of $5000, to 
begin in 6 years, and to continue 12 years, at 6 per cent 
interest. 



Bp+9 R-l 

„ IM^ X ^-^""^ = $29,550. 
1.06^8 0.06 ^ ' 

(2) Find the present worth of a perpetual annuity of 
f 1000, to begin in 3 years, at 4 per cent interest. 

P = ^ IJM_ = f 22,225. 

Bp(R-\) 1.04»xO.O4 
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372. To find the annuity when the present worth, the 
timet o/nd the rate per cent are given. 

p^SjU'-l). §370 

What annuity for 5 years will $4675 give when interest 
is reckoned at 4 per cent ? 

i8^= iV X -^ = $4675 X 0.04 X ^^^Ti = ?1^^- 

373. Life Insurance. In order that a certain sum may be 
secured, to be payable at the death of a person, he pays 
yearly a fixed premium. 

If P denote the premium to be paid for n years to insure 
an amount ^, to be paid immediately after the last pre- 
mium, then 

A = li^^-=^. §368 



p_ A(R-V) _ 



Ar 



JRT-l B^-l 
If A is to be paid a year after the last premium, then 

p„ A(B-l) _ Ar 

Note. In the calculation of life insurances it is necessary to em- 
ploy tables which show for any age the probable duration of life. 

374. Bonds. If P denote the price of a bond that has n 
years to run, and bears r per cent interest, S the face of 
the bond, and q the current rate of interest, what interest 
on his investment will a purchaser of such a bond receive ? 

Let X denote the rate of interest on the investment. 

Then P(l + xY is the value of the purchase money at 
the end of n years. 
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Sr(l + qy-^ + Sr(l + $')"-' + + 8r+S ia the amount 

of money received on the bond if the interest received from 
the bond is put immediately at compound interest at q per 
cent. 

But Sr(l + qy-' + Sr(l + q^-^ + + 8r + S 



l + x 



_/8 ^ ^rr(i+^)'-iiy 

_ ^Sg + Sr(l + gY-Sr V- 



(1) What interest will a person receive on his invest- 
ment if he buys at 114 a 4 per cent bond that has 26 years 
to run, money being wopth 3} per cent ? 

^ / 3.5 + 4(1.035)«^-4 \^ 

\^ 3.99 J 

By logarithms, 1 + a; = 1.033. 

That is, the purchaser will receive 3} per cent for his money. 

(2) At what price must 7 per cent bonds, running 12 
years, with the interest payable semi-annually, be bought, 
in order that the purchaser may receive on his investment 
5 per cent, interest semi-annually, which is the current rate 
of interest? 

P(l + a.)n = Sg-\-Sr(l+q)n^Sr 
, p Sg-hSril-hq) - Sr 

In tills case 8= 100; and, aft the interest is semi-annual, 

q =. 0.025, r = 0.035, n = 24, jc = 0.025. 
Hence, p^2.5 + 3.5a025)«^^3 5, 

0.025 (1 .025)'* 
By logarithms, P= 118. 
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Exercise 120. 



1. In how many years will $100 amount to $1050, at 5 

per cent compound interest ? 

2. In how many years will $-4 amount to $-B (1) at 

simple interest, (2) at compound interest, r and E 
being used in their usual sense ? 

3. Find the diflference (to five places of decimals) be- 

tween the amount of $ 1 in 2 years, at 6 per cent 
compound interest, according as the interest is due 
yearly or monthly. 

4. At 5 per cent, find the amount of an annuity of $-4 

which has been left unpaid for 4 years. 

5. Find the present value of an annuity of $100 for 5 

years, reckoning interest at 4 per cent. 

6. A perpetual annuity of $1000 is to be purchased, to 

begin at the end of 10 years. If interest is reckoned 
at 3^ per cent, what should be paid for it ? 

7. A debt of $1850 is discharged by two payments of 

$ 1000 each, at the end of one and two years. Find 
the rate of interest paid. 

8. Reckoning interest at 4 per cent, what annual pre- 

mium should be paid for 30 years, in order to secure 
$2000 to be paid at the end of that time, the pre- 
mium being due at the beginning of each year ? 

9. An annual premium of $ 150 is paid to a life-insurance 

company for insuring $5000. If money is worth 4 
per cent, for how many years must the premium be 
paid in order that the company may sustain no loss? 
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10. What may be paid for bonds due in 10 years, and 

bearing semi-annual coupons of 4 per cent each, in 
order to realize 3 per cent semi-annually, if money 
is worth 3 per cent semi-annually ? 

11. When money is worth 2 per cent semi-annually, if 

bonds having 12 years to run, and bearing semi- 
annual coupons of 3^ per cent each, are bought at 
114|-, what per cent is realized on the investment ? 

12. If $126 is paid for bonds due in 12 years, and yield- 

ing 3^ per cent semi-annually, what per cent is 
realized on the investment, provided money is worth 
2 per cent semi-annually ? 

13. A person borrows $600.25. How much must he pay 

annually that the whole debt may be discharged in 
35 years, allowing simple interest at 4 per cent ? 

14. A perpetual annuity of $100 a year is sold for $2500. 

At what rate is the interest reckoned ? 

16. A perpetual annuity of $320, to begin 10 years hence, 
is to be purchased. If interest is reckoned at 3J- 
per cent, what should be paid for it ? 

16. A sum of $10,000 is loaned at 4 per cent. At the 

end of the first year a payment of $400 is made; 
and at the end of each following year a payment is 
made greater by 30 per cent than the preceding 
payment. Find in how many years the debt will 
be paid. 

17. A man with a capital of $100,000 spends every year 

$9000. If the current rate of interest is 5 per cent, 
in how many years will he be ruined ? 

18. Find the amount of $365 at compound interest for 20 

years, at 5 per cent. 



CHAPTER XXVIII. 

CHOICE. 

376. Fondamental Prinoiple. If one thing can be done in 
a different ways^ and^ when it has been done^ a second thing 
can be done in b different waya^ then the two things can he 
done together m a X b differerU ways. 

For, corresponding to the first way of doing the first 
thing, there are b different ways of doing the second thing ; 
corresponding to the second way of doing the first thing, 
there are b different ways of doing the second thing ; and 
so on for each of the a different ways of doing the first 
thing. Therefore there are aXb different ways of doing 
the two things together. 

(1) If a box contains four capital letters, A^ B, C, -D, 
and three small letters, x, y, 2, in how many different ways 
may two letters, one a capital letter and one a small letter, 
be selected ? 

A capital letter may be selected in four different ways, sii^ce any 
one of the letters A, B, C, D, may be selected. A small letter may 
be selected in three different ways, since any one of the letters x, y, s, 
may be selected. Any small letter may be put with any capital 
letter. 

Thus, with A we may put x, or y, or z ; 

with B we may put x, or y, or 2 ; 
with C we may put x, or y, or 2 ; 
with D we may put aj, or y, or 2. 

Hence the number of ways in which a selection may be made is 
4 X 3, or 12. These ways are : 

Ax Bx Cx Dx 

Ay By Oy Dy 

Az Bz Qi Di 
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(2) On a shelf are 7 English, 5 French, and 9 German 
books. In how many ways may two books, not in the 
same language, be selected ? 

An English book and a French book can be selected in 7 X 5, or 
35, ways. A French book and a German book in 5 x 9, or 45, ways. 
An English book and a German book in 7 X 9, or 63, ways. 

Hence, there is a choice of 35 + 45 + 63, or 143, ways. 

(3) Out of the ten figures, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, how 
many numbers, each consisting of two figures, can be formed? 

Since has no value in the left-hand place, the left-hand place 
can be filled in 9 ways. 

The right-hand place can be filled in 10 ways, since rq>etition8 of 
the digits are allowed (as 22, 33, etc.). 

Hence, the whole number is 9 x 10, or 90. 

876. By successive application of the principle of § 375 
it may be shown that» 

If one thing can be done in a different waySj and then a 
second thing can be done in b different ways^ then a third 
thing in c different ways^ then a fourth thing in d different 
ways, etc.f the number of different ways of doing all the 
things together will 6e a X b X o X d, etc. 

For, the first and second things can be done together in 
axb different ways (§ 375), and the third thing in c differ- 
ent ways ; hence, (§ 375), the first and second things and 
the third thing can be done together in (aXb)x c differ- 
ent ways. Therefore, the first three things can be done in 
axbxc different ways. And so on for any number of 
things. 

In how many ways can four Christmas presents be given 
to four boys, one to each boy ? 

The first present may be given to any one of the boys ; hence 
there are 4 ways of disposing of it. 
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The second present m^y be given to any one of the other three 
boys ; hence there are 3 ways of disposing of it. 

The third present may be given to either of the other two boys ; 
hence there are 2 ways of disposing of it. 

The fourth present must be given to the last boy ; hence there is 
only 1 way of disposing of it. 

There are, then, 4x3x2x1, or 24, ways. 

377. Selections and Arrangements. 

(1) In how many ways can a vowel and a consonant be 
chosen out of the alphabet ? 

Since there are in the alphabet 6 vowels and 20 consonants, a 
vowel can be chosen in 6 ways and a consonant in 20 ways, and 
both (§ 375) in 6 X 20, or 120, ways. 

(2) In how many ways can a two-lettered word be 
made, containing one vowel and one consonant? 

The vowel can be chosen in 6 ways and the consonant in 20 
ways ; and then each combination of a vowel and a consonant can 
be written in 2 ways ; as ac, ca. 

Hence, the whole number of ways is 6 X 20 X 2, or 240. 

These two examples show the difference between a selec- 
tion or combination of different things, and an arrangement 
or permutation of the same things. 

Thus, ac forms a selection of a vowel and a consonant, and ae and 
ca form two dififerent arrangements of this selection. 

From (1) it is seen that 120 different selections can be made with 
a vowel and a consonant ; and from (2) it is seen that 240 different 
arrangements can be made with the same. 

Again, a, 6, c is a selection of three letters from the alphabet 
This selection admits of 6 different arrangements, as follows : 

abc bca cab 

acb bac cba 

A selection or combination of any number of things is a 
group of that number of things put together without regard 
to their order. 
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An arrangAment or permutation of any number of things is 
a group of that number of things put together, regard being 
paid to their order. 

378. Arrangements, Things all Different. The number of 
different arrangements {or permutations) ofn different things 
taken all together is 

n(n - l)(n - 2)(n - 3) 3x2x1. 

For, the first place can be filled in n ways, then the 
second place in n — 1 ways, then the third place in n — 2 
ways, and so on to the last place, which can be filled in 
only 1 way. 

Hence (§ 376) the whole number of arrangements is the 
continued product of all these numbers, 

7i(w - l)(n -- 2)(n -- 3) 3x2x1. 

For the sake of brevity this product is written [n, and is 

read factorial n. 

Observe that 1x2 (w — l)n = \n. 

How many diflferent arrangements of nine letters each 
can be formed with the letters in Cambridge f 

There are nine letters. In making any arrangement any one of 
the letters can be put in the first place. Hence, the first place can 
be filled in 9 ways. 

Then the second place can be filled with any one of the remain- 
ing eight letters ; that is, in 8 ways. 

In like manner, the third place can be filled in 7 ways, the fourth 
place in 6 ways, and so on ; and, lastly, the ninth place in 1 way. 

If the nine places are indicated by Roman numerals, the result 
is ({ 376) as follows : 

I. II. HI. IV. V. VI. VII. VIII. IX. 
9x8x7x6x5x4x 3 x 2 x 1 = 362,880 ways. 

Hence, there are 362,880 different arrangements possible. 
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379, The number of different arrangement of n different 
things taken r at a time is 

n(n— l)(n — 2) to r factors, 

that is, n(n — l)(n - 2) [n~{r- 1)], 

or 7i(w — l)(w— 2) (n — r+l). 

For, the first place can be filled in n ways, the second 
place in w — 1 ways, the third place in n — 2 ways, and the 
rth place in n — (r — 1) ways. 

Let Pn^r represent the number of arrangements of n dif- 
ferent things taken r at a time. Then 

-Pn.r = w(^ — 1)(^ — 2) to r factors 

= n(n- l)(n - 2) (n — r+ 1). 

How many difieront arrangements of four letters each 
can be formed from the letters in Cambridge? 

There are nine letters and four places to be filled. 

The first place can be filled in 9 ways. Then the second place 
can be filled in 8 ways. Then the third place in 7 ways, and the 
fourth place in 6 ways. 

If the places are indicated by I., II., III., IV., the result is (j 376) 

I. II. III. IV. 
9x8x7x6 = 3024 ways. 

Hence, there are 3024 diflferent arrangements possible. 

380. SelectionSi Things all Different, The number of de- 
ferent seleciians (or combinations) ofn different things taken 
T at a tim£ is 

n(n- l)(n - 2) (n — r+l) 

\L 

To prove this, let Cn,r represent the number of different 
selections (or combinations) of n different things taken r at 
a time. 

Take one selection of r things ; from this selection \r 
arrangements can be made (| ^7By 
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Take a second selection ; from this selection |r arrange- 
ments can be made. And so on for each of the C^ r selec- 
tions. 

Hence, C^^ x(r is the number of arrangements of n dif- 
ferent things taken r at a time ; or 

p 

. ^ _ n(n~l)(n-2) (72-r+l) 

Ir 

Ex. In how msuiy different ways can three vowels be 
selected from the five vowels a, e, i, o^u? 

The number of different ways in which we can arrange 3 vowels 
out of 5 is (j 376) 5 x 4 X 3, or 60. 

These 60 arrangements might be obtained by first forming all the 
possible selections of 3 vowels out of 5, and then arranging the 3 
vowels in each selection in as many ways as possible. 

Since each selection can be arranged in [3, or 6 ways (J 378), the 
number of selections is ^ or 10. 

The formula applied to this problem gives 

/T _ 5x4x3 ^/v 

381i SelectionSi Second Formtdai Multiplying both numer- 
ator and denominator of the expression for the number of 
selections in^the last example by 2 X 1, we have 

^ _ 5x4x3x2x 1 _ [5 
*•• 1x2x3x2x1 [3(2* 

In general, multiplying both numerator and denomina- 
tor of the expression for (7„,, in § 380 by \n — r , we have 

C — ^(^~ ^) (n — r + l)(n — r) 1 

llX(n-r) 1 

jr )n — r 
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This second form is more compact than the first, and is 
more easily remembered. 

Note. In reducing a result expressed in the above form, it is to 

be observed that \n — r cancels all the factors of the nomerator from 

[12 
1 up to and including n — r. Thus, in -^=^, [7 cancels all the fac- 

[5 [7 

tors of [12 from 1 up to and including 7 ; so that 

112 12x11x10x9x8 



[5[7 1x2x3x4x5 



= 792. 



382. Theorem. The number of selections ofn things taken 
T at a time is the same as the number of selections of n things 
taken n— t at a time. 

For, C:,»_,=, p-!-- - = _L^ = Ci.^ 



\n — r\n— (?i — r) |n — r [r 

This is also evident from the fact that for every selection 
of r things talcen^ a selection of n — r things is left. 

Thus, out of 8 things, 3 things can be selected in the same number 
of ways as 5 things ; namely, 

J1^8x7x6^^e 

^|_5 13 ^ 

11 1 
Note. Evidently Ci, i = 1 ; also d, i = —— - — • 

.•.i = l, and|0 = l. 

|0 - 

383i Examples in SelectionB and Arrangements. Of the 
arrangements possible with the letters of the word Oam- 
bridge^ taken all together, 

(1) How many will begin with a vowel? 

In filling the nine places of any arrangement the first place can 
be filled in only 3 ways, the other places in [8 ways. 
Hence, the answer is (§ 376) 

Sx^= 120,^^0. 
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(8) How many will both begin and end with a vowel ? 

The first place can be filled in 3 ways, the last place in 2 ways 
(one vowel having been used), and the remaining seven places in 
|7 ways. 

Hence, the answer is (2 376) 

3 X 2 X |7 = 30,240. 

(3) How many will begin with Cam ? 

The answer is evidently [6 ; since our only choice lies in arrang- 
ing the remaining six letters of the word. 

(4) How many will have the letters cam standing 
together ? 

This may be resolved into arranging the group cam and the last 
six letters, regarded as seven distinct elements, and then arranging 
the letters cam. 

The first can be done in [7 ways, and the second in |3 ways. 
Hence both can be done in [7 x |3 = 30,240 ways. 

In how many ways can the letters of the word Cam- 
bridge be written, 

(6) Without changing the place of any vowel ? 

The second, sixth, and ninth places can be filled each in only 1 
way ; the other places in [6 ways. 

Therefore, the whole number of ways is [6 =» 720. 

(6) Without changing the order of the three vowels ? 

The vowels in the different arrangements are to be kept in the 
order, a, i, «. 

One of the six consonants can be placed in 4 ways : before a, 6a- 
tween a and t, between % and e, and after e. 

Then a second consonant can be placed in 5 ways, a third conso- 
nant in 6 ways, a fourth consonant in 7 ways, a fifth consonant in 8 
ways, and the last consonant in 9 ways. Hence the whole number 
of ways is 

4x5x6x7x8x9, or 60,480. 
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% 

(7) Out of 20 consonants, in how many ways can 18 be 
selected ? 

The 18 can be selected in the same number of ways as 2 ; and die 
number of ways in which 2 can be selected is 

222<i? = i90. 
2 

(8) In how many ways can the same choice be made so 
as always to include the letter h 7 

Taking b first, we must then select 17 oat of the remaining 19 
consonants. This can be done in 

li|i8 = 171 ways. 

(9) In how many ways can the same choice be made so 

as to include b and not to include c? 

Taking b first, we have then to choose 17 out of 18, c being ex- 
cluded. This can be done in 18 ways. 

(10) From 20 Republicans and 6 Democrats, in how 
many ways can 5 different offices be filled, 3 of which 
must be filled by Republicans, and the other 2 by 
Democrats ? 

The first three offices can be assigned to 3 Republicans in 

20 X 19 X 18 = 6840 ways ; 
and the other two offices can be assigned to 2 Democrats in 

6 X 5 = 30 ways. 
There is, then, a choice of 6840 X 30 = 205,200 different ways. 

(11) Out of 20 consonants and 6 vowels, in how many 
ways can we make a word consisting of 3 different conso- 
nants and 2 different vowels ? 

20 V 19 V 18 
Three consonants can be selected in — — = 1140 ways, 

6x5 1X2X3 ^^ 

and two vowels in =15 ways. Hence the 5 letters can be 

1 X ^ 

selected in 1140 X 15 = 17,100 wa^a. 
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When five letters have been so selected, they can be arranged in 
|6^= 120 different orders.. Hence, there are 17,100 x 120 -= 2,052,000 
different ways of making the word. 

Observe that the letters are first selected and then arranged, 

(12) A society consists of 50 members, 10 of whom are 
physicians. In how many ways can a committee of 6 
members be selected so as to include at least one physician? 

Six members can be selected from the whole society in 

150 

. ways. 
[6|44 ^ 

Six members can be selected from the whole society, so as to in- 
clude no physician, by choosing them all from the 40 members who 
are not physicians, and this can be done in 

[40 

[50 [40 

Hence, .-== =r=- is the number of ways of selecting 

[6[44 [6134 ^ ^ 

the committee so as to include at least one physician. 

384. Greatest Kumber of SeleotionB. To find for what 
value of r the number of selections of n things, taken r at 
a time, is the greatest. 

The formula 

^ _n(n- l)(n — 2) (n-r+1) 

Ix2x3x r 

may be written 

n ^n — 1 ^n — 2 w — r+1 
— X — — — X — - — • 

12 3 r 



W,r — 1" X X 



The numerators of the factors on the right side of this 
equation begin with n, and form a descending series with 
the common difference 1 ; and the denominators begin with 
1, and form an ascending series with the common difference 
1, Therefore, from some point in the series, these factors 
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become less than 1. Hence, the maximum product is 
reached when that product includes all the factors greater 
than 1. 

I. When n is an odd number, the numerator and the 
denominator of each factor will be alternately both odd and 
both even ; so that the factor greater than 1, but nearest 
to 1, will be the factor whose numerator exceeds the de- 
nominator by 2. Hence, in this case, r must have such a 
value that 

n — r+l = ^ + 2, or r = — - — 

II. When n is an even number, the numerator of the first 
factor will be even and the denominator odd ; the numer- 
ator of the second factor will be odd and the denominator 
even ; and so on, alternately ; so that the factor greater 
than 1, but nearest to 1, will be the factor whose numerator 
exceeds the denominator by 1. Hence, in this case, r must 
have such a value that 

n — r-fl = r + l, orr = -- 

(1) What value of r will give the greatest number of 
selections out of 7 things ? 

Here n is odd, and r = — — = — r— = 3. 

1x2x3 

Ifr = 4.then a = p<4^<|><i = 35. 

1x2x3x4 

When the number of things is odd, there will be two equal num- 
bers of selections ; namely, when the number of things taken together 
iBJusi under and^tist over one- Half ot Vh^ ^\io\ft ^i^io^i^t ci^iVive^^. 
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(2) What value of r will give the greatest number of 
selections out of 8 things ? 

n. R 

Here n is even, and r = - = -=» 4. 

2 2 

. , 8x7x6x5 H/v 
1x2x3x4 

So that, when the numher of things is even, the number of selec- 
tions will be greatest when one-half of the whole are taken together. 

385. Division into Groups. The number of different ways 
in which p-^-q things all different can be divided into two 
groups of p things and q things, respectively, is the same 
as the number of ways in which p things can be selected 

from p + q things, or ^ ^ . 

For, to each selection of ^ things taken corresponds a 
selection of q things left^ and each selection therefore effects 
the division into the required groups. 

(1) In how many ways can 18 men be divided into 2 
groups of 6 and 12 each ? 

Qg 
|6tl2 

(2) A boat's crew consists of 8 men, of whom 2 can row 
only on the stroke side of the boat, and 8 can row only 
on the bow side. In how many ways can the crew be 
arranged ? 

There are left 3 men who can row on either side ; 2 of these must 
row on the stroke side, and 1 on the bow side. 

The number of ways in which these three can be divided is 

|j-3ways. 
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When the stroke side is completed, the 4 men can be arran: 
in [4 ways ; likewise, the 4 men of the bow side can be arranged 
in [£ ways. Hence the arrangement can be made in 

3 X [4 X ti - 1728 ways. 

386. The number of different ways in which p + q + r 
things all different can be divided into three groups of p 

things, q things, and r things, respectively, is '^ * "^ - . 

For, ^ + g' + r things may be divided into two groups 

\p + q + r 
of p things and q + r things in -j — j — — — ways ; then, the 

group of 3' + r things may be divided into two groups of 



,g + r 
q things and r things in -j— j — ways ; hence the division 

into three groups may be effected in 

\p + g + r \g + r \p + g + r 

\p \g + r \£\r ^^ Let2lr ^^^^' 

And so on for any number of groups. 

In how many ways can a company of 100 soldiers be 

divided into three squads of 50, 30, and 20, respectively ? 

1100 
The answer is ^^^ ways. 

387. When the number of things is the same in two or 
more groups, and there is no distinction to be made between 
these groups, the number of ways given by the preceding 
section is too large. 

Divide the letters a, ft, c, d, into two groups of two let- 
ters each. 

li 
The number of ways given by { 386 is r^j^ « 6 ; these ways are : 
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I. ab ed. IV. be ad. 

II. oc hd. V. hd ac. 

III. ad be. VI. ed ab. 

Since there is no distinction between the groups, group IV. is the 
same as group III., group V. the same as group II., and group VI. 

In the case of three similar groups the result given by 
§ 386 is to be divided by [3, the number of ways in which 
three groups can be arranged among themselves ; in the 
case of four groups, by [4 ; and so on. 

In how many ways can 18 men be divided into 2 groups 

of 9 each ? 

118 
According to J 386, the answer would be ^==^- 

The two groups, considered as groups, have no distinction ; 

therefore, permuting them gives no new arrangement, and the true 

118 
result is obtained by dividing the preceding by [2, and is — . 

HL212 

If any condition be added that will make the two groups different, 

if, for example, one group wear red badges and the other blue, then 

118 
the answer will be -==-• 

[919 

888. ArrangementSi Bepetitions allowed. Suppose we have 
n different letters, and that repetitions are allowed. 

Then, in making any arrangement, the first place can be 
filled in n ways ; and the second place can be filled in n 
ways, since repetitions are allowed. Hence the first two 
places can be filled in n x w, or n', ways (§ 376). 

Similarly, the first three places can be filled in w X n X w, 
or n*, ways (§ 376). 

In general, r places can be filled in n"" ways; or, the 
number of arrangements of n different things taken t at a 
^m^, when repetitions are allowed, is tf . 
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(1) How many three-lettered words can be made from 
the alphabet, when repetitions are allowed ? 

Here the first place can be filled in 26 ways ; the second place in 
26 ways ; and the third place in 26 ways. The namber of words is, 
therefore, 26» = 17,576. 

(2) In the common system of notation, how many num- 
bers can be formed, each number consisting of not more 
than 5 figures? 

Each of the possible numbers may be regarded as consisting of 
5 figures, by prefixing zeros to the numbers consisting of less than 5 
figures. Thus, 247 may be written 00247. 

Hence, every possible arrangement of 5 figures out of the 10 
figures, except 00000, will give one of the required numbers ; and 
the answer is 10* — 1 = 99,999 ; that is, all the numbers between 
and 100,000. 

389. Arrangements, Things Alike, All together. Consider 
the number of arrangements of the letters a, a, J, i, ft, c, d. 

Suppose the a's to be different and the Vb to be different, and dis- 
tinguish between them by Oj, a,, Jj, 6,, 6,. 

The seven letters can now be arranged in [7 ways (| 376). 

Now suppose the two a's to become alike, and the three &'s to be- 
come alike. Then, where we before had [2 arrangements of the o*8 
among themselves, we now have but one arrangement, aa\ and 
where we before had [3 arrangements of the b's among themselves, 
we now have but one arrangement, bbb. 

17 

Hence, the number of arrangements is -— »» 420. 

In genet^alj the number of arrangement of n things^ of 
which p are alike, q others are alike, and r others are alike, 
...... is 

\p\i\l •••••' 
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(1) In how many ways can the letters of the word Col- 
lege be arranged ? 

If the two Vs were diflferent and the two c's were diflferent, the 
number of ways would be [7. Instead of two arrangements of the 
two Ts, we have but one arrangement, II \ and instead of two ar- 
rangements of the two c's, we have but one arrangement, ee. Hence, 

the number of ways is -~- = 1260. 

[212 

(2) In how many different orders can a row of 4 white 
balls and 3 black balk be arranged ? 

\1 



14 [3 



= 35. 



390. SeleotionSi Bepetitions allowed. We will illustrate 
by an example the method of solving problems that come 
under this head. 

In how many ways can a selection of 3 letters be made 
from the letters a, J, c, c?, e, if repetitions are allowed? 

The selections will be of three classes : 

(a) All three letters alike. 
(6) Two letters alike, 
(c) The three letters all different. 
(a) There will be 5 selections, since any one of the five letters 
may be taken three times. 

(6) Any one of the five letters may be taken twice, and with these 
may be put any one of the other four letters. Hence, the number 
of selections is 5 x 4, or 20. 

(c) The number of selections (3 380) is 5ili^, or 10. Hence, 
^^ ^ ^ 1x2x3 

the total number of selections is 5 + 20 + 10 = 35. 

391. SeleotionB and Arrangements, Things Alike. We will 
illustrate by an example the method of solving problems 
that come under this head. 

How many selections of four letters each can be made 
from the letters in Proportion? How many arrangements 
of four letters each ? 



372 ALGEBRA. 

There are 10 letters as follows : 

p r t % n 
p r 



Selections ; 

The selections may he divided into four classes : 

(a) Three letters alike. 

(b) Two letters alike, two others alike. 

(c) Two letters alike, other two different. 
(cQ Four letters different 

(a) With the three o's we may put any one of the ^yb other letters, 
giving 5 selections. 

(6) We may choose any two out of the three pairs, o,o; p,p\ r,r. 

^ = 3 selections. 
1X2 

(c) With any one of the three pairs we cau put any two of the 
five remaining letters in the first line. 

3 X ^^ = 30 selections. 
1X2 

(^j 6x5x4x3 _ j5 selections. 

1x2x3x4 

Hence, the total number of selections is 

5 + 3 + 30 + 15 = 63. 
Arrangements : 

(a) Each selection can be arranged in .-^ = 4 ways. 

5 X 4 = 20 arrangements. 

li 

(b) Each selection can be arranged in j-^-r^ = 6 ways. 

3 X 6 = 18 arrangements. 

li 

(c) Each selection can be arranged in .-^ = 12 ways. 

30 X 12 = 360 arrangements. 

(d) Each selection can be arranged in [4 = 24 ways. 

15 X 24 = 360 arrangements. 
Hence, the total number of arrangeTnents is 

20 + 18 + 36O4-^^O = 1b%. 
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392. Total Kninber of Selections. 

I. The whole number of ways in which a selection (of 
some, or all) can be made from n different things is 2^—1. 

For each thing can be either taken or left ; that is, can 
be disposed of in two ways. There are n things; hence 
(§ 376) they can all be disposed of in 2* ways. But among 
these ways is included the case in which all are rejected ; 
and this case is inadmissible. Hence, the number of ways of 
making a selection is 2* — 1. 

How many different amounts can be weighed with 1 lb., 
2 lb., 4 lb., 8 lb., and 16 lb. weights? 

2*- 1 = 31. 

II. The whole number of ways in which a selection can 

be made from p + q + r things, of which p are alike, q 

are aliTce, r are alike, etc., is (p + l)(q + !)(' + 1 — 1)- 

For the set of p things may be disposed of in jo + 1 

ways, since none of them may be taken, or 1, 2, 3, , 

or /?, may be taken. 

In like manner, the q things may be disposed of in y + 1 
ways ; the r things in r + 1 ways ; and so on. 

Hence (§ 376) all the things may be disposed of in 

(;> + l)(? + l)(^ + l) ways. 

But the case in which all the things are rejected is in- 
admissible ; hence, the whole number of ways is 

(j> + l)(y + l)(r + 1) -1. 

In how many ways can 2 boys divide between them 
10 oranges all alike, 15 apples all alike, and 20 peaches 
allaUke? 

Here, the case in which the first boy takes none, and the case in 
which the second boy takes none, must be rejected. 

Therefore, the answer is one less than the result, according to II. 

11x16x21-2=3694. 
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Exercise 121. 

1. How many different permutations can be made of the 

letters in the word Ecclesiastical^ taken all together? 

2. Of all the numbers that can be formed with four of the 

digits 5, 6, 7, 8, 9, how many will begin with 56 ? 

3. If the number of permutations of n things, taken 4 

together, be equal to 12 times the permutations of 
n things, taken 2 together, find n. 

4. With 3 consonants and 2 vowels, how many words of 3 

letters can be formed, beginning and ending with a 
consonant, and having a vowel for the middle letter? 

5. Out of 20 men, in how many different ways can 4 men 

be chosen to be on guard ? In how many of these 
would one particular man be taken, and from how 
many would he be left out ? 

6. Of 12 books of the same size, a shelf will hold 5. How 

many different arrangements on the shelf may be 
made? 

7. Of 8 men forming a boat's crew, one is selected as 

stroke. How many arrangements of the rest are pos- 
sible? When the 4 men who row on each side are de- 
cided on, how many arrangements are still possible? 

8. How many signals may be made with 6 flags of differ- 

ent colors, which can be hoisted either singly, or 
any number at a time ? 

9. How many signals may be made with 8 flags of differ- 

ent colors, which can be hoisted either singly, or 
any number at a time one above another ? 

10. How many different signals can be made with 10 flags, 
of which 3 are white, 2 red, and the rest blue, 
always hoisted all togettieT ouSi oiv^ ^cs^<& ^w^NJcvet*^ 
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11. How many signals can be made with 7 flags, of which 

2 are red, 1 white, 3 blue, and 1 yellow, always 
displayed all together and one above another ? 

12. In how many different ways may the 8 men serving a 

field-gun be arranged, so that the same man may 
always lay the gun ? 

13. Find the number of signals which can be made with 4 

lights of different colors when displayed any number 
at a time, arranged one above another, side by side, 
or diagonally. 

14. From 10 soldiers and 8 sailors, how many different 

parties of 3 soldiers and 3 sailors can be formed ? 

15. How many signals can be made with 3 blue and 2 

white flags, which can be displayed either singly, or 
any number at a time one above another? 

16. In how many ways can a party of 6 take their places 

at a round table ? 

17. Out of 12 Democrats and 16 Republicans, how many 

different committees can be formed, each committee 
consisting of 3 Democrats and 4 Republicans ? 

18. From 12 soldiers and 8 sailors, how many different 

parties of 3 soldiers and 2 sailors can be formed ? 

19. Find the number of combinations of 100 things, 97 

together. 

20. With 20 consonants and 5 vowels, how many different 

words can be formed consisting of 3 different conso- 
nants and 2 different vowels, any arrangement of 
letters being considered a word ? 

21. Of 30 things, how many must be taken together in 

order that, having that number for selection, there 
may be the greatest possible variety of choice ? 



376 ALGEBRA. 

22. There are m things of one kind and n of another; 

how many different sets can be made containing r 
things of the first and s of the second ? 

23. The number of combinations of n things, taken r to- 

gether, is 3 times the number taken r — 1 together, 
and half the number taken r + 1 together. Find n 
and r. 

24. In how many ways may 12 things be divided into 3 

sets of 4 ? 

25. How many words of 6 letters may be formed of 3 

vowels and 3 consonants, the vowels always having 
the even places ? 

26. From a company of 90 men, 20 are detached for mount- 

ing guard each day. How long will it be before the 
same 20 men are on guard together, supposing the 
men to be changed as much as possible ; and how 
many times will each man have been on guard ? 

27. Supposing that a man can place himself in 3 distinct 

attitudes, how many signals can be made by 4 men 
placed side by side ? 

28. How many different arrangements may be made of 11 

cricketers, supposing the same 2 always to bowl ? 

29. Five flags of different colors can be hoisted either singly, 

or any number at a time one above another. How 
many different signals can be made with them ? 

30. How many signals can be made with 5 lights of differ- 

ent colors, which can be displayed either singly, or 
any number at a time side by side, or one above 
another ? 

31 . The number of permutations of n things, 3 at a time, is 

6 times the number of combinations, 4 at a time. 
Find n. 



CHAPTER XXIX. 

CHANCE. 

9S3, Dsfimtions. If an event can happen in a ways and 
fail in b ways, and all these a-\-b ways are equally likely 
to occur ; if, also, one, and only one, of these a + b ways 
can occur, and one miLst occur; then, the chanoe of the 

event happening is ;, and the chance of the event /ot^ 

a-{- 

ing is Hence, 

a + 6 

I. The chance of an event happemng is expressed by the 
fraction of which the numerator is the number of favorable 
v)ays, and the denominator the whole number of ways favor- 
able and unfavorable. 

Thus, if 1 ball is drawn from a bag containing 3 white balls and 
9 black balls, the chance of drawing a white ball is ^ ; or, as it is 
expressed, one chance in four. 

II. The chance of an event not happening is expressed by 
the fraction of which the numerator is the number of unfav- 
orable ways, and the denominator the whole number of ways 
favorable and unfavorable. 

Thus, if 1 ball is drawn from a bag containing 3 white and 9 black 
balls, the chance that it is not a white ball is ^^, 

Again, since -A.- + _i_ = l, 

a-\- a-^b 

we have -1- = 1 ^. 

a-\-b a + b 

Hence, itp is the chance of an event happening, l—p 
is the chance of the event failing. 
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394. Oertainty, If the event is certain to happen, there 
are no ways of failing, and 1—^ = 0, therefore p = l. 
Hence certainty is expressed by 1. 

395. Odds. If a denote the favorable and b the unfavor- 
able ways of an event, the odds are said to be a to ^ in 
favor of the event, if a is greater than b ; and J to a against 
the event, if b is greater than a ; and even on the event, if 
a is equal to J. 

396. Examples. Simple Events. 

(1) What is the chance of throwing double sixes in one 
throw with two dice ? 

Each die may fall in 6 ways, and all these ways are equally 
likely to occur. Hence, the two dice may fall in 6 x 6, or 36, ways 
(§ 376), and these 36, ways are all equally likely to occur. More- 
over, only one of the 36 ways can occur, and one must occur. 

There is only one way which will give double sixes. Hence the 
chance of throwing double sixes is ^. 

(2) What is the chance of throwing one, and only one, 
five in one throw with two dice? 

The whole number of ways, all equally likely to occur, in which 
the dice can fall is 36. In 5 of these 36 ways the first die will be a 
five, and the second die not a five ; in 5 of these 36 ways the second 
die will be a five, and the first not a five. Hence, in 10 of these ways 
one die, and only one die, will be a five ; and the required chance is 
\h or A- Hence, the odds are 13 to 5 against the event. ' 

(3) In the same problem, what is the chance of throw- 
ing at least one five ? 

Here we have to include also the way in which both dice fall 
fives, and the required chance is \\. 

(4) What is the chance of throwing a total of 5 in one 

throw with two dice ? 

The whole number of ways, all equally likely to occur, in which 
the dice can fall is 36. Of these ways 4 give a tot-al of 5 ; viz., 1 and 
4, 2 and 3, 3 and 2, 4 and 1. Hence, the re<\jiirftd cTiwvce la ^^ or \. 
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(5) From an urn containing 5 black and 4 white balls, 
3 balls are to be drawn at random. Find the chance that 

2 balls will be black and 1 white. 

There are 9 balls in the urn. The whole number of ways in which 

3 balls can be selected from 9 is ^ ^ ^ ^ '^ . or 84. 

1x2x3 

5x4 
From the 5 black balls 2 can be selected in — ^^^— , or 10 ways ; 

1X2 ^ * 

from the 4 white balls 1 can be selected in 4 ways ; hence, 2 black 

balk and 1 white ball can be selected in 10 x 4, or 40 ways. 

The required chance is }J => ^. 

Therefore the odds are 11 to 10 against the event. 

(6) From a bag containing 10 balls, 4 are drawn and 
replaced ; then 6 are drawn. Find the chance that the 4 
first drawn are among the 6 last drawn. 

The second drawing could be made altogether in 

110 

-i= = 210 ways. 

But the drawing can be made so as to include the 4 first drawn in 

j^H^lSways. 

since the only choice consists in selecting 2 balls from the 6 not pre- 
viously drawn. Hence, the required chance is ^^ =» ^. 

(7) If 4 coppers are tossed, what is the chance that 

exactly 2 will turn up heads? 

Since each coin may fall in 2 ways, the 4 coins may fall in 2^ = 16 
ways (2 388). The 2 coins to turn up heads can be selected from the 

4 coins in =» 6 ways. Hence, the required chance is A = f . 

Therefore the odds are 5 to 3 against the event. 

(8) In one throw with two dice which sum is more likely 

to be thrown, 9 or 12 ? 

Out of the 36 possible ways of falling, four give the sum 9 (namely, 
6 + 3, 3 + 6, 5 + 4, 4 + 5), and only one way gives 12 (namely, 6 + 6). 
Hence, the chance of throwing 9 wfour times that of throwing 12. 
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Exercise 122. 

1. The chance of an event happening is ^. What are 

the odds in favor of the event ? 

2. If the odds are 10 to 1 against an event, what is the 

chance of its happening? 

3. In one throw with a pair of dice what number is most 

likely to be thrown ? !^ind the odds against throw- 
ing that number. 

4. Find the chance of throwing doublets in one throw 

with a pair of dice. 

5. If 10 persons stand in a line, what is the chance that 

2 assigned persons will stand together ? 

6. If 10 persons form a ring, what is the chance that 2 

assigned persons will stand together ? 

7. Three balls are to be drawn from an urn containing 

6 black, 3 red, and 2 white balls. What is the 
chance of drawing 1 red and 2 black balls ? 

8. In a bag are 5 white and 4 black balls. If 4 balls 

are drawn out, what is the chance that they will be 
all of the same color ? 

9. If 2 tickets are drawn from a package of 20 tickets 

marked 1, 2, 3, , what is the chance that both 

will be marked with odd numbers ? 

10. From a bag containing 3 white, 4 black, and 6 red 

balls, 3 balls are drawn. Find the odds against 
the 3 being of three different colors. 

11. There are 10 tickets numbered 1, 2, 9, 0. Three 

tickets are drawn at random. Find the chance of 
drawing a total of 22. 

Note. For a more extended discussion of probability, see Went- 
worth's College Algebra 



CHAPTER XXX. 

CONTINUED FRACTIONS. 

397i A fraction in the form 

a 



/+ etc. 

is called a continned fraction, though the term is commonly 

restricted to a continued fraction that has 1 for each of its 

numerators, as 

1 



9 + ^' 

r + etc. 

We shall consider in this chapter some of the elemen- 
tary properties of such fractions. 

398. Any proper fraction in its lowest terms may be con- 
verted into a terminaied continued fraction. 

Let - be such a fraction ; then, if p is the quotient and 

c the remainder of a -.5. 

ill 



a a . c 

if ^ is the quotient and d the remainder oi b-t-e, 

1 _ 1 _ 1 

P+T P+r P + 



b ^ ' h ^ ' .d 
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h 1 



Hence, 



a , 1 



r-(-ete. 



The successive steps of the process are the same as the 
steps for finding the H. C. F. of a and b ; and since a and 
h are prime to each other, a remainder, 1, will at length 
be reached, and the fraction terminates. 

Observe that^, j, r, , are all positive integers. 

399. Oonvergents. The fractions formed by taking one, 
two, three, , of the quotients^, q, r, , are 

1 1 1 

P I 1 I 1 
r p^ p + 

which simplified are 

1 q qr+\ 

P P9. + ^' {pq + '^)'r+p 

and are called the first, second, and third convergents, 

respectively. 

400. The successive convergerUs are aUemaiely grecder 
than and less than the true value of the given fraction. 

Let X be the true value of 

_1 



•I •••••» 



^ r + «tc. ; 

then, since ^, g, r, , are positive integers, 

1 



p<P + 
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.•. -> — =— r; that is, ->x. 
P p + -±- P 

*"^r + etc. 



Again, g<S' + ; + etc. 



q 1 

*"^r + etc. 

1 < 1 



i>+- P + 



^^r + etc; 

that ia, < x ; and so on. 

P + -q 

401. If — , -?, ~ are any three consecutive convergents^ 

Vi Vj Vs 

a7ic7 ^mi, m^, m^ be the quotients that produced them^ then 
Us mjUa-fni 

For, if the first three quotients are p, q, r, the first three 
convergents are (§ 399), 

1^ g g^+1 (1) 

p pq + V {pq+l)r+p 

From (§ 399) it is seen that the second convergent is 

formed from the first by writing in it^ + - for ^ ; and the 

third from the second by writing g' + - for q. In this way, 

any convergent may be formed from the preceding con- 
vergent. 
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Therefore, —• will be formed from — by writing Wj H 

for 771,. 

In (1) it is seen that the third convergent has its numer- 
ator = r X (second numerator) + (first numerator) ; and its 
denominator = r X (second denominator) + (first denomi- 
nator). 

Assume that this law holds true for the third of the 
three consecutive convergents 

!^. Hi. ^, so that. !f! = "^"' + "«. (2) 

Vo Vi Vt Vt mjVi + Vo 

Then, since — is formed from — by using m, H for m,, 

Vj Vj ° 77l| 

^_ \ ^8/ __ ^(^^i + ^o) + Ui 

Substitute w, and v, for their values 'm^Ux-^u^ and 
WjVi + Vo; then 

■ I I ■ *^^^ I 111 — ^^^ . ■ 

Therefore the law still holds true ; and as it has been 
shown to be true for the third convergent, the law is gen- 
eral. 

402. The difference between two consecutive convergents, 
-^and^is 

The difierence between the first two convergents is 

1 2_= 1 

p pq+\ p(,pq-\-l) 
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Let the sign ^ mean the difference between, and assume 
the proposition true for — and ~ ; 

^gjj Wo UiUoVi^UiVo_ 1 



Vo Vi VqVi VqVi 

But 

V, Vi ViVj V1V2 

(substituting for w, and v, their values, m^v^ + ibQ and 

^Vi + Vo). 

Reducing, t^_!fi_!W:i^o, 

= — (by assumption). 

Hence, if the proposition be true for one pair of consecu- 
tive convergents, it will be true for the next pair ; but it 
has been shown to be true for the^rs^ pair, therefore it is 
true for every pair. 

Since by § 400 the true value of x lies between two con- 
secutive convergents, — and — , the convergent ~ will 

Vx Vj Vi 

differ from a: by a number less than !^ /^ _? ; that is, by a 

Vx Vi 

number less than — ; so that the error in taking — for x 

VxVi Vi 

is less than — , and therefore less than — ,, as v, > Vx since 

Vt = m^Vx + Vo. 
Any convergent, ?^, is in its lowest terms ; for, if Wi and 

Vx 

Vi had any common factor, it would also be a factor of 
UxVi'^'tiiVx ; that is, a factor of 1. 
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403. T%e successive convergerUs approach more cmd more 
nearly to the true value of the contirmed fraction. 

Let — , — , ~ be consecutive convergents. 

Now --^ differs from x, the true value of the fraction, 
only because mt is used instead of 7?i, H -. — - — 

^ TWa+etc. 

Let this complete quotient, which is always greater than 
unity, be represented by M, 

Then, since ~ = ^ ■ — -y x = -_' ^ - 

r J m^vi + Vo Mvi + Vq 

. _ Ui MUi + Uo Uy t^o^l'^WjVo _ 1 

Vi JfVi+Vo Vi ViCJfVi + Vo) t?i( Jl/vi + Vo) 

And 

Wo _.Wo itf^^l + ^o _■ ^3/(^o^l^^6^t;o) __ JIf 

Vo t'o -3/vi + Vo Vo(-3^Vi + Vo) VoC-Jfti + Vo) 

Now 1 < i[f and Vi > Vq, and for both these reasons 

ar '^ — •< — '^x, 

Vi Vo 

That is, — is nearer to x than — is. 

Vi Vo 



404. Ani/ convergent — is nearer the true value z than 
any other fraction with smaller denominator. 

Let 7 be a fraction in which b < Vi. 
o 

If - is one of the con vergents, x^^-^^^x. § 403 
b Vi 

If J is not one of the convergents, and is nearer to x 
b 
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than ~ is, then, since x lies between — and — (§ 400), 

T must be nearer to — than — is ; that is, 

a Ut u^ Wa ^^^j^'^^*^ 1 . 
Y '^ — < -J /^ — ^ or 7 — < 



b Vf Vi V,* Vtb V1V2 

and since b < Vi, this would require that ViU '^ uj> < 1 ; 
but v^a '^ uji> cannot be less than 1, for a, &, u^^ v^ are all 

integers. Hence, — is nearer to x than f is. 

Vi b 

405. Find the continued fraction equal to f^, and also 
the successive convergents. 

V Following the process of finding the H. 0. F. of 31 and 75, the 
Buccessive quotients are found to be 2, 2, 2, 1, 1, 2. Hence the con- 
tinued fraction is 

_1 

24.-1 



2 + -i 



2 4--1 



1 + 



1 



'4 



To find the snccessive convergents : 

Write the successive quotients in line, f under the first quotient, 
} under the second quotient, and then ({ 401) multiply each term by 
the quotient above it, and add the term to the left to obtain the 
corresponding term to the right. Thus, 

Quotients = 2, 2, 2, 1, 1, 2. 
Convergents = f, J, f , A. iV. H. H- 
It is convenient to begin to reckon with f , but the next conver- 
gent, in this case }, is called the /r8^ convergent. 

Note. Continued fractions are often written in a more compact 
form. Thus, the above fraction may be written 

1 1 1 1 i 1 
2+2+2+1+1+2 



tj 
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406. A quadratic surd may be expressed in the form of 
a novrierminating continued fraction. 

To express VS in the form of a continued fraction. 
Suppose '\/3»l+-(a8li8ihe greatest integer in VS); 



then 




X 


-1. 






/. ar« 


1 


V3 + 1 
2 




» 


V3-1 




Suppose 


V3 + 1 
2 


l+i(as 

y\ 


1 is the greatest integer in 


Vs + lV 

2 j' 


then 


1^ 

y 


V3 + 1 
2 


, V3-1 
^' 2 






.'. y- 


2 


V3 + 1 

1 






V3-1 




Suppose 


V3 + 1 

1 


2.1(«. 


2 is the greatest integer in 


Va + iV 
1 J' 


then 


1_ 

t 


V3 + 1 

1 

1 


2-V3-1. 






V3-1 




This is 


the same i 


u X above; hence, the quotients 1, 


2, will be 


continually 


repeated. 
.-. V3 


-1+ 1 
1 + 


1 

2 + etc. 




of which — 


— - will be continually repeated, and the whole ezpres- 


1 


4 









sion may be written, 



l4 I 
1+2 



The convergents will be 1, 2, {, }, \{, ^, ^, etc. 
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407, A continued fraction in which the denominators 
recur is called a periodic continued fraction. 

The value of a periodic continued fraction can be ex- 
pressed as the root of a quadratic equation. 

• • 

Find the surd value of - , -• 

1 + 2 

Let X be the value ; 

then X ^— ^|-±^; 

1+_L_ 3+aj' 
2 + a: 

.-. a« + 2ar = 2, 

a; = -l + \/3. 
We take the + sign since x is evidently positive. 

408. An exponential equation can be solved by con- 
tinued fractions. 

Solve by continued fractions 10" = 2, 



Suppose 


^ = + 1; 


then 


10^ = 2, 


or 


10 = 2^. 




/. y — 3 + - (as 10 lies between 


Then 


10 = 2 •=-2»x2'; 


or 


2^-¥-J. 


and 


2-(l^ 




/. z — 3 + - as 2 lies between 


Then 


2 = (fr- = (f)'x(J)^; 


or 


(«--m 


and 


J - (my- 



(f)"-©'] 
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The greatest integer in u will be found to be 9. 

1 



Hence, a = + 



3+-1 



3 + 1 

9 + etc. 



The successive convergents will be }, ^, )|, etc. 
The last gives a; = ff = 0.3010, nearly. 

Observjd that by the above process we have calculated the common 
logarithm of 2. By { 402 the error, when 0.3010 is taken for the 

common logarithm of 2, is considerably less than — — ; that is, con- 

(93) 

siderably less than 0.00011 ; so that 0.3010 is certainly correct to 

three places of decimals, and probably correct to four places. 

Logarithms are, however, much more easily calculated by the 

use of series, as will be shown in a following chapter. 



Exercise 123. 

1. Find continued fractions for {^; -f^; V5; Vll; 

4 V6 ; and find the fourth convergent to each. 

2. Find continued fractions for ^jV^; f^; |^; ^; 

and find the third convergent to each. 

3. Find continued fractions for V21 ; V22; V33; V55. 

4. Obtain convergents, with only two figures in the denom- 

inator, that approach nearest to the values of VIO ; 

Vl5; VT7; VIS; V20. 

5. Find the proper fraction which, if converted into a 

continued fraction, will have quotients 1, 7, 5, 2. 

6. Find the next convergent when the two preceding con- 

vergents are -^ and ^, and the next quotient is 5. 

7. Find a series of fractions to the ratio of a yard to a 

meter, if a meter equal 1,0936 yards. 
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8. If the pound troy is the weight of 22.8157 inches of 

water, and the pound avoirdupois of 27.7274 inches, 
find a fraction with denominator < 100 which shall 
difier from their ratio by < 0.0001. 

9. The ratio of the diagonal to a side of a square being 

V 2, find a fraction with denominator < 100 which 
shall diflFer from their ratio by < 0.0001. 

10. The ratio of the circumference of a circle to its diame- 

ter being 3.14159265, find the first three convergents, 
and determine to how many decimal places each may 
be depended upon as agreeing with the true value. 

11. Two scales whose zero points coincide have the dis- 

tances between consecutive divisions of the one to 
those of the other as 1 : 1.06577. Find what divis- 
ion-points most nearly coincide. 

12. Find the surd values of 

3 + i i. i 1 i. i4_i 1 i 

"^1 + 6^ 3 + 1 + 6' "^2 + 3 + 4* 

13. Show that the ratio of the diagonal of a cube to its 

edge may be nearly expressed by 97 : 56. Find the 
limit of the error made in taking this ratio for the 
true ratio. 

14. Find a series of fractions converging to the ratio of 5 

hours 48 minutes 51 seconds to 24 hours. 

16. Find a series of fractions converging to the ratio of a 
cubic yard to a cubic meter, if 1 cubic J^rA=-^^^rA 
of a cubic meter. 
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SCALES OF NOTATION. 

409. Definitions. Let any positive integer be selected as 
a radix or base ; then any number may be expressed as a 
polynomial of which the terms are multiples of powers of 
the radix. 

Any positive integer may be selected as the radix ; and 
to each radix corresponds a scale of notation. 

In writing the polynomials they are arranged by descend- 
ing powers of the radix, and the powers of the radix are 
omitted, the place of each digit indicating of what power 
of the radix it is the coefficient. 

Thus, in the scale of ten, 2356 stands for 

2xl0» + 3xl0» + 5xl0 + 6; 

in the scale of seven for 

2x7» + 3x'7« + 5x7 + 6; 
in the scale of r for 

2r» + 3r* + 5r + 6. 

410. Computation. Computations are made with numbers 
in any scale, by observing that one unit of any order is 
equal to the radix-number of units of the next lower order ; 
and that the radix-number of units of any order is equal 
to one unit of the next higher order. 

(1) Add 56,432 and 15,646 (scale of seven). 

56432 ^^ process differs from that in the decimal scale 

15646 ^^y ^^ ^^^ when a sum greater than seven is reached, 

we divide by seaoen (not ten), set down the remainder, 

105411 j^jjjj carry the quotient to the next cdomn. 
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(2) Subtract 34,561 from 61,236 (scale of eight). 

61235 

34561 ^^ ^^ eight, infltead of ten as in the common 

24454 ■^^®' 

(3) Multiply 6732 by 428 (scale of nine). 

5732 
428 



51477 ^6 divide each time by nine^ set down the remain- 

12564 der, and carry the quotient 
24238 

2612127 

(4) Divide 2,612,127 by 6732 (scale of nine). 

5732)2612127(428 
24238 



17732 
12564 

51477 
51477 



411. Integers in Any Scale. If i be any positive integer^ 
any positive integer H may be expressed in the form 

JV= ar^ + i^**"^ + +P^ + 2^ + 5, 

in which the coefficients a, bj c, , are positive irUege^^s, each 

less than r. 

For, divide iVby r*, the highest power of r contained in 
JV, and let the quotient be a with the remainder i^. 

Then, iV=ar*+iV^i. 

In like manner, Ifi = b7^^ + Ni\ -Z\r, = cr*~* + iVi ; 
and so on. 

By continuing this process, a remainder s will at length 
be reached which is less than r. So that, 

jy= ar"" + 6r*-^ + +pr^ + qr + s. 
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Some of the coefficients s^ q^ p, may vanish, and each 

will be less than r ; that is, their values may range from 
zero to r — 1. Hence, including zero, r digits will be 
required to express numbers in the scale of r. 

To express any positive integer U in the scale ofi. 
It is required to express JV in the form 

ar^ + 6r*"^ + +2?^ + 2'^ + «, 

and to show how the digits a, J, may be found. 

If -2V= ai^ + 6r*~^ + +pr^ + qr + s, 

JV s 

then — = ar^-"^ + h^-'' + +pr + S^ + -• 

That is, the remainder on dividing JV by r is s, the last 
digit. 

Let iVi = ar^"'^ + 5r*-* + +pr + q ; 

then — = ar^-'' + &r*-» + + » + ^. 

r r 

That is, the remainder is q, the last but one of the digits. 

Hence, to express an integral number in a proposed scale. 

Divide the number by the radix, then the quotient by the 

radix, and so on; the successive remainders will bo the 

successive digits beginning with the units* place. 

(1) Express 42,897 (scale of ten) in the scale of six. 

6 )42897 
6 )7149. ...3 

6 )1191 3 

6)198 3 

6)33. ... 
5. ... 3 

An^. 530,333. 
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(2) Change 37,214 from the scale of eight to the scale of 

nine. 

The radix is 8 ; and hence the two digits on the 

9)37214 left, 37, do not mean thirty-seven, but 3 X 8 + 7, 

9 ) 3363 ... 1 or thirty -one, which contains 9 three times, with 

9^305. ... 6 tijg remainder 4. 

9)25. ... 8 The next partial dividend is 4 x 8 + 2 = 34, 

2. ... 3 which contains 9 three times, with the remainder 

Am. 23,861. 7. and go ©n. 

(3) In what scale is 140 (scale of ten) expressed by 352 ? 
Let r be the radix ; then, in the scale of ten, 

140 = 3r» + 5r + 2 or 3r» + 5r = 138. 

Solving, we find r = 6. 

The other value of r is fractional, and therefore inadmissible, since 
the radix is always a positive integer. 

412. Badiz-Fractioiis. As in the decimal scale decimal 
fractions are used, so in any scale radix-fractions are used. 

Thus, in the decimal scale, 0.2341 stands for 

10 10» 10» 10* ' 
and in the scale of r it stands for 

r r^ r^ r^ 

(1) Express ^^ (scale of ten) by a radix-fraction in the 
scale of eight. 

Assume 245_a 6 £ i. _ 

256 8 8» 8» 8* 

Multiply by 8, 7ii = a + | + ~ + | + — 

.% a-7. and 21^6 c.^_ 

32 8 8» 8? 
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y C d 



Multiply by 8, 
.'. 6 = 5, and 

Multiply by 8, 

.-. c = 2, and 

The answer is 0.752. 

(2) Change 35.14 from the scale of eight to the scale of 



4 8 8» 
= d, etc. 



SIX. 



We take the integral and fractional parts 
separately. 

Integral part : 6)35 



4 5. 



FractionaJ part 



8 S^ 64 16' 

This is reduced to a radix- fraction in the scale 
of six as follows : 



3 

_6 

16)18(1 

16 

2 

_6 

16)12(0 

_6 

16)72(4 

64 

8 

_6 

16)48(3 

48 

45.1043 
Exercise 124. 

1. If 6, 7, 8, 3, 2 are the digits of a number in the scale of 

r, beginning from the right, write the number. 

2. Find the product of 234 and 125 when r is the base. 

3. In what scale will 756 be expressed by 530? 

4. In what scale will 540 be the square of 23? 

5. In what scale will 212, 1101, 1220 be in arithmetical 

progression ? 

6. Multiply 31.24 by 0.31 in the scale of 5, 



CHAPTER XXXII. 

THEORY OF NUMBERS. 

413. Definitions. In the present chapter, by number will 
be meant positive integer. The terms primes composite, will 
be used in the ordinary arithmetical sense. 

A multiple of a is a number which contains the factor a, 
and may be written ma. 

An even number, since it contains the factor 2, may be 
written 2m ; an odd number may be written 2m + 1, 
2m— 1, 2m +3, 2m — 3, etc. 

A number a ia said to divide another number b when 

~ is an integer. 
a 

414t Besolution into Prime Factors. A number can be 
resolved into pri/me factors in ofrdy one way. 

Let iV be the number; suppose N=ahc , where 

ajbfCf are prime numbers; suppose also N=aPy 

where o, j8, y are prime numbers. 

Then, abc =a)3y 

Hence, a must divide the product abc ; but a, 6, c, 

are all prime numbers ; hence a must be equal to some one 
of them, a suppose. 

Dividing by a, be = Py , 

and so on. Hence, the factors in aj3y are equal to those 

in abc , and the theorem is proved. 

416. Divisibility of a Product. 1. If a number a divides a 
product b0| and is prime to bi it must divide o. 
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For, since a divides ftc, every prime factor of a must be 
found in be ; but since a is prime to J, no factor of a will 
be found in b ; hence all the prime factors of a are found 
in c ; that is, a divides c. 

From this theorem it follows that : 

II. If a prime number a divides a product bode...., ii 
mv^t divide some factor of that product ; and conversely. 

III. If a prime number divides b* it must divide b. 

IV. If 9, is prime to b and 0| it is prime to be 

Y, If 9, is prime to b| every power of 9k is prime to every 
power of\u 

a 

416. Theorem* If - , a fraction in its lowest terms, is equal 

to another fraction j, then o and d are equimultiples of a 
andh. 

If T = ^» tli6D -7" = ^- Since b will not divide a, it 
o d b 

must divide d ; hence rf is a multiple of 6. 

Let d = mb, m being an integer; since y = ^i and 

6 d 

d = TwJ, 7 = — r ; therefore c = ma. 
6 mo 

Hence, c and rf are equimultiples of a and b. 

From the above theorem, it follows that in the decimal 
scale of notation a common fraction in its lowest terms will 
produce a non-terminating decimal if its denominator con- 
tains any prime factor except 2 and 5. 

For a terminating decimal is equivalent to a fraction with 

a denominator 10*. Therefore, a fraction j in its lowest 

o 

terms cannot be equal to such a fraction, unless 10* is a 
multiple of b. But 10*, that is, 2* X 5*^ CQataLoa no factors 
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besides 2 and 5, and hence cannot be a multiple of 6, if 6 
contains any factors except these. 

417. Sqxuure Hambers. If a square number is resolved into 
its prime factors, the exponent of each factor will be even. 

For, if N = aF Xh^ X(f , 

IP=a^^Xh'^X(^'' 

Conversely : A number which has the exponents of all 
its prime factors even will be a perfect square ; therefore, 
to change any number to a perfect square. 

Resolve the number into its prime factors, select the fac- 
tors which have odd exponents, and multiply the given 
number by the product of these factors. 

Thus, to find the least number by which 250 must be multiplied to 
make it a perfect square. 

250 = 2x5*, in which 2 and 5 are the factors which have odd 
exponents. 

Hence the multiplier required is 2 x 5 » 10. 

418. Divisibility of Ntunberg. 

I. If two numbers "S and IT', when divided by 9^ have 
the same remainder ^ their difference is divisible by a. 

For, if JVwhen divided by a have a quotient q and a 

remainder r, then 

N—qa + r. 

And if -2V' when divided by a have a quotient q^ and a 

remainder r, then 

]S[^= q^a + r. 

Therefore, N-N*={q- q^) a. 

II. If the difference of two numbers IT and W is divisible 
by a, then V and W when divided by a will have the same 
remainder. 
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For, if 


N-'IP = {q-q')a, 


then 


N IP , 
a a ^ ^ 


Therefore, 


iVT IP , 
— — q q\ 



That is, iV- aq =IP- acf. 

III. If two numbers H and H', when divided hy a given 
numbet* a, have remainders r and t\ then HN' and rr' i^Aen 
divided by a t(;i7Z Aave the same remainder. 

For, if If = qa + r, 

and iV^ = g^'a + r', 

then JViV' = 2'2''a'+ 5^ar'+ ^''ar+rr' 

= (qq^a + 5^7*'+ 2'^) a+rr'. 

Therefore, by II., NIP and rr' when divided by a will 
have the same remainder. 

As a particular case, 37 and 47 when divided by 7 have remainders 
2 and 5 respectively. 

Now 37 X 47 « 1739 and 2 x 5 = 10. 

The remainder, when each of these two numbers is divided by 7, 
is 3. 

Note. From II. it follows that, in the scale of ten : 

(1) A number is divisible by 2, 4, 8, if the numbers denoted 

by its last digit, last two digits, last three digits, are divisible 

respectively by 2, 4, 8, 

(2) A number is divisible by 5, 25, 125, if the numbers denoted 

by its last digit, last two digits, last three digits, are divisible 

respectively by 5, 25, 125, 

(3) If from a number the sum of its digits is subtracted, the 
remainder will be divisible by 9, 
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For, if from a number expressed in the form 
a + 106 + 10»c + 10»d + 

a+ 6+ c+ d + is subtracted, 

the remainder will be (10 - 1) 6 + (10» - 1) c + (10» - 1) (f + 

and 10 - 1, lOa - 1, 10» - 1, will be a series of 9'8. 

Therefore, the remainder is divisible by 9. 

(4) Hence, a number iVmay be expressed in the form 

9 n + s (if 8 denotes the sum of \)» digits) ; 

and JV'will be divisible by 3 if « is divisible by 3 ; and also by 9 if « 
is divisible by 9. 

(5) A number will be divisible by 11 if the difference between 
the sum of its digits in the even places and the sum of its digits in 
the odd places is or a multiple of 11. 

For, a number N expressed by digits (beginning from the right) 
a, bf c, d, may be put in the form of 

iV=a + 105 + lO^c + 10Sd+ 

/. N-a-^h-c-\-d- =»(10 + l)6 + (10«-l)c + (10» + l)(f + 

But 10 + 1 is a factor of 10 + 1, 10« - 1, 10» + 1 

Therefore, N— a-\-h — c + d'- is divisible by 10 + 1 = 11. 

Hence, the number iVmay be expressed in the form 
11 n + (a + c + ) -'{h + d + ), 

and will be a multiple of 11 if (a + c + ) — (b + d-\- ) is or a 

multiple of 11. 

419. Theorem. The product of r consecutive integers is 
divisible by jr. 

Represent by P^, » the product of k consecutive integers 
beginning with n. 

Then, *P^, = n(n+l) (n+k-l); 

P^i. HI = (^ + 1)(^ + 2) (n + h){n + k + \) 

= n{n + l)(n + 2) (n + k) 

+ (A + l)(n+l)(n + 2) (n+k). 

•'• P|i-f 1. Jk-fl = Pn, *+l ^" V"* "I" ^) -ffH-l.** 
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Assume, for the moment, that the product of any k con- 
secutive integers is divisible by \Jc. 

Then. P^^,,,^, = P,.»+i + (k + l)M\h', 

or Pn+,.»+x = Pn.*+i + Jfli+1 ; 

where M is an integer. 

From this it is seen that if Pn,*+i ^ divisible by |^ + 1» 
Pn+i,»+i is also divisible by [^_+_l; but Pi,»+i is divisible 
by 1 ^ + 1 since Pi.t+i= |^+ 1. .*. Pa.k+i is divisible by 
1^ + 1 ; .'. Ps,»-i-i is divisible by |^+1 ; and so on. 

Hence, the product of any h+l consecutive integers is 
divisible by |^ + lt if it is known that the product of any k 
consecutive integers is divisible by \k. But the product of 
any 2 consecutive integers is divisible by [2 ; therefore, the 
product of any 3 consecutive integers is divisible by [3^; 
therefore, the product of any 4 consecutive integers is 
divisible by [4; and so on. Therefore, the product of any 
r consecutive integers is divisible by [r. 

Exercise 125. 

Find the least number by which each of the following 
numbers must be multiplied in order that the product may 
be a square number. 

1. 2625. 2. 3675. 3. 4374. 4. 74088. 

5. If m and n are positive integers, both odd or both 

even, show that m* — n* is divisible by 4. 

6. Show that n' -- n is always even. 

7. Show that w' — n is divisible by 6 if n is even ; and 

by 24 if n is odd. 



CHAPTER XXXIII. 

VARIABLES AND LIMITS. 

420. Oonstants and Variables. A Dumber that, under the 
conditions of the problem into which it enters, may be made 
to assume any one of an unlimited number of values is 
called a yariable. 

A number that, under the conditions of the problem into 
which it enters, has a fixed value is called a constant. 

Variables are generally represented by x, y, z, etc. ; con- 
stants, by the Arabic numerals, and by a, 6, c, etc. 

421. Functions. Two variables may be so related that a 
change in the value of one produces a change in the value 
of the other. In this case one variable is said to be a 
fanction of the other. 

Thus, if a man walks on a straight road at a uniform rate of a 
miles per hour, the number of miles he walks and the number of hours 
he walks, are both variables, and the first is a function of the second. 
If y be the number of miles he has walked at the end of x hours, y 
and X are connected by the relation y=^ax^ and y is a function of x. 

y 

Also a? = - ; hence, x is also a* function of y. 

When one of two variables is a function of the other, the 
relation between them is generally expressed by an equa- 
tion. If a value of one variable is assumed, the corre- 
sponding value of the other variable can be found from the 
given equation of relation between the two variables. 

The variable of which the value is assumed is called the 
independent variable ; the variable of which the value is 
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found from the given relation of the two variables is called 
the dependent variable. 

In the last example we may assnme values of x, and find the cor- 
responding values of y from the relation y^ax; or assume values of 

y, and find the corresponding values of x from the relation x » -. In 

the first case x is the independent variable, and y the dependent ; in 
the second case y is the independent variable, and x the dependent. 

422, Limits. As a variable changes its value, it may 
approach some constant; if the variable can be made to 
approach the constant as near as we pleasej but cannot be 
made absolutely eqital to the constant^ the variable is said 
to approach the constant as a limits and the constant is 
called the limit of the variable. 

Let X represent the sum of n terms of the infinite series 

l+i + l + i + ; 

then(?314). :. - 0)^1 - ^=i = 2 - J-, 

^* ' j — l 2*-* 2*-* 

Suppose n to increase ; then, •-— r decreases, and x approaches 2. 

Since we can take as many terms of the series as we please, n can 
be made as large as we please ; therefore, — — can be made as small 

as we please, and x can he made to approach 2 as near as we please. 

We cannot, however, make x absolutely equal to 2. 

If we take any assigned value, as ^o ^q q, we can make the dif- 
ference between 2 and x less than this assigned value; for we 

have only to take n so large that is less than frriinr '» ^bat is, that 

2n-i 

2"-^ is greater than 10,000: this will be accomplished by taking n 
as large as 15. Similarly, by taking n large enough, we can make 
the difference between 2 and x less than any assigned value. 

Since 2 — x can be made as small as we please, it follows that the 
sum of n terms of the series l + i + ^ + i + ••*••, as n is constantly 
increased, approaches 2 as a limit. 
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423i Test for a Liinit. In order to prove that a variable 
approaches a constant as a limit, it is necessary and suffir 
dent to prove that the difference between the variable and 
the constant can be made as near to zero as we please, but 
cannot be made absolutely eqical to zero, 

A variable may approach a constant without approaching it as a 
limit. Thus, in the last example x approaches 3, but not as a limit ; 
for 3 — a; cannot be made as near to as we please, since it cannot 
be made less than 1. 

424 Infinites. As a variable changes its value, it may 
constantly increase in numerical value; if the variable 
can become numerically greater than any assigned value, 
however great this assigned value may be, the variable is 
said to increase withoiU limits or to increase indefinitely. 

When a variable is conceived to have a value greater 
than any assigned value, however great this assigned value 
may be, the variable is said to become infinite; such a 
variable is called an infinite number, or simply an infinitet 

425. Infinitesimals. As a variable changes its value, it 
may constantly decrease in numerical value ; if the vari- 
able can become numerically less than any assigned value, 
however small this assigned value may be, the variable is 
said to decrease witJiout limit, or to decrease indefinitely. 

In this case the variable approaches as a limit. 

When a variable which approaches as a limit is con- 
ceived to have a value less than any assigned value, how- 
ever small this assigned value may be, the variable is said 
to become infinitesimal; such a variable is called an infini- 
tesimal nvmber, or simply an infinitesimal. 

426. Infinites and infinitesimals are variables, not con- 
stants. There is no idea of fi^xed value implied in either 
an infinite or an infinitesimal. 



406 AL6EBBA. 

An infinitesimal is not 0. An infinitesimal is a variable 
arising from the division of a quantity into a constantly 
increasing number of parts ; is a constant arising from 
taking the difference of two equal quantities. 

A number which cannot become infinite is said to be 
finite. 

427. Belations between Infinites and Infinitesimals. 

I. If "Lis infinitesimal, and a is finite and not 0, then ax 
is infinitesimal. For, ax can be made as small as we please 
since x can be made as small as we please. 

II. If "L is infinite, and a is finite and not 0, then aX is 
infinite. For aX can be made as large as we please since 
X can be made as large as we please. 

III. If "L is infinitesimal, and a is finite and not 0, then 
- is infinite. For - can be made as large as we please 
since x can be made as small as we please. 

IV. If 1. is infinite, and a is finite and not 0, then ^ is 

a 
infinitesimal. For -y can be made as small as we please 

since Xcan be made as large as we please. 

In the above theorems a may be a constant or a variable; 
the only restriction on the value of a is that it shall not 
become either infinite or zero. 

428. Abbreviated Kotation. An infinite is often repre- 
sented by 00. In § 427, III. and IV. are sometimes written: 

- = CO, — = 0. 
on 

The expression - cannot be interpreted literally, since we cannot 
divide by ; and the expression — = cannot be interpreted liter- 
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ally, since we can find no number such that the quotient obtained 
by dividing a by that number is zero. 

^ = 00 is simply an abbreviated way of writing : i/" - =» X, and x 

approaches as a limits X increases without limit. — = is simply 

an abbreviated way of writing : i/" -^ = a?, and X increases without 
limits X approaches asa limit. 

429. Approach to a Limit. When a variable approaches a 
limit, it may approach its limit in one of three ways : 

(1) The variable may be always less than its limit. 

(2) The variable may be always greater than its limit. 

(3) The variable may be sometimes less and sometimes 
greater than its limit. 

If a; represents the sum of n terms of the series 1 + J + J + J + , 

X is always less than its limit 2. 

If a; represents the sum of n terms of the series 3 — J — J— J — , 

X is always greater than its limit 2. 

If a? represents the sum of n terms of the series 3 — } + | — J + •••••, 
we have (§ 314) 

a. = 3-^(~i)* = 2-2(-i)^ 
1 + i ^ ^^ 

As n is indefinitely increased, x evidently approaches 2 as a limii 
If n is even, x is less than 2 ; if n is odd, x is greater than 2. 
Hence, if n be increased by taking each time one more term, x will 
be alternately less than and greater than 2. If, for example, 

n- 2, 3, 4, 5, 6, 7, 
«-li 2i. 1|. ^ij,, Ifi, 2|f. 

In whatever way a variable approaches its limit, the test 
of § 423 always applies. 

430. Equal Variables. If two variables are equal and are 
80 related that a change in the one produces such a change 
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in the other that they continue equals and each approaches a 
limit, then their limits are equaL 

Let X and y be the variables, a and h their respective 
limits. To prove a~h. We have (§ 423) 

a = x + x\ h=y + y\ 

where x^ and y' are variables which approach as a limit. 
Then, since the equation x = y always holds, we have, 

by subtraction, a—h = x'~y\ 

x^ — y' can be made less than any assigned value since 
x^ and y' can each be made less than any assigned value. 

Since x^ — y^ is always equal to the constant a — h, 
x^ — y' must be a constant. But the only constant which 
is less than any assigned value is 0. Therefore a;' — y' = 0, 
and hence a — 5 = 0. ,\ a~h, 

431. Limit of a Sum. The limit of the algebraic sum of 
any finite number of variables is the algebraic sum of their 
respective limits. 

Let X, y, z, , be variables; 

a, b, c, , their respective limits. 

Then a — x, b — y, c — z, , are variables which can 

each be made less than any assigned value (§ 423). 

Then (a — x) -{- {b — y) -{- (c — z) -}- can be made less 

than any assigned value. 

For, let V be the numerically greatest of the variables a — x, h—y, 
c — z , and n the number of variables. 

Then, {a — x) ■\- {h — y) ■{■ (c — z) -\- <v -\-v -\-v to n terms 

<,nv\ 

but nv can be made less than any assigned value since n is finite 
and V can be made less than any assigned value (§ 427, I.). 

Therefore, (a — ar) + (& — y) + (c — z) , which is less than nv, can 

be made less than any assigned NaVvxe. 
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.'. (a + i + c-] — y) — (x-hy -h z + ) can be made 

less than any assigned value. 

.'. a + 5 + + is the limit of (:r + y + z + ). § 423 

432. Limit of a Product. The limit of the product of two 
or more variables is the product of their respective limits. 

Let X and y be variables, a and b their respective limits. 
To prove that ab is the limit of xt/. 
Put x = a — x\ y = ^ -- y' ; then x^ and y' are variables 
which can be made less than any assigned value (§ 423). 

Now, xy = {a — x*)(b — y') 

= ab — ay' — bx' + ^'y'- 
.'. ab — xy — ay' + bx' — x'y\ 

Since every term on the right contains x' or y\ the whole 
right member can be made less than any assigned value 
(§ 427, I.). Hence, ab—xy can be made less than any 
assigned value. 

.*. ab is the limit of xy (§ 423). 

Similarly for three or more variables. 

433. Limit of a Quotient. The limit of the quotient of 
two variables is the quotient of their liinits. 

Let X and y be variables, a and b their respective limits. 

Put a — x = x\ and b'—y = y'; then x' and y' are 

variables with limit (§ 423). 



X a^x' 



We have x = a — x\ y = b — y'j and - = , , 

y b-y' 

Now g x_a a — x' __ bx' — ay' 

h y b b-y' b{b-y') 

The numerator of the last expression approaches as a 
limit, and the denominator approaches b^ ; hence, the ex- 
pression approaches as a limit (§ 427, I.). 

/. approaches as a limit. .*. - is the limit of — 

by by 
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434. Vanishing Fractions. When onQ or more variables 
are involved in both numerator and denominator of a frac- 
tion, it may happen that for certain values of the variables 
both numerator and denominator of the fraction vanish. 

The fraction then assumes the form -, which is a form 

without meaning ; as even the interpretation of § 428 fails, 
since the numerator is 0. If, however, there is but one 
variable involved, we may obtain a value as follows : 
Let X be the variable, and a the value of x for which the 

fraction assumes the form -. Give to a: a value a little 

greater than a, as a + 2 ; the fraction will now have a defi- 
nite value. Find the limit of this last value as z is indefi- 
nitely decreased. This limit is called the limitiTig value of 
the fraction. 

(1) Find the limiting value of as x approaches a. 

X — a 

When X has the value a, the fraction assumes the form — 

Put x = a-\-z', the fraction becomes 

(a + z)' — 2» 2az + z* 
(a + 2) — 2 z 

Since z is not 0, we can divide by z and obtain 2a + 2. 
As z is indefinitely decreased, this approaches 2a as a limit. 
Hence 2 a is the answer required. 

(2) Find the limiting value of "~ J^ "' when x 

ij X^ ~j- Ax — X 

becomes infinite. 

2-1-f^ 

We have 2^ -4a; + 5 ^ 

3a;» + 2a^'-l 3^2_1 

X a^ 

As X increases indefinitely, - approaches 0, and the fraction ap- 
proaches — 
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Exercise 126. 
Find the limiting values of ; 

1. ^ ^ , — ^r — T—r-^ when x becomes infinitesimal. 

7a^—6x + 4: 

2. ^ — ~ ^^^S^ ^ when x becomes infinite. 

x* + Sb 

3. ^ — ^ when x becomes infinitesimal. 

x' + 4: 

4. — ^^^ — ^^^—- when x approaches 3. 

5. when x approaches — 3. 

6. , ^ ^"t — ^^ ^ ^ when x approaches — 1. 
a^ + Sx^ + bx + d ^^ 

7. -^ — ^r^ — r when x approaches 1. 

X^ ~j~ ^x> — ^X ~~~ X 

8. — — — ' when x approaches 1. 
2a;-Va;+l 

9. — z= =r when x approaches 1. 

V:r*-1 + V:r-1 

2^ — 4 

10. — ^=:=. ;=: when x approaches 2. 

Va; + 2 — V3a7 — 2 

-- Var — a + VJ — Va i i 

11. ==!= when X approaches a. 

Va;" — a' 

12. If or approaches a as a limit, and n is a positive 
integer, show that the limit of a;* is a*. 

13. If X approaches a as a limit, and a is not 0, show 
that the limit of a;* is a*, where n is a negative integer. 



CHAPTER XXXIV. 

SERIES. 

435. Oonyergenoy of Series. For an infinite series to be 
convergent (§ 325) it is necessary and sufficient that the 
sum of all the terms after the nth, as n is indefinitely in- 
creased, should approach as a limit. 

Although each of the terms aft«r the nth may approach as a 
limit, their sum may not approach as a limit. 
Thus, take the harmonical series, 

.111 11 1 

^1 ^* rt» T* 



2 3 4 n n + 1 w + 2 

Each term after the nth approaches as n increases. 
The sum of n terms after the nth term is 

1 +-i.+^+ + 1 



n+1 n+2 n+3 2n 

which is > 1- r— + to n terms ; therefore > n x — ; that is, > — 

2n 2n 2n 2 

Now, the first term is 1, the second term is \, the sum of the next 
two terms is greater than }, the sum of the succeeding four terms is 
greater than } ; and so on. So that, by increasing n indefinitely, the 
sum will become greater than any finite multiple of }. 

Therefore, the series is divergent. 

To determine whether the following series is convergent : 



1 ' [2 • [3 ' |n-l ' [n ' \n + \ 



The nth term is . The sum of the remaining terms is 

n — 1 






1 

\n ' jn-f 1 ' |n-h2 ' \uV tv -v\ ' <o^ -W^ "V *2>i 
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This is < — (l4 -+ — + ) ; therefore, since 1 + i + — + 

[n\ n v? ) n r? 

is the expansion of , 

n 

1/_!_Y or U-^\ ; that is. <^ -. 

[nf,_lj [n\n— 1/ (n — l pi — l 

But as n increases indefinitely, this last expression approaches as 
a limit. Hence, the series is convergent 

436. Test for Oonvergenoj of a Series. If the terms of an 
infinite series are all positive, and the limit of the nth term 
is 0, then if the limit of the ratio of the (n + V)th term to 
the rdh term, as n is indefinitely increased, is less than 1, 
the series is convergent. 

Let Ui, Wj, 2*3, w„, u^i, w„4.2, be an infinite series. 

Let r represent the limit of the ratio -J^ as n increases 

indefinitely, and suppose r to be positive and less than 1. 
Let k be some fi>xed number between r and 1, and take 

k so near 1 that -^, — ^, , shall each be < k. 

Then, ^<>&, ^^<>fc, . '^<h 

•*• ^n+l '^ "'^m Wn+2 "^ "' ^n, ^n-fS "^^ "' ^n> 

.'. w,^i + WiH-3 + ^«+3 + < u^{Tc + h^ + ^ + ) 

Jc 

.'. Wh+1 "T ^n+2 T" Wn+3 + "^ ^n ^ 7' 

since ^ + ^ + ^ + is the expansion of -• 

But, by hypothesis, u^ approaches as a limit as n is 
indefinitely increased. Hence, the series is convergent. 
Similarly, when r is negative, and between and — 1. 
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Thus, in the series 

i+Ui+i^ -1^ + 1 + 



1 11 11 ln-1 \n 

1^^ a -, and ihis approaches as a limit as n is indefinitely in- 

creased ; moreover, the nth term, , approaches as a limit. 

\n — 1 

Hence, the series is convergent. 

If r > 1, there must be in the series some term from 
which the succeeding term is greater than the next preced- 
ing term ; so that the remaining terms will form an in- 
creasing series, and therefore the series is not convergent. 

If r = rb 1, this value gives no information as to whether 
the series is convergent or not; and in such cases other 
tests must be applied. 

If r < 1, but approaches 1, or — 1, as a limit, then no 
fixed value k can be found which will always lie between 
r and rb 1, and other tests of convergency must be applied. 

Thus, in the infinite series 

1 + 1 + J- + +i+ 1 ■ 



im ^^ 3-* n"» (n H- 1)"» 

r, the ratio of the (n + l)th term to the nth term, is 

(jTTr-('-;^)" 

which approaches 1 as a limit as n increases. 

Suppose m positive and greater than 1 ; then the first term of the 

2 

series is 1. The sum of the next two terms is less than — . The sum 

2* 

of the next four terms is less than — . The sum of the next eisht 

4m ® 

8 
terms is less than — ; and so on. Hence, the sum of the series is less 

than 1+-2- + A4.A + , or <1 + J- + J_ +-i- + , 

which is evidently convergent when m \a -^o^YiW^ ^itid^^«Aftr th&n 1. 



CONVERGENCY OF SERIES. 415 

If m is positive and equal to 1, the given series becomes 

l + J + J + t + -". 
which is the harmonical series shown in 2 435 to be divergent. 

If m is negative, or less than 1, each term of the series is then 
greater than the corresponding term in the harmonical series, and 
hence the series is divergent. 

437. Speoial Case. If the terras of an infinite series are 
aUemately positive and negative ; if also^ the terms contin- 
ually decrease^ and the limit of the nth term is zero, then 
the series is convergent. 

Consider the infinite series, 

Ui — Ui + Ui — u^ + =F w; =b t^H-i =F «W« ± ••••• 

The sum of the terms after the nth term is 

± [un+i — (u^2 -- u^i) — (u,^ - w^s) — ], 

which may be written 

Since the terms are continually diminishing, each of the 
groups in either form of expression is positivCj and there- 
fore the absolute value of the required sum is seen, from 
the first form of expression, to be less than u^.^i ; and from 
the second form of expression, to be greater than w»+i— Wn+t- 
But both w^i and w^^, approach zero as n increases indefi- 
nitely ; therefore the sum of the series after the nth term 
approaches zero, and the series is convergent. 

In finding the sum of an infinite decreasing series of which the 
terms are alternately positive and negative, if we stop at any term, 
the error will be less than the next succeeding term. 

The series 1 — :; + r — t + ±-t ± is convergent 

234 nw+1 
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For, we may write the series 
l-i + (i-i) + (t-i) + "-.orl-(i-i)-(J-i)- 
which shows that its sum is greater than j^, and less than 1. 

Observe that the present test applies to series in which 

^^^ approaches 1, or — 1, as a limit. To such series the 
%» 

test of § 436 will not apply. 

438. Oonyergenoy of the Binomial Series. In the expan- 
sion of (1 + a:)", the ratio of the (r -j- l)th term to the rth 
term is (§ 340) 

w — r + 1 /w + 1 t\ 
' — X, or I — ' 1 ]x. 

r \ r J 

If X is positive and r greater than n + 1, the expression 

'—^ 1 is negative ; hence the terms in which r is greater 

r 

than n + 1 are alternately positive and negative. 

If X is negative, the terms in which r is greater than 

n + 1 are all positive. In either case we have 



Ur \ r J 



as r is indefinitely increased, this approaches the limit — rr. 
Hence (§ 436), the series is convergent if a? is numerically 
less than 1. 

If n is fractional or negative, the expansion of (a + 6)*» must be 

in the form a"[l+-j if a>6; and in the form 6*[1 + - j if 

6>a(§344). 

439, Examples. 

(1) For what values of x is the infinite series 

Or Or HT^ 

a; — — +77 — ifc — =F convergent? 

2 o n 
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Here, r = -^ = ( — -rr ]x = [l r ) x. 

w» Vn + ly \ n + ij 

As n is indefinitely increased, r approaches a; as a limit. Hence, 
the series is convergent when x is numerically less than 1 ; and 
divergent when x is numerically greater than 1. 

When a; = 1, the series is convergent by | 437. 

When a? = — 1, the series becomes 

the harmonical series already shown to be divergent ({ 435). 
(2) For what values of a: is the infinite series 

-f-TT — 5 + ^ — 7 + —7 7\ convergent? 



Here, 



1X2' 2x33x4 n(n+l) 



t^ 



(^2)»=(77|)- 



As n is indefinitely increased, r approaches a; as a limit. 
If a; is numerically less than 1, the series is convergent. 
If x is numerically greater than 1, the series is divergent. 
If a? = 1, every term of the series 

1x2 2x3 3x4 
is less than the corresponding term of the series 

l+l+i-f 

2« 3» 

This last series is a special case of the series 

±+i.+i-+ 

X» 2~ 3m 

and is therefore convergent (J 436). 

Ill 
Hence, - — - + - — - + - — - + is convergent 

1x2 2x3 3x4 ^ 

If a: =. _ 1^ the series becomes 

1^1 1 



1x2 2x3 3x4 
and is convergent by { 437. 
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Series of Differences. 

440. DefinitioiiB. If, in any series, we subtract from each 
term the preceding term, we obtain a first series of differ- 
ences; in like manner fiom this last series we may obtain a 
second series of differences ; and so on. In an arithmetical 
series the second differences all vanish. 

There are series, allied to arithmetical series, in which 
not the first, but the second, or third, etc., differences vanish. 

Thus take the series 

1 5 12 24 43 71 110 
Ist differences, 4 7 12 19 28 39 

2d differences, 3 5 7 9 11 

3d differences, 2 2 2 2 

4th differences, 

In general, if ai, Oj, ag, be such a series, 

hi, bi, ^3, be the first differences, 

Ci, Cj, Cs, be the second differences, 

di, (fa, <fs, be the third differences, 

Ci, Ca, ^8, be the fourth differences, 

we have ai a^ a^ a^ a^ a^ a-, 

1st differences, h^ h.^ h^ h^ h^ h^ 

2d differences, Ci c, c^ c^ c^ 

3d differences, di d^ d^ c?4 

4th differences, ei e, Cs 

and finally arrive at differences which all vanish. 

441. Any Beqnired Term. Let us take a series in which 
the fifth series of differences vanishes. Any other case can 
be treated in a manner precisely similar. From the way 
in which the successive series are formed, we have : 
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a,= ai + Ji as=a2+^a = a, + 25, + {?i 

*t = ^1 + Oi bs = h2 + Ct=^bi + 2ci+di 

Ct=Ci-}-di Ca = Cj + cZa = Cl + 2 c^ + ^1 

d2=di+ei c?3= c^+ea = c?i+2ei 

^4 = ^3 + <^3 = ^1 + 3 Ci + 3 c?i + ^1 
^4 = ^3 + dz=^Ci + 3cZi + 3(?i 
c?4 = c4 + ^8 = <^i + 3 ^1 

05 = ^4+ *4 = «i + 4^1 + 6^1 + 4c?i + Ci 
65 = ^4 + ^4 = ^1 + 401 + 6c?i + 4ei 
Ch =^4 +c?4=<?i +4c?i+6ei 

«6= «5+ 65 = «i + 5^1 + 10^1 + 10c^ + 5ei 
6« = ^6 + ^6 = 61+ 5(?i + 10c?i+ 10^1 

07 = a6+ Se = «i + 6 5i + 15 Ci + 20 c?i + 15 ^i 
and so on. 

The student will observe that the coefficients in the ex- 
pression for tts are those of the expansion of {x + y)*, and 
similarly for Oe and o^ ; hence, in general, if we represent 
tti, hi, <?,, etc., by a, h, c, etc., we have, putting for the 
(n + l)th term a„+i, the formula 

^ ^1x2 ^ 1x2x3 ^ 

Ex. Find the 11th term of 1, 5, 12, 24, 43, 71, 110, 

Here (^440) a= 1, 6 = 4, c = 3, c?=2, c = 0; and n- 10. 
.*. ail = a + 10^ + 45c + \2Qd 

= 1 + 40 + 135 + 240 = 416. 
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III. When the pile has a base which is rectangular, but 
not square, the pile will terminate with a single row. Sup- 
pose p the number of shot in this row ; then the second 
course will consist of 2(27 + 1) shot; the third course of 
3(/? + 2); and the nth course of n(|? + n— 1). Hence 
the series will be 

p, 2p + 2, 3^ + 6, , n(^ + n-l). 

Given series, p 2p + 2 3^ + 6 4|> + 12 

First differences, p -h2 ^ + 4 p -^6 

Second differences, 2 2 

Third differences, ..^. 

Here, a=p, 6=p + 2, c = 2, d=»0. 

These values substitated in the general formula give 

^ 2 ^ ^ 1x2x3 

-^{6;, + 3(n-lXi) + 2) + 2(n-l)(n-2)} 

« - (6;) + 3rip - 3;) + 6w - 6 + 2n* - 6n + 4) 
6 

-^(3rip + 3^ + 2n«-2) 
6 

-f(n+lX3;) + 2n-2). 
b 

If n^ denote the number in the longest row, then n' — p + n — 1, 
and therefore p = n-' — n + 1 ; and the formula may be writtea 

« = ^(n + l)(3n'-n + l). 
o 

in which n denotes the number in the width, and n' in the length, 
of the bottom course. 

When the pile is incomplete, compute the number in the 
pile as if complete, then the number in that part of the pile 
which is lacking, and take the difference of the results. 
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Exercise 127. 

1. Find the fiftieth term of 1, 3, 8, 20, 43, 

2. Find the sum of the series 4, 12, 29, 55, to 20 terms. 

3. Find the twelfth term of 4, 11, 28, 55, 92, 

4. Find the sum of the series 43, 27, 14, 4, — 3, to 

12 terms. 

5. Find the seventh term of 1, 1.235, 1.471, 1.708, 

6. Find the sum of the series 70, 66, 62.3, 58.9, to 

15 terms. 

7. Find the eleventh term of 343, 337, 326, 310, 

8. Find the sum of the series 7 X 13, 6 X 11, 5 X 9, 

to 9 terms. 

9. Find the sum of n terms of the series 3x8, 6x11, 

9 X 14, 12 X 17 

10. Find the sum of n terms of the series 1, 6, 15, 28, 45 

11. Determine the number of shot in the side of the base 

of a triangular pile which contains 286 shot. 

12. The number of shot in the upper course of a square 

pile is 169, and in the lowest course 1089. How 
many shot are there in the pile ? 

13. Find the number of shot in a rectangular pile having 

17 shot in one side of the base and 42 in the other. 

14. Find the number of shot in five courses of an incomplete 

triangular pile which has 15 in one side of the base. 

15. The number of shot in a triangular pile is to the num- 

ber in a square pile, of the same number of courses, 
as 22 : 41. Find the number of shot in each pile. 

16. Find the number of shot required to complete a rec- 

tangular pile having 15 and 6 shot, respectively, in 
the sides of its upper course. 
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17. How many shot must there be in the lowest course 

of a triangular pile so that 10 courses of the pile, 
beginning at the base, may contain 37,020 shot? 

18. Find the number of shot in a complete rectangular 

pile of 15 courses which has 20 shot in the longest 
side of its base. 

19. Find the number of shot in the bottom row of a square 

pile which contains 2600 more shot than a triangular 
pile of the same number of courses. 

20. Find the number of shot in a complete square pile in 

which the number of shot in the base and the num- 
ber in the fifth course above differ by 225. 

21. Find the number of shot in a rectangular pile which 

has 600 in the lowest course and 11 in the top row. 

Interpolation. 

444. As the expansion of (a + i)* has the same form for 
fractional as for integral values of w, the formula 

, T , n(n — l) , n(n— l)(w — 2) 7 , 

may be extended to cases in which w is a fraction, and be 
used to interpolate terms in a series between given terms. 

(1) The cube roots of 27, 28, 29, 30, are 3, 3.03659, 
3.07232, 3.10723. Find the cube root of 27.9. 

3 3.03659 3.07232 3.10723 
First diflferences, 0.03659 0.03573 0.03491 

Second diflferences, — 0.00086 — 0.00082 

Third diflferences, 0.00004 

These values substituted in the general formula give 
3+-g-(0.03659)~Af_lV 000086 U-g-f--J-Y-l^V ^Q^^ ^ 

10^^ ^ 10 V 10 A 2 y lOV 10 A 10 A 6 J 

- 3+ 0.032931 4- 0.0000387 -V 0,00000066 = 3.03297. 
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(2) Given log 127 - 2.1038, log 128 = 2.1072, log 129 = 
2.1106. Find log 127.37. 

0.0034 0.0034 = first order of diflferences. 

= second order of diflferences. 

Therefore, the diflferences of the second order will vanish, and 
the required logarithm will be 

2.1038 + T^ft of 0.0034 
= 2.1038 + 0.001258 
= 2.1051. 

(3) The latitude of the moon on a certain Monday at 
noon was 1° 63' 18.9", at midnight 2° 27' 8.6" ; on Tuesday 
at noon 2** 58' 55.2", at midnight "3° 28' 6.8" ; on Wednes- 
day at noon 3° 54' 8.8". Find its latitude at 9 p.m. on 
Monday. 

The series expressed in seconds, and the diflferences, will be 

6798.9 8828.6 10735.2 12485.8 14048.8 

2029.7 1906.6 1750.6 1563 

- 123.1 - 156 - 187.6 

- 32.9 - 31.6 

1.3 

As 9 hours = } of 12 hours, n = f . 

Also, a = 6798.9, 5 = 2029.7, c = - 123.1, d = -32.9, e = 1.3. 

These values substituted in the general formula 

1X2 1x2x3 

n(n -1X^-2(71 -3) ^ 
1x2x3x4 

give 6798.9 + 5(2029.7) - 5^- 1 Vl^^ 

= 6798.9 + 1522.27 + 11.54 - 1.29 
= 8331.4 = 2° IS^ 51.4^^ 
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COMPOUND SERIES. 

445. It is evident from the form of certain series that 
they are the sum or the diiSerence of two other series. 

(1) Find the sum of the series 

111 1 



1x2 2x3 3x4 n(w+l) 

Each term of this series may evidently be expressed in two parts: 

1__1 1_1 1 1__. 

12 2 ?* n n + 1' 

BO that the sum will be 

(M)HI-|)HI-i)* *{l-^) 

in which the second part of each term, except the last, is cancelled 
by the first part of the next succeeding term. 

Hence, the sum is 1 

n + 1 

As n increases without limit, this sum approaches 1 as a limit 

(2) Fitid the sum of the series 

111 1 



3x5 4x6 6x7 w(n + 2) 

Each term may be written, 

2^3 5 J 2\i 6) 2\n n + 2/ 

••^'^-2(3+4+5+6+ +n-5-6 n-;rr2j 

=1(1+1— i^ L.y 

2V3 4 n + 1 n + 2J 
Hence, the sum is ^ - ^^^ - ^^y 

As n increases without limit, this sum approaches ^ as a limit 
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Exercise 128. 

Sum to n terms, and to infinity, the following series : 
- 1 1 1 



1x4 2x5 3x6 

1 1 
2. 



3. 



4. 



5. 



1x3x5 2x4x6 3x5x7 
1 1 1 



2x4x6 4x6x8 6x8x10 

4 7 10 

2x3x4' 3x4x5' 4x5x6 

1 1 1 

1x2x3' 2x3x4' 3x4x5' 



446. Beyersion of a Series. Given 

y = (XX + ba^ + cs^ -{- dx* + 

where the series is convergent, to find x in terms of y. 

Assume x = Ay -}- By' + C^ -^- Dy* -{- 

In this series for y put ax -]- bos' -{- ca? -\- dx* + ; then 

.7^+ 



X = aAx + bA 
+ a'B 



x' + cA 
+ 2ab£ 
+ a'0 

Comparing coefficients (§ 330), 



aA = l; bA + a'£ = 0; cA + 2aiB + a^C=0. 

. ^ 1 T> ^ n 2b' — ac . 
.'.A=-y B = — -, C= — , etc. 

a a a 
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COMPOUND SERIES. 

445. It is evident from the form of certain series that 
they are the sum or the diiSerence of two other series. 

(1) Find the sum of the series 

111 1 



1x2 2x3 3x4 w(w+l) 

Each term of this series may evidently be expressed in two parts: 

1111 1 1 

— — — » —-—--I I — ■^ I 

1 2 2 3 * n n + 1 
80 that the sum will be 

{M)Hi-l)KM)* <l-^) 

in which the second part of each term, except the last, is cancelled 
by the first part of the next succeeding term. 

Hence, the sum is 1 • 

n + 1 

As n increases without limit, this sum approaches 1 as a limit 

(2) Fitid the sum of the series 

111 1 



3x5 4x6 6x7 w(w + 2) 

Each term may be written, 

2^3 5J 2V4 6/ 2\n n + 2j 

1/1 + 1 + 1 + 1 + +1_1_1 

2V3 4 5 6 n 5 6 

= lfl+l-^ L.Y 

2V3 4 n + 1 n + 2y 

7 1 

Hence, the sum is r;: — 



,.Sum.lfi + i + l + i + + i-i-i- -i-^^ 

n 11 + 2/ 



24 2(n + l) 2(n + 2) 
As n increases without limit, this sum approaches ^ as a limit 
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Exercise 128. 
Sum to n terms, and to infinity, the following series : 

^ ^ 1 L_ . . 

1x4' 2x5* 3x6* 

1 1 1 
2. 



3. 



4. 



5. 



1x3x5 2x4x6 3x5x7 
1 1 1 



2x4x6 4x6x8 6x8x10 

4 7 10 

2x3x4* 3x4x5' 4x5x6 

1 1 1 

1x2x3' 2x3x4* 3x4x5* 



446. Beyersion of a Series. Given 

y = (XX + ba^ + cs^ -{■ dx* + 

where the series is convergent, to find x in terms of y. 

Assume x — At/ + By^ -]- Oi^ -{- Dy* + 

In this series for y put ax + bx* -}- C3? + dx* + ; then 



X = aAx + bA 



x^ + cA 
+ 2abB 

Comparing coefficients (§ 330), 



^ + 



aA = l; bA + a^B = 0; cA + 2abB + a?C^0. 

,.^=1, ^ = -J^, c=2*lz:«£, etc. 
a or or 
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(1) Given y = x + x^ + 3!^+ ; find a: in terms of y. 

Hert, a=l, 6 = 1, c=l, d=-l, 

.1 = 1, 5--1. C=l, i)--l. 

Hence, a!-y-y' + y'-y* + 

^ ^ /J-* 

(2) Revert y = a:-- + --- + -- 

Here, a = 1, 6 ^ J, c = }. rf - - }, 

Hence. X"V + ^ + ^+?^ + 

' ^ [2 [3^ [4 



Bxercise 129. 
Revert : 

n^ />j5 />•• 

^ 3 5 7 



447. Eeourring Series. From the expression ~ 



\ — 2x-a^ 
we obtain by actual division the infinite series 

l + 3a; + 7a?* + 17a;» + 41ar* + 99a;*+ 



In this series any required term after the second is found 
by multiplying the term before the required term by 2x, 
the term before that by a;*, and adding the products. 
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Thus, take the fifth term : 

In general, if u^ represent the nth term, 
u^ = 2xu^_i + x^Un-t. 

A series in which a relation of this character exists is 
called a reoorring series. Eecurring series are of the first, 

second, third, order, according as each term is dependent 

upon one, two, three, preceding terms. 

A recurring series of the first order is evidently an ordi- 
nary geometrical series. 

In an arithmetical, or geometrical, series any required 
term can be found when the term immediately preceding 
is given. In a series of differences, or a recurring series, 
several preceding terms must be given if any required term 
is to be found. 

The relation which exists between the successive terms 
is called the identical relation of the series ; the coefiEcients 
of this relation, when all the terms are transposed to the 
left member, is called the scale of relation of the series. 

Thus, in the series 

1 + 3a; + 7a^ + Vis? + 41 a?* + 99 a;* + 

the identical relation is 

and the scale of relation is 

l-2a;-a;*. 

448. If the identical relation of the series is given, any 
required term can be found when a sufficient number of 
preceding terms are given. 

Conversely, the identical relation can be found when a 
sufficient number of terms are given. 



430 ALGEBBA. 

(1) Find the identical relation of the recurring series 

l + Ax + Ux' + i9af+nix* + 591a^ + 208^ai' + 

Try first a relation of the second order. 

Assume u^ '^pxiLn-i + g^x^Un-t- 

Fatting n=*3, and, then, n=>4, 

14 =» 4jj + gr, 
49 = 14jJH-4gr; 
whence, P = h 9=^0. 

This gives a relation which does not hold true for the fifth and 
following terms. 

Try next a relation of the third order. 

Assume u^ =pxiLn-i + qx^-t + rs^Un 

Putting n«4, then n = 5, then n = 6. 

49= lip+ ^g+ r, 
171= ^9p + Uq+ 4r. 
597 = 171i) + 49g + 14r; 
whence, P = 3, q = 2, r = — 1. 

This gives the relation 

which is found to hold true for the seventh term. 
The scale of relation is 1 — So; — 2a;* + a:'. 

(2) Find the eighth term of the above series. 
Here, ti^^3xuj'\-2a!^y^ — 3^u^ 

= 3a;(2084a^) + 2««{597a^) -a»{171aj*) 
= 7275 a;^ 

^ 449. Sum of an Infinite Series. By the sum of an infinite 
convergent numerical series is meant the limit which the 
sum of n terms of the series approaches as n is indefinitely 
increased ; a divergent numerical series has no true sum. 

By the sum of an infinite series of which the successive 
terms involve one or more variables is meant the genera^ng 
function of the series, that is, the expression of which the 
series is the expansion. 
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The generating function is a true sum when, and only 
when, the series is convergent. 

The process of finding the generating function is called 
summaiion of the series. 

450. Sum of a Becnrring Series. The sum of a recurring 
series can be found by a method analogous to that by which 
the sum of a geometrical series is found (§ 314). 

Take, for example, a recurring series of the second order 
in which the identical relation is 

or Uu —puu_i — quu.^ = 0. 

Let 8 represent the sum of the series ; then 

8 = Ux+ Wa+ Ui+ Wn-1+ W», 

—p8 = —pUi —pUi — —pU^-t —pUn-1 — pUn, 

— 28= —qui— — gun-i — qu^-i — qUn^i — qu^. 

Now, by the identical relation, 
th—pUf—qiti = 0, Ui—pth—qUi^O, u^—pUn-i—qUt^^i=0. 

Therefore, adding the above series, 

l-p-q l-p-q 

Observe that the denominator is the scale of relation. 

If the series is infinite and convergent, u^ and w„_i each 
approaches as a limit, and 8 approaches as a limit the 

fraction ^ + (^-W 
l-p-q 

If the series is infinite, whether convergent or not, this 
fraction is the generating function of the series. 
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For a recurring series of the third order of which the 
identical relation is 

we find j-, ^i + (^-i^i) + (^»-i^^-y^i) 

pu^ + q{u^ + Un-i) + r(u^+ u^_i + u^_,) 

1 —p— q—r 

Similarly for any recurring series. 

(1) Find the generating function of the infinite recurring 
series 

l + 4a:+13a;* + 43ar» + 142ar* + 

By J 448 the identical relation is found to be 

w* s= 3 xuk-i + a^k-r 

Hence, « = l+4a; + 13ic2 + 43a:» + 142ar* + ..... 

-3a?«= -3a:- 12a^ - 39aj» - 129ar* - 

Adding, (1 - 3a? - a:*)* = 1 + «, 

1 +aj 



1 — 3x — a;* 



(2) Find the generating function and the general term 
of the infinite recurring series 

1 - 7:p - a:* - 48a;» - 49ar* - 307a;* - 

Here u^ ■= xut-i + 6 a^UM~t. 

8 = 1 -7x- a;* - 43 a;»- 49 ar*- 

— xs= — x + '7a^+ aj' + 43ar* + 

-6x2s= -6a;« -♦-42a;»+ 6a* + 

^_ l-8af _ l-8a? 
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By i 331 we find 

l-8a; ^ 2 1 

(1 + 2a;)(l - 3a;) "" 1 + 2a; 1 - 3a;' 

By the binomial theorem or by actual division, 

— 1 - 2a? + 2«a;» - 2»ar» + + 2r(- Ifaf + ...... 

l + 2a; 

— - — = 1 + 3a; + 3»a;» + 3»a;» + 3''ar + 

l-3x 

Hence the general term of the given series is 

[2r+l(-l)r_3r]a-'. 

(3) Find the identical relation in the series 

l* + 2» + 3* + 4' + 5*+6'+7' + 

The identical relation is found from the equations 

16=- 9jj+ Aq+ r, 
25 = 16|)+ 9gr + 4r, 
36 = 25|)H-16grH-9r, 
to be Uft Bs 3 Uft-i — 3 ut-s + ut-s. 

Exercise 130. 

Find the identical relation and generating function of: 

1. l + 2x+7x' + 2Sa^+76x* + 

2. 3 + 2ar + 3af + 7a;» + 18a:* + 

Find the generating function of : 

3. 2 + Sx + bx' + 9ar' + nx' + SSa^ + 

4. 7 — 6x + 9x' + 27x*+5^x^+lS9x^+ 

5. l + 5x + 9x'+lSx^ + nai^ + 21a^ + 

6. l + x-iy + SSa^—lS0s^ + A99af^ + 

7. 3 + 6rp+14a:* + 36ar^ + 98a;* + 276a:* + 

Find the sum of n terms of : 

8. 2 + 5 + 10 + 17 + 26 + 37 + 50 + 

9. l» + 2» + 8»+4' + 5» + -- 



•••«• 



•••■a 
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Exponential and Logabithmio Sebies. 
451. Exponential Series. By the binomial theorem 



( 



n) n 1x2 rir 



. n3;(7ia; — l)(yia? — 2) w J^ i 
■^ 1x2x3 '"^ 



n 



arfa: ) xlx ][x ) 



(1) 



This equation is true for all real values of x, but is only 

true for values of n numerically greater than 1, since - 

n 
must be numerically less than 1 (§ 438). 

As (1) is true for all values of x, it is true when a: = 1. 






^ 



+ 



(2) 



But 



[^9->^9~ 



Hence from (1) and (2), 



1-i 

1 + 1+^* + 



[2 






=1+.+-^^+ 



\s 



+ 
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This last equation is true for all values of n numerically 
greater than 1. Take the limits of the two members as n 
increases without limit. Then (§ 427) 



C+^+i+iI+ )=i+-+.^+^+ ■ 



and this is true for all values of x. It is easily seen by 
§ 436 that the second series is convergent for all values of x ; 
the first series was proved convergent in § 435. 

The sum of the infinite series in parenthesis is called the 
base of the natural system of logarithms, and is generally 
represented by e ; hence, by (3), 



To calculate the value of e we proceed as follows : 

1.000000 



A 



2 


1.000000 


3 


0500000 


4 


0.166667 


5 


0.041667 


6 


0.008333 


7 


0.001388 


8 


0.000198 


9 


0.000025 



0000003 
Adding, e = 2.71828. 

452, In A put ex in place of x ; then 

e«=l + crp-f — + ^+ 

Put e*' = a ; then c = log, a, and e" = a'. 
.-. a-=l + log.a + ?^Q2S^ + ^%^ B 

The series in B is known as the exponential series ; B re- 
duces to A when we put e for a. 
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453. Iiogarithmio Series. In A put ^=\+y\ then 
a? = log.(l+y), and by A, 

Revert the series (§ 446), and we obtain 

t/* i/* V* 

But X = log. (1 + y). 

•••log.(l+y) = y-^ + ^-^ + -.. 

Similarly from B, 

The series in D is known as the logarithmio series ; D re- 
duces to when we put e for a. 

In and D y must be between — 1 and + 1, or be equal 
to + 1, in order to have the series convergent (§ 439, Ex. 1), 

454. Modulus. Comparing and D we obtain 
log.(l+y) = j^log.(l+y); 
or, putting JVfor 1 +y, 

iog.iv^=-l-iog.Jv: 

log. a 
Hence, to change logarithms from the base e to the base 

a, multiply by =log.e; and conversely, 

log, a 

The number by which natural logarithms must be multi- 
plied to obtain logarithms to the base a is called the moda* 
Ins of the system of logarithms of which a is the base. 

Thus, the modulus of the commoxL^^^\si^&lo%Ae. 
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466. Oalcnlation of LogaritlimB. Since the series in and 
D are not convergent when x is numerically greater than 1, 
they are not adapted to the calculation of logarithms in 
general. We obtain a convenient series as follows : 

The equation 

log.(i+y)=y-^+§-^+ (1) 

holds true for all values of y numerically less than 1 ; 
therefore, if it holds true for any particular value of y, it 
will hold true when we put —y for y\ this gives 

log.(i-y) = -y-§-^-^- (2) 

Subtracting (2) from (1), since 

iog.(i + y) - i»g.(i - y) - i<'&(r=|) 

..and ,og.(lj±|) = 2(,+^+^+.....). 
and loge r-^J = loge (^ + 1) - log. z 

^of 1, 1 , 1 . \ p 

\2z + l'^S(2z + iy'^b(2z + iy'^ / 

This series is convergent for all positive values of z. 
Logarithms to any base a can be calculated by the corre- 
sponding series obtained from D ; viz. : 

l<?g.(2^+l)~loga« 

-2 /1 1 1 \ p 

log,aV20 + l'^3(2z + iy"^5(2z-Vl)*"^ / 
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(1) Calculate to six places of decimals log, 2, log. 3, log. 10, 
logiotf. "^ 

In B put £ « 1 ; then 2^ + 1 » 3, logeS — 0, 

and loge2-|+ 2.2.2. 



3 3x3' 5x3* 7x3» 
The work may be arranged as follows : 



3 
9 
9 
9 
9 
9 
9 



2.0000000 



0.6666667 -^- 1 = 0.6666667 



0.0740741 + 3 = 0.0246914 



0.0082305+ 5 = 0.0016461 



0.0009145 -t- 7 = 0.0001306 



0.0001016+ 9 = 0.0000113 



0.0000113 + 11 = 0.0000010 



0.0000013 + 13 = 0.0000001 



loge2 = 0.693147 

2 2 2 

log. 3 = log«2 + | + 



5 3 x 5» 5 X 5* 
= 1.0986123. 

log. 9 = log.(3») = 2 log. 3 = 2.1972246. 

2 2 2 

loe.lO = loe«9 + -=- + — = h — = — + ••— 

S« "g. ^i9^3xl9» 5xl9»^ 

= 2.1972246 + 0.1053606 
- 2.302585. 

logio«-r^= ^-^3^294. 
log. 10 

Hence, the modulits of the common system is 0.434294. 
To ten places of decimals : 

log. 10 = 2.3026850928, 

logioe =0.4342944819. 

For calculating common logarithms we use the series in Ft 
logio(2 + l) — logioz 
= 0.8685889688/-^— +— _Jl— -+ _-J_--+ .....\ 
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(2) Calculate to five places of decimals logioll. 
Put a =« 10 ; then 2a + 1 =. 21, logz = 1. 

logll = l+0.868688(i + _L_. + ^-^. + ) 



21 
441 



0.868588 



0.041361 -*- 1 = 0.041361 
94 -^ 3 = 31 



0.041392 
1 



logioll = 1.04139 

In calculating logarithms, the accuracy of the work may be tested 
every time we come to a composite number by adding together the 
logarithms of the several factors ({ 428). In fact the logarithms of 
composite numbers may be found by addition, and then only the 
logarithms of prime numbers need be found by the series. 

456, lamit of ( 1 +- )• By the binomial theorem, 



\ nj n 1 X 2 w' 



, n{n — l){n - 2) g^ . 
"^ 1X2X3 w'"^ 



_x+,+-^^+Lj^^h. 

This equation is true for all values of n greater than x 
(§ 438). Take the limit as n increases without limit, x 
remaining finite ; then 

1 + ^ + ^ + .?- + 



limit (i^^^i^^j^^^t. 
n infinite V^wy/ ^ ^[2 ^[3 



limit 

n infinite 



(l + i)- §451 
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Exercise 131. 

Determine whether the following infinite series are con- 
vergent or divergent : 

*• ^ + 2+3^+^+ '• r' + ^+3i+4' + 

5. Show that the infinite series 

1 1 -+^ 1-+ 

M • Q v^' OS >4 v^ 04 ' 



1x2 2x2'*3x2» 4x2* 
is convergent, and find its sum. 

6. Find the limit which Vl + nx approaches as n ap- 

proaches as a limit. 

7. Prove that i--2/'i+- + -^+ \ 

8. Calculate to four places, loge 4, loge 5, log, 6, log« 7. 

9. Find to four places the moduli of the systems of which 

the bases are : 2, 3, 4, 5, 6, 7. 

10. Show that 

w^8\_ 5 7 9 

^\ej 1x2x3^3x4x5^5x6x7^ 

11. Show that 

12. Show that, if x is positive, 

OS OS 4S 

13. Show that 1+^+^ + ^-f- = be. 



CHAPTER XXXV. 

GENERAL PROPERTIES OF EQUATIONS. 

457i FnnctioiiSi Any expression involving x is called a 
fimctioii of X, If X is involved only in powers and roots, 
the expression is an algebraic function of x, A rational 
algebraic function involves x only in powers, not in roots. 
A rational algebraic function of x is integral if it involves 
only positive integral powers of x. 

Thus, 3:^^, V?^. oJ + h, J^ (a^^^hx + c)^ ^ ^,^ 1^^^^^ 

' a — 0/ dx, + e 

are ftinctions of x, the first five being algebraic. -^ — -, — ^-^ — ^, 
/^ "^ , are fractional rational functions ofar. 3a;*4-4a; — 1, 

a3?->rhx-\-c, c3? — d, are integral rational functions of x. 

458. We shall hereafter consider only integral rational 
functions, called qnantics, unless otherwise expressly stated. 
The degree of such a function is the same as the exponent 
of the highest power of x involved. 

For brevity a function of x is often represented by f{x), 
F(x), <t^(x), or by some similar notation. The value of the 
function /(a:) when we put a for x is represented by /(a). 

Thus, if /(x) - 2a:» - 3a;« - 4 ar + 5, 

n/(2) - 2(2)» - 3 (2)« - 4(2) + 5 = 1. 

469i EqnationSf An equation which involves only inte- 
gral rational functions of a; is called a rational integral 
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equation. Every such equation can be reduced, by trans- 
posing all the terms to the first member, to the general form 

Officf' + ai3f-^ + d^'^ + + a,» = 0, 

or briefly, f{x) — 0. 

The degree of the equation is the same as that of the 
function /(a;). An equation of the first degree is called a 
linear equation. Those of higher degrees are called in 
order quadratic, cubic, biquadratic, quintic, etc. 

The roots of an equation are those values of x for which 
the function f{x) vanishes. 

460. Fundamental Theorems. Theorem I. If the function 
f (x) is divisible by x — h, then h is a root of the eqiuition 
f (x) = 0. For, if ^ (x) is the quotient obtained by divid- 
ing /(a;) by a; — A, we have 

f(x)=(x-h)i>(xl 

and the equation /(a;) = may be written 

(x — h)<l>(x) = 0. 

But h is obviously a root of this equation. 

461. Theorem 11. Conversely, if "his a root of the equation 
f (x) = 0, then f (x) is divisible by x — h. 

For example, consider the equation 

f(x) = a^ + bx' + cx + d=0. 

Now, since A is a root of the equation /(a;) = 0, we have 

= aA' -t- bh^ + ch + d. 
Subtracting, 

f(x) = a(x'-h') + b(x'-^h') + c{x-h). 

But every term of the second number is divisible by 
x — hf and consequently f(x) it also divisible by x — h. 
Similarly for any other equation. 
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462. Synthetic Division. Let the function 

be divided by a; — 3. 

The work is as follows : 

2a:*-3a^-5ar»+ a;* - 33a;- 7 la;- 3 



2a;* -6a:* 2x* + 3a^ + Asi^+ldx + 6 





3a;*-5ar» 




3a;*-9ar» 




4a;' + a;' 




4ar»-12a,'2 




13x2 -33a; 




13a;»-39x 




6x- 7 





6x-18 



11 

The work may be abridged by omitting the powers of a;, and writ- 
ing only the coefficients. We then have 

2-3-5+ 1-33- 7 |l-3 

2-6 2 + 3 + 4 + 13 + 6 



3 


-5 








3- 


-9 


1 








4 + 






4- 


12 


-33 








13- 








13- 


-39 








6- 


7 








6- 


■18 



11 

But the operation may be still farther abridged. As the first term 
of the divisor is unity, the first term of each remainder is the next 
term of the quotient. Again, we need not bring down the several 
terms of the dividend. Finally, we need not write down the first 
terms of the partial products. 
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The operation is then as follows : 

2_3-5 + l-33-7|l- 
-6 


-3 


3 
-9 




4 
-12 




13 
-39 




6 
-18 





11 

Omitting the first term of the divisor as superfluous, changing — 3 
to + 3, and adding instead of subtracting, we have, on raising the 
terms and bringing down the first coefficient, 

2-3-5+ 1-33- 7[3 
6 + 9 + 12 + 39 + 18 

2 + 3 + 4 + 13+ 6 + 11 

The last term below the line gives us the remainder, the preceding 
terms the coefficients of the quotient. In this particular problem the 
quotient is 2a^ + 3ic' + 4a;* + 13a; + 6, and the remainder is 11. 

This method is called the method of Synthetio Division. 
For the application of this method to the division of any 
quantic by a: — A we have the following rule : 

Write the coefficients a, b, c, efc.j in a horizontal line. 

Bring down the first coeffi^cient a. 

Multiply a by h, and add the product to b. 

Multiply the sum so obtained by h, and add the product 
to 0. 

Continuing this process, the last sum will be the remainder^ 
and the preceding sums the coefficients of the quotient 

Remark. If there are any powers of x missing, their places «re to 
be supplied by zero coefficieiiVB. 
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463. Value of a Quantic. By the principles of division it 
is evident that the operation of dividing a given quantic 
f{x) hj x — h can be carried on until the remainder does 
not involve x. Represent the quotient by <l>{x)t and the 
remainder by JR. Then we have 

f(x) = (x-h)<l>(x) + B. 

Putting A for x, 

f{h) = + R. 

Hence the value which a quantic f (x) assumes when we 
put h for X is eqy/xl to the last remaindei* obtained in the 
operation of dividing f (x) ^3/ x — h. 

Exercise 132. 

Find the quotient and remainder obtained by dividing 
each of the following expressions by the divisor opposite it. 



1. 


a^ + bx' — lx-^ 


a:-2. 


2. 


x' Tor'+Sr' 10a; +12 


a; -3. 


3. 


2.T* + 3ar» 6a:* 4a; 24 


a; -2. 


4. 


a? 3ar' + 2ar» 5 


X 4. 


5. 


3a;* 6a;» + 7a; 10 


a; + 3. 


6. 


ar' + 3a;» + a; + 4 


a; + V-l 



Are the following numbers roots of the equations oppo- 
site them ? 

7. (2) ar'-3a;2 + 4a; + 4 = 0. 

8. (-3) a;*~3ar' + 7ar» — 9a; + 84 = 0. 

9. (-5) a;* + 6a;* + 7a;» + 9a;^-5 = 0. 
10. (0.2) a;»- 2.2a:' + 3.4x- 0.^ = 0. 
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Find the values of the following expressions when for x 
we put the number opposite the expression. 

11. 2a:» + 3a;' + 5a:-10 (2). 

12. 3a;* — 5a;* + 2a;' + 3a; -15 (3). 

13. a;*-4ar» + 7a:» + 9a; + 12 (-3). 

464, Number of Boots. We shall assume that every 
rational integral equation has at least one root. The proof 
of this truth is beyond the scope of the present chapter.* 

Let /(a;) = be a rational integral equation of the nth 
degree. This equation has, by assumption, at least one 
root. Let ai be a root. 

Then, by § 460, f{x) = (x- a,)f, {x\ 

where /i (a;) is a quantic of degree n — 1. 

The equation /i (x) = must, by assumption, have a 
root. Let a, be a root. 

Then, by § 460, /.(x) = (a; - a,)/,(^), 

where /a (a;) is a quantic of degree n — 2. 

Continuing this process, we see that at each step the 
degree of the quotient is diminished by one. Hence, we can 
find n factors a; — ai, a; — a2---^ — «»»• The last quotient 
will not involve a;, and is readily seen to be a©, the coeffi- 
cient of a;** in /(a;). 

Now, f(x) = (x- ai)/i (x) 

= (a; — ai)(x — a.,)f,x 



= ao(x — a^)(x - a,) (x — a„), 



* See Burnside and Panton, Theory of Equations, 2d ed., Art. 195 ; 
Briot et Bouquet, jPonctions Ellxptxques, kxV, *!?>. 
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SO that the equation /(ar) = may be written 

ao(x — ai)(a; — oa) (a; — a„) = 0, 

which is evidently satisfied if x has any one of the n val- 
ues ai, 03 O^; 

It follows, then, that if every rational integral equation 
has one root, an equation of the nth degree has n roots. 

466. Multiple Boots. The n roots of an equation of the 
wth degree are not necessarily all diflferent. 

Thus the equation a^ — 40;* — 3a;+18 = may be writ- 
ten (x + 2)(a; — S)(x — 3) = 0, and its roots are therefore 
- 2, 3, 3. 

The root 3 and the corresponding factor x — S occur 
twice ; hence 3 is said to be a double root. A root which 
occurs three times is called a triple root; four times a 
quadruple root ; and so. on. Any root which occurs more 
than once is called a multiple root. 

466. Solutions by Trial. When all the roota of an equa- 
tion but two can be found by trial, the equation can be 
readily solved by the process of § 464. The work can be 
much abbreviated by employing the method of synthetic 
division (§ 462). 

Solve the equation 

x^-a^-dx' + Ux + e^O. 
Try + 1 and — 1. Substituting these values for a, we have 

l_l_9 + ll + 6 = 0, 
l4.1_9-ll + 6 = 0. 

Both these equations are false, so that neither + 1 nor — 1 is a root. 
Try 2. Dividing by a; - 2, 

l_l_9 + ll+6[2 
+ 2 + 2-14-6 

1+1_7_ 3 
we Bee that 2 is a root. The quotient ia a^-va?— *\x— *5>, 
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In this quotient try 2 again. Dividing by a; — 2, 

1+1-7-3 

+2+6-2 

1+3_1_5 

we see that 2 is not again a root. 

Try - 2. Dividing by a; + 2, 

1 + 1_7_ 3 |-2 
-2 + 2 + 10 

1-1-5+ 7 

we see that — 2 is not a root. 

Try - 3. Dividing by a; + 3, 

1 + 1_7_3|_3 
-3+6+3 

l_2-l+0 
W« see that — 3 is a root. The quotient is a:* — 2 x — 1. 

Hence the given equation may be written 

{x - 2){x + 3){a:» - 2a; - 1) = 0. 

Therefore one of these three factors must vanish. 

Ifa;-2 = 0, a; = 2; ifa; + 3 = 0, a; = -3; if ar»- 2a; -1 = 0, we 
find on solving this quadratic that a; = 1 + V2, or a: = 1 — V2. 
Hence the four roots of the given equation are 

2, - 3, 1 + \/2, 1 - V2. 

Exercise 133. 
Solve the equations : 

1. ar' — Sx + 2 = 0. 

2. ar' + x'-l6x + 2O = 0. 

3. ar^ — 8a:' + 21a;— 18 = 0. 

4. ar»-a:*-^8a;+12 = 0. 
6. a;* + Sa*— 4:-=0. 
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6. a:* + 2a;»-lla;*-12a: + 36 = 0. 

7. a;*-ar'-10a:» + 4a: + 24 = 0. 

8. a;* -4a;'- 18a;* + 108a;- 135 = 0. 

9. ar* - 40ar^ + 160a;* - 240a; + 128 = 0. 

10. ar^ - 4a;* - 13a;» + 52a;* + 36a; -144 = 0. 

11. a;* + 2ar'-5a;* — 12a;-4 = 0. 

467. Boots Giyen, When all the roots of an equation are 
given, the equation can at once be written. 

Write the equation of which the roots are 1, 2, 4, —5. 

The equation is {x —\){x — 2)(x — 4)(a; + 5) = 0, 
or a;* - 2ar» - 21 a:* + 62a; - 40 = 0. 

468. Selations between the Boots and the Ooeffioients. The 
quadratic equation of which the roots are a and j3 is (§ 269) 

{x — a){x - p) = 0] 
or, multiplying out, 

x'-(a + P)x + aP = 0. 
The cubic equation of which the roots are a, /3, y is 

(a;_a)(a;-/3)(a;-y) = 0; 
or, a,'«_(a + ^ + y)a;* + (ai3 + ay + i8y)a;-a/3y = 0. 

The biquadratic equation of which the roots are a, fi, y, 

8 is 

(a; - a)(a: - /3)(a; - y)(a; - 8) = ; 
or, 

a;* - (a + /3 + y + 8) a;* + (a)8 + ay + a8 + )8y + /38 + y8) a;* 
— (a)8y + a)88 + ay8 + )8y8)a; + a/3y8 = 0. 

And BO on. 
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Take any eqaation in which the highest power of z has 
the coefficient unity. From the above we have the follow- 
ing relations between the roots and the coefficients : 

The coefficient of the second term, with its sign changed, 
is equal to the sum of the roots. 

The coefficient of the third term is equal to the sum of 
all the products that can be formed by taking the roots 
ttuo at a time. 

The coefficient of the fourth term, with its sign changed, 
is equal to the sum of all the products that can be formed 
by taking the roots three at a time. 

The coefficient of the fifth term is equal to the sum of 
all the products that can be formed by taking the roots 
four at a time ; and so on. 

If the number of roots is even^ the last term is equal to 
the product of all the roots. If the number of roots is 
odd, the last term, with its sign changed^ is equal to the 
product of all the roots. 

Observe that the sign of the coefficient is changed when 
an odd number of roots are taken to form a product ; that 
the sign is unchanged when an even number of roots are 
taken to form a product. 

469. Imaginary Boots, If an imaginary number is a root 
of an equation with real coefficients, the conjugate imagi- 
nary (§ 237) is also a root. 

Let a + )8i, where i = V— 1, be a root of the equation 

a^ + ax3if~^ + a^ = 0, 

the coefficients being real. 

Put a + pi for X in the left member of the equation, and 
expand the powers of a + pi by the binomial theorem. All 
the terms which do not contain i, and all the terms which 
coDt&in even powers oi i, m\\\>^Te^\ i)X*Ocife XATOiaNRVvS^ 
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contain odd powers of i will be imaginary. Representing 
the real part of the result by P, and the imaginary part 
of the result by Qi, we have (§ 459), since a + fiiia& root, 

P+Qi = 0, 

and therefore P= and Q= (§ 240). 

Now put a — pi for X in the given equation. The result 
may be obtained from the former result by changing i to 
— L The even powers of i will be unchanged while the 
odd powers will have their signs changed. The real part 
will therefore be unchanged, and the imaginary part 
changed only in sign. The result is 

P-Qi, 
which vanishes, since by the preceding P = and Q = 0. 

Therefore a — )8i is a root of the given equation (§ 459). 

This theorem is generally stated as follows : Imaginary 
roots enter eqications in pairs. 

It follows from this theorem that an equation of odd 
degree has always at least one real root. Thus an equa- 
tion of the third degree must have three real roots or one 
real root and two imaginary roots. 

Exercise 1341 
Form the equations of which the roots are 

1. 2,3,-5. 3. 2,-3,-2. 5. 3,0,-4. 

2. 3, 1, — 2. 4. 3, 4, - 6. 6. 2, 3, J. 

7. 3 + V2, 3-V2, — 6. 9. 1,3,-2,-4. 

8. 1 + V3, 1-V3,f 10. 2,i-2, -f 

12. 1+V2, 1-V2, V3 + 1, -V3 + 1. 

13. 2 + V^, 2-V=l, 1 + 2V^, 1-2V=1. 

14. J, -2, 8, -4, 5. U. iVV'i^^^ 
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Graphical Eepresentation of Functions. 

The investigation of the changes in the value of /(a:) cor- 
responding to changes in the value of x is much facilitated 
by using the system of graphical representation explained 
in the following sections. 

470. Oo-ordinates. Let X^X and F' Y be two perpen- 
dicular straight lines drawn in a plane, intersecting at 0. 

The lines X'X and F' Y 
are called axes of reference; 
■P the point is called the 

I origin. 

j Distances measured from 

■^^ ^ along X'X, as OA, 00, 



F 



X^-?-i 



I 
I 
I 

k 



E O 

j OE, and OQ, are called 

iQ absdssas; distances meas- 

ured from X^X parallel 
r, to FT, as AB, CD, EF, 

and GH, and called ordJnates. 
Abscissas are considered positive if measured to the 
right; negative, if measured to the left. Ordinates are 
considered positive if measured upwards ; negative, if meas- 
ured downwards. 

Thus, OA, 00, CD, and EF are positive ; OE, 00, AB, and OH 
are negative. 

An abscissa is generally represented by a: ; an ordinate 
is generally represented by y. 

The abscissa and ordinate of any point are called the 
co-ordinates of that point. Thus the co-ordinates of B are 
OA and AB. 

The co-ordinates oi a pomt ot^ ^i:\\,\«vi'OQ\\&\ Vx,*^. 
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Thus, (7, 4) is the point of which the abscissa is 7 and the ordi- 
nate 4. 

The axis JT'Xis called the axis of abscissaSi or the axis 
of X ; the axis Y^ Y^ the axis of ordinates, or the axis of y. 

471. It is evident that if a point B is given, its co-ordi- 
nates referred to given axes may be found by drawing the 
ordinate and measuring the distances OA and AB, 

Conversely, if the co-ordinates of a point are given, the 
point may be readily constructed. 

Thus, to construct the point (7, — 4), a convenient length is taken 
as a unit of length. A distance of 7 units is laid off on OX to the 
right from O U> A, At A a perpendicular to X^X is drawn down- 
wards, of length 4 units, to B. Then B is the required point. 

Construct the points (3, 2) ; (5, 4) ; (6, - 3) ; (- 4, - 3) ; 
(-4,2); (-3,-5); (4,-3). 

472. Graph of a Punction. Let /(a:) be any function of x, 
where a: is a variable. Put y =/(a?) ; then y is a new 
variable connected with x by the relation y=f{x). If 
f(x) is a rational integral function of a;, it is evident that 
to every value of x corresponds one, and only one, value 
ofy. 

If diflferent values of x be laid off as abscissas, and the 
corresponding values oi f(x) as ordinates, the points thus 
obtained will all lie on a line ; this line will generally be 
a curved line, or, as it is briefly called, a curve. This curve 
is called the graph of the function /(a:) ; it is also called the 
loons of the equation y =f(x). 

We proceed to construct the graphs of several functions. 

Rem ABE. In constructing, or plotting, as it is called, the graph of 
a function, the student will find it convenient to use the paper called 
plotting, or co-ordinate, paper. This is ruled in small squares, and 
therefore saves mnch labor. 
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(1) Construct the graph of 3 — 2a:. 

Put y = 3 — 2a:. The following table is readily computed : 
If a;=l, y= 1. If a; = — 1, y= 5. 

" x = 2, y = -\. " ar = -2, y= 7. 

" a: = 3, y = -3. " x = _3, y= 9. 

" a; = 4, y = -5. " x = -4, y-11. 

•• ar = r>, y = - 7. •• a; = - 5, y = 13. 

Constructing the above points, it appears that the graph of the 
function 3 — 2 a: is the straight line MN. 



X' 



M 

\ 



Y 



\ 



4—1- 



\ 



\ 



\ 



N 



\ 



\- 



-\ 
I \ 



H 



\ 



\ 



\ 



\ 



\ 



\ 



N 

In general, when the equation y'^f(x) contains only the first 
powers oix and y, the locxia "wVWVift «• «\.t«^gQX.X\'ftft. 
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(2) Plot the graph of l-a;*- 4. 

Putting y = Ja;' — 4, we readily compute the following table 



If a;= 0, 


y = -4. 


" x = ±l, 


y = - 3.5. 


•• X = ± 2. 


y--2. 


" a; = ± 3, 


y = + 0.5. 


" a; = ±4, 


y=+4. 


. " x = ±6, 


y = + 8.5. 


•♦ a; = ± 6, 


y = + 14. 


Plotting these 


points, we obtain 


be curve here given. 




X' 



(3) Plot the graph of 
x^ — x^ + x — b. 

Putting y = a^ — a;* + a: — 5, we 
compute the following table : 

If a; is 




0.5, 
1.0, 
1.5, 
2.0, 
2.5, 
0.0, 
-0.5, 
-1.5, 



y IS 

- 4.625. 

- 4.000. 

- 2.375. 
+ 1.000. 
+ 6.875. 
-5.000. 

- 5.875. 
- 12.125. 



Interpolation shows that if 
y = 0, a; = 1.88+. Does the result 
agree with the figure ? 



X' 



- I 

.. / 

/ 
/ 



't 
I-- 

I-- 
1 1 



X 



473. Consider any rational integral function of a:, i 
example, x^ + x — ^. 

Put y = X* -v I — 
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X^ 



+-+ 



I I \ 



4—1- 



f-»- 



-*X 



Assuming values of a:, we compute the corresponding 
values of y, and construct the graph. Now, any value of 
X which makes y = satisfies the equation a;* + a; — ^ = 0, 
and is a root of that equation ; hence, any abscissa whose 
corresponding ordinate is zero represents a root of this equa- 

y tion. The roots may be found, 

approximately, by measuring 
the abscissas of the points where 
the graph meets XX^, for at 
these points y = 0. 

From the given equation the fol- 
lowing table may be formed : 

If a; is y is 

0, -15.75. 

1, -13.75. 

2, - 9.75. 

3, - 3.75. 

4, + 4.25. 

The table shows that one root is 
between 3 and 4 (since y changes 
from — to +, and therefore passes 
through zero); and, for a like rea- 
son, the other is between —4 and 
-5. 

474. An equation of any de- 
gree may be thus plotted, and 
the graph will be found to cross 
the axis XX z& many times as 
there are real roots in the equa- 
tion. 

When an equation has no 
real root, the graph does not meet XX, 

In the equation x* — 6 a; + 13 = 0, both of whose roots are imagi- 
naiy, the graph, at its nearest aY"ipio«yG\i/^a^\x.xi\\a ^\jB\asi\.lTws!L X' X. 



/ 



.. / 



If sc is 


y is 


-1. 


- 15.75. 


-2. 


- 13.75. 


-3. 


- 9.75. 


-4. 


- 3.75. 


-5, 


+ 4.25. 



T^ 



X'^ 



H — I — \ — I — I- 



X 



Y' 
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If an equation has a doa- 
ble root, its graph touches 
JT'JT, but does not intersect 
it. 

The eqaation a^ + 4a;+4 = 
has the roots —2 and —2, and 
the graph is as shown in the 
figure. 






X^ — I — I — I — I ^ 'Y * I 



I 

I 
• -I 

/ 
.i 

f 

I. . 



+-4- 



Exercise 135. 
Construct the graphs of the following functions : 

1. 3^ + ^x-\0. 3. a;*-20ar* + 64. 5. a;* — 5a;' + 4. 

2. rc»-2a;»+l. 4. :r' - 4:r + 10. 6. r^-4a;* + a:~l. 

Derivatives. 

475. Increments, li f{x) is any function of x, then, if 
a: be a variable, f{x) will also be a variable. If we assign 
to X any particular value a, f{x) will take the particular 
value /(a). If we increase a: to a + A, f{x) will take the 
new value /(a + h). The increase, /(a + h) —f(a), in the 
value of /(a:), is called the increment of f(x) between x = a 
and x = a'\'h. In general the increase, f(x -|- h) —/(a;), in 
the value of /(a:) between any initial value, a:, of the varia- 
ble and a final value a; + A is called the increment of f(x) 
between these two values of x. 

Thus, if f{x) = »", the increment of f{x) from x — 2 to a; = 3 is 
3' — 2' = 27 — 8 =» 19. This increment is not equally distributed over 
the interval from a; =» 2 to a; = 3. Thus, if we divide the interval into 
three equal parts a; = 2 to a; = 2J, a; = 2J to a; = 2}, a; = 2J to a? = 3, 
the increments of a^ for these parts are 

(2J)» - 2» = W. (2f)» - (2J)» = W. and 3» - (2§)» = W- 
In general, for equal increments of a;, the increments oif{x) will be 
unequal ; that is, as a; varies, f(x) changes its values at a varying rate. 
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Similarly in the case of four factors, 

f{x) = (a: — a){x — h){x — c){x — d), 

every term of f\x) contains either x — aovx — bdAz, fac- 
tor. Consequently when 6 = a, f\x) will contain a; — a as 
a factor in every term. 

In general, we have the proposition 

If f(x) contain a double factor (x — a)', f'(x) will con- 
tain the same factor as a simple factor. 

By the same reasoning it is shown that if f(x) contain a 
triple factor (x — a)*, f'(x) will contain (x — a)' as a factor, 
and in general 

^ f (x) contain a fa^ctor (x — a)*, f (x) vnll contain as a 
factor (x — a)*"\ 

480. Multiple Boots. Let the equation /(a;) = have a 
multiple root a of order 1c. Then f{x) contains (x — a)* as 
a factor, and consequently f\x) contains (x — a)*~^ as a 
factor. The H. 0. F. of f(x) and /'(a:) therefore contains 
{x — a)*~^ as a factor. 

To find the multiple roots of the equation f{x) = 0. 

Find the H. 0. F. oif(x) and f^x) and resolve it into its 
factors. Each multiple root will occur once more in the 
equation f(x) = than the corresponding factor occurs in 
the H. C. F. 

Find the multiple roots of the equation 

ar^ - 15a;» ~ 10a;« + 60 a: + 72 = 0. 
Here f {x) = ofi-15a^-10x^ + G0x + 72, 
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Find the H. C. F. off{x) and /(a;), as follows : 



5 )54.0^45-20 + 60 
1+0- 9- 4 + 12 
1+1_ 8-12 

-1- 1+ 8 + 12 
_1_ 1+ 8 + 12 



1+0-15-10 + 60 + 72 
1+0- 9- 4 + 12 

- 6)- 6- 6 + 48 + 72 
1+ i_ 8-12 



1-1 



A The H. C. F. is a^ + x»-8a:- 12. 

We find, hy trial, that 3 is a root of the equation 

ar» + x»- 8a; -12 = 0. 

The other roots are found to be — 2 and — 2. 

Hence »» + x» - 8 a; - 12 = (x - 3XaJ + 2)«. 

Therefore 3 is a double root and — 2 a triple root of the given 
equation. As the equation is of the fifth degree, these are all the 
roots, and the equation may be written 

(x - Zy{x + 2)» = 0. 

Having found the multiple roots of an equation, we may 
divide by the corresponding factors, and find the remaining 
roots, if any, from the reduced equation. 



Exercise 137. 

The following equations have multiple roots. Find all 
the roots of each equation. 

1. 3^-bx' + 7x-S = 0, 

2. r'-3a:' + 4 = 0. 

3. a;*-2a;»-7a:' + 20a:-12 = 0. 

4. a:*-2a;»~lla;«+12a; + 36 = 0. 

5. a;*-24a;« + 64a: -48 = 0. 

6. ar^ + a:*-17r^-21a;« + 72a;+ 108 = 0. 

7. ^••-5a:' + 5a;* + 9a?-Ux'-4a:-^8 = 0. 
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Hence, a — A is a root of (2). Since the above is true for 
each of the roots of (1), and the two equations are evidently 
of the same degree, the roots thus found are all the roots 
of equation (2). 

Similarly for an equation of any degree. 

487. Oalculation of the OoefScients. The labor of calculat- 
ing the coeflScients in the transformed equation of (§ 486) 
can be greatly reduced by Synthetic Division. 

Suppose equation (2) of (§ 486) to be expanded and 
arranged in order of the powers of y, and suppose the result 
to be 

Since y = x—h^ this equation is equivalent to 
A{x-hy+B{x-hY+C{x-Kf+D{x~h)+E=0. (3) 

If we divide the left-hand member of (3) by a: — A, the 
remainder is E^ the last coeflScient. And if we divide 
the resulting quotient again by a; — A, the remainder is D, 
the next to the last coeflScient, and so on. 

Now the left-hand member of (3) is identically the same 
as the left-hand member of (1). Consequently we have the 
following rule for transforming any equation f{x) = into 
an equation whose roots are less by h. 

Divide /(a:) by a: — A, and the remainder will be the last 
coefficient in the transformed equation. Divide again by 
x — h, and the remainder will be the coefficient of the last 
term but one in the transformed equation. Continue the 
process until all the coefficients are determined. 

Obtain the equation which has for its roots the roots of 

the equation 

3a:* - 7ar» - 4a:» - 6a: -f 5 = 0, 

each diminished by 3. 
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The work is as follows 



3- 7- 4- 6 + 5[3 
+ 9+ 6+ 6+0 

3+24-2+ + 5 (5 = first remainder.) 
+ 9 + 33 + 105 

3 + 11 + 35 + 105 (105 = second remainder.) 

9 + 60 

3 + 20 + 95 (95 = third remainder.) 

9 



3 + 29 (29 = fourth remainder.) 

The required equation is then 

8aj* + 29ar» + 9dx^ + 105a; + 5 = 0. 

Exercise 138. 

Multiply the roots of each of the following equations by 
the number placed opposite the equation : 

1. ar'-5a;* + 2a:-3 = (-1). 

2. a:* + 4a;* + 3:P + 5 = (+2). 

3. 2a^-Sx' + bx-7 = (~2). 

4. bx* — Sa^ + 2x-~6 = (+5). 

Write the equations which have for their roots the recip- 
rocals of the roots of the following equations : 

5. 2^* + 3a:'- a: -2 = 0. 

6. Sx* + 6x^-x' + 2x + S = 0. 

7. 2sf^+Sx^-6x' + 6a^-Sx-2=0. 

Diminish the roots of each of the following equations by 
the number opposite the equation : 

8. a^ + ^x^-l2x-l7 = (+2). 

9. 3a?*-10rc' + 2a;'-5a: + 6 = (+3). 
JO. :r^-6r'-4ai* + 8x-VlO--0 (^-2], 
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488. Desoartes' Bnle of Signs. An equation in which all 
the powers of x from a? io af^ are present is said to be com- 
plete ; if any powers of z are missing, the equation is said 
to be incomplete. An incomplete equation can be made 
complete by writing the missing powers of x with zero 
coefficients. 

A permanence of sign occurs when + follows +, or — 
follows — ; a variation of sign when — follows +, or + fol- 
lows — . 

Thus, in the complete equation 

Jr* - 3a:* + 2a:* + »» - 2j;« - a; - 3, 
writing only the signs 

+ - + + ---. 
we see that there are three variations of sign and three permanences. 

Y or positive roots, Descartes* rule is as follows : 

The number of positive roots of the equation f (x) = can- 
not exceed the number of variations of sign in the quantic 

f(x). 

To prove this it is only necessary to prove that for every 
positive root introduced into an equation there is one varia- 
tion of sign added. 

Suppose the signs of a quantic to be 

+ - + + + + 

and introduce a new positive root. We multiply by re— A; 
or, writing only the signs, by H . The result is 

+ - + + + -- + 
+ ~ 



+ - + + + -- + 
-+. - + + ~ 

+ — + rt^— ^-V — 
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The ambiguous signs i, =F indicate that there is doubt 
whether the term is positive or negative. Examining the 
product we see that to permanences in the multiplicand 
correspond ambiguities in the product. Hence, we cannot 
have a greater number of permanences in the product than 
in the multiplicand, and may have a less number. But 
there is one more term in the product than in the multipli- 
cand. Hence we have at least one more variation in the 
product than in the multiplicand. 

For each positive root introduced we have at least one 
more variation of sign. Hence the number of positive roots 
cannot exceed the number of variations of sign. 

Negative Roots. Change a: to — a:. The negative roots 
of the given equation will be positive roots of this latter 
equation (§ 482), and the preceding rule may then be 
applied. 

489. From Descartes* rule we obtain the following : 

If the signs of the terms of an equation are all positive, 
the equation has no positive root. 

If the signs of the terms of a complete equation are alter- 
nately positive and negative, the equation has no negative 
root. 

If the roots of a complete equation are all real, the num- 
ber of positive roots is the same as the number of varia- 
tions of sign, and the number of negative roots is the same 
as the number of permanences of sign. 

490. Existence of Imaginary Boots. In an incomplete 
equation Descartes* rule sometimes enables us to detect the 
presence of imaginary roots. 

Thus, the equation ar*-f5a; + 7 = 

may he written a'dbOo? + 5x -vT =0. 
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518. Signs of the Terms. The principal diagonal term 
always has a + sign. 

To find the sign of any other term : Add together the 
number of inversions among the letters, and the number of 
inversions among the subscripts. If the total number is 
even, the sign of the term is + ; if odd^ — . 

Thu8, in the determinant {a^ \ Cj d^\ consider the term c^a^d^\. 
There are in c adh three inversions ; in 2 3 4 1 three inversions ; the 
total is six, an even number, and the sign of the term is +. 

519. In practice the sign of a term is easily found by 
one of the following special rules : 

Rule I. Write the elements of the term in the natural 
ordei* of letters ; if the number of inversions among the sub- 
sc7ipts is even^ the sign of the term is -{- ; if odd^ — . 

Rule II. Write the elements in the natural order of sub- 
scripts ; if the number of invei'sions amxmg the letters is even, 
the sign of the term is -{-; if odd^ —. 

Thas, in the determinant |a, b^c^d^\ consider the term c^a^dj)^. 
Writing the elements in the order of letters, we have a^-^c^d^. 
There are two inversions, viz. : 3 before 1, and 3 before 2; and the 
sign of the term is +. Or, write the elements in the order of sub- 
scripts, h^c^a^d^. There are two inversions, viz. : 6 before tt, and c 
before a ; and the sign of the term is -f. 

That these special rules give the same sign as the general rule of 
§ 518 may be seen as follows : 

Consider the term c^a^djb^. Its sign is determined by the total 

number of inversions in the two series o 3 4 i • ^^ing a, to the first 

position ; this interchanges in the two series c and a, 2 and 3. In 
each series the number of inversions is increased or diminished by 
one (§ 517), and the total is therefore increased or diminished by an 
even number. 

Interchange 6, and cf^, then interchange \ and c^ ; this brings h^ to 
the second place, and the letters into the natural order. As before, 
the total number of inversions is changed by an even number. 
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The term is now written CLJb^c^d^, and the number of inversions 
diflfers by an even number from that found by the general rule of 
J 518. Hence, the sign given by Rule I. agrees with the sign given 
by the general rule. 

520. If all the elements in any row (or column) are zero, 
the determinant is zero. For every term contains one of 
the zeros from this row (or column) (§ 515), and therefore 
every term of the determinant is zero. 

A determinant is unchanged if the rows are changed to 
columns and the columns to rows. For the rules (§§ 515, 
518) are unchanged if " row " is changed to '' column " and 
" column " to " row." 



Thus, 






a„ 



a. 









521. A determinant of the third order may be conven- 
iently expanded as follows : 




Three elements* connected by a full line form a positive 
term; three elements connected by a dotted line form a 
negative term. The expansion obtained from the diagram is 

which agrees with § 518. 

There is no simple rule for expanding determinants of 
orders higher than the tbiid. 
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Exercise 145. 



Prove the following relations by expanding 



1. 



(h 


Ch 




Ol ^1 




a. 


di 




h 


h 


K 


h. 




a-i bi 




b. 


b. 




Ch 


«i 



ai 


a. 


(h 




bi 


h. 


h 


:=■ 


Ci 


Ci 


Ci 





2. 



Find the values of : 

12 3 
3. 2 4 4. 4. 
3 4 5 



as 


Oj 


ai 




Ci 


c% 


Ci 


— 


bi 


h. 


b. 





b. 



3 2 4 
7 6 1 
5 3 8 



5. 



6. Count the inversions in the series 
5413 2. 751436 2. 

4152 3. 654213 7. 



Ci Oi 



4 5 2! 
-1 2 -3 
6-4 5 

d a c e b. 
c e b d a. 



7. In the determinant | a, b^ c^ d^, e^ \ find the signs of 
the following terms : 

ai^iCsC^^a. aJbiCid^e^. CxC^aJb^di. 

djb^Cidxei. b^Cffibie^d^. Ciajb^e^id^. 

8. Write, with their proper signs, all the terms of the 
determinant | Oi J, Cj cf* |. 

9. Write with their proper signs, all the terms of the 
determinant | ai b^ Cj dt, e^ \ which contain both a, and b^ ; all 
the terms which contain both b^ and e^. 

Expand the determinants : 



10. 



a b 




0a 




a b c 


b a 
a a b 


11. 


^> 
a a b b 


12. 


c a b 
b c a 


b b a 




b b a a 




a b c I 



DETEKMINANTS. 



505 



522. Number of Terms. Consider a determinant of the 
nth order. 

In forming a term we can take from the first row any 
one of n elements ; from the second row any one of w — 1 
elements ; and so on. From the last row we can take only 
the one remaining element. 

Hence, the full number of terms is n(n — l) 1, or |7i^ 



523. Interchange of Columns (or Bows). J^ two adjacent 
columns of a determinant A are interchanged^ the determi- 
nant thus obtained is — A. 

For example, consider the determinants 



A = 



<*! 


(h 


03 


OLk 




ffli 


(h 


a. 


a* 


6l 


A 


^3 


h 


, A'- 


i. 


h 


b. 


h 


Ci 


C2 


Cz 


Ci 


# 


Ci 


Ci 


Ci 


Ci 


d. 


d. 


d^ 


d. 




^ 


ds 


d. 


d. 



The individual elements in any row or column of A' are 
the same as those of some row or column of A, the only 
difference being in the arrangement of elements. Since 
every term of each determinant contains one, and only 
one, element from each row and column, every term of A' 
must, disregarding the sign, be a term of A. 

Now the sign of any particular term of A' is found from 
a series (§ 519, Kule I.) in which 3 2 is the natural order. 
The sign of the term of A which contains the same elements 
is found from a series in which 3 2 is regarded as an inver- 
sion. Consequently every term which in A' has a + sign 
has in A a — sign, and vice versa (§517). 



Therefore 



A' = -A. 



Similarly if any two adjacent columns or rows of any 
determinant are interchanged. 
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524. In any determivnnt ti^ if a particular column is 
carried over m columns y the determinant obtained is (— 1)"'A. 

For, successively interchange the column in question 
with the adjacent column until it occupies the desired posi- 
tion. There will be m interchanges made, and since there 
will be m changes of sign (§ 523), the new determinant 
will be (- 1)*A. 

Similarly for a particular row. 

625. In any determinant A if any two columns are inter- 
changed^ the determinant thus obtained is — A. 

Let there be m columns between the columns in question. 

Bring the second column before the first. The second 
column will be carried over m + 1 columns, and the deter- 
minant obtained is (— 1)"^*A (§ 524). 

Bring the first column to the original position of the 
second. The first column will be carried over m columns, 
and the determinant obtained is (— !)"*(— 1)"*'*'*A, or 
(_ l)*»+iA. 

Since 2m + 1 is always an odd number, this is — A. 

Similarly for two rows. 



Thus, 






<h 


<h 




^8 


a. 


<h 




<h 


\ 


^8 


:= — 


^8 


b. 


h 


= 


^8 


C2 


^8 




^8 


^2 


Ci 




^8 



o. 



a, 



6j bi 



526. Useful Properties. If two columns of a determinant 
are ideniicalf the determinant vanishes. 

For, let A represent the determinant. 

Interchanging the two identical columns ought to change 
A into — A. But since the two columns are identical, the 
determinant is unchanged. 

.-. A = -A, 2A=0, A = 0. 

Similarly, if two rows are identical. 
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527. If all the elements in any column be multiplied by 
any numier m, the determinant ivill be multiplied by m. 

For every term contains one, and only one, element from 
the column in question. Hence every term, and conse- 
quently the whole determinant, is multiplied by m. 

Similarly for a row. 



Thus, 



Again, 



TrhOi 


fh 


m6j 


K 


mc^ 


c, 


be 


a 


ca 


h 


ah 


c 



<h 




h 


= m 


Cs 




a" 




¥ 


1 


c" 


abc 



a. 



a« 



a. 



6i 6, 6g 



moj mbi mc^ 



a. 



abc 
bca 
cah 



a^ 
6» 



a' 



1 
1 
1 



a^ 
b^ 



a^ 



528. If each of the elements in a column is the sum of 
two numbers, the determinant may be expressed as the 
sum of two determinants. 



Thus, 



Ci + y 



a^ 
b. 



a a^ 


a« 


$ b. 


b. 


y <^. 


c. 



a^ tti a^ Oj 
^s = ^1 bi bi + 

C3 Ci C2 Cj 

For, consider any term, as (ai + a) b^Cs, This may be 
written aib^s + abiC^. Hence, every term of the first de- 
terminant is the sum of a term of the second determinant 
and a term of the third determinant. Consequently the 
first determinant is the sum of the other two determinants. 

Similarly for any other case. 

529. If the elements in any column (or row) are multi- 
plied by any number w, and added to, or subtracted from, 
the corresponding elements in any other column (or row), 
the determinant is unchanged. 



Thus, 



«! -^ ma^ 


a. 


bi zb m&a 


b. 


Ci zh mc^ 


Ct 



b. 



«1 


Oa 


bi 


*2 


Ci 


C2 



as 
b. 



ma. 


a. 


as 


mbi 


b. 


b. 


mc^ 


Ca 


Cs 
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The last determinant may be written 



zb m 



Ot (h (^ 
bi bi 63 

Cj Cj c^ 



, and therefore vanishes (§ 526). 



Hence, we have only the first determinant on the right- 
hand side. 

Similarly for any other case. 

This process may be applied simultaneously to two or 
more columns (or rows) ; but in this case care must be 
taken not to make two columns (or rows) identical (§ 526). 

The last property is of great use in reducing determi- 
nants to simpler forms. 



630. Examples. 



(1) 



b + c 
c + a 
a + b 



a 
b 



1 
1 
1 



b + c -\- a 
a-^- b-{- c 



= {a + b + c) 



a 1 




b 1 




c 1 




1 a 


1 


1 b 


1 


1 c 


1 



Begin by adding the second column to the first. 



0. 



(2) 



14 15 11 
21 22 16 
23 29 17 



3 4 11 

5 6 16 

6 12 17 



= 2 



= 2 



3 2 11 

5 3 16 

6 6 17 



3 2 2 

5 3 1 

6 6-1 



-2(19) = 38. 



Begin by subtracting the third column from the first and second 
columns. Then take out the factor 2, subtract 3 times the first col- 
umn from the third, and multiply out the result by 2 521. 
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Exercise 146. 



Show that 



1. 






a 


b 


a 





c 


b 


c 






-■=2abc. 2. 



a 


b 


a 


b 


a 


a 


b 


a 


b 



= -{a-b)\a + by 



3. 



b-\- c a a 

b c -\- a b 
c c a-\'b 



4i abc. 



4. 



1 a a^ 
1 b V 



= (a ~ b){b — c){c — a). 



Find the values of 



5. 



3 


5 


7 




2 


1 


3 


6. 


4 


3 


7 





2 


13 


20 




3 


9 


18 


7. 


5 


10 


23 





19 13 16 
25 16 28 
28 10 19 



Show that 



8. 



a 
b 
c 



a- 



be 
ac 
ab 



— — {a — b)(b — c){c — a)(ab + bc + ca). 



9. 



10. 



a + 2b 
a+Sb 
a + ib 

(a + by 

a' 
b' 



a + ib 
a + bb 
a + 6b 

(b + cy 

b' 



a + 6b 
a + Tb 
a + 8b 



= 0. 



a* 
(c + ay 



^2al>c{a + b + cy. 



531. Minors. If one row and one column of a determi- 
nant be erased, a new determinant of order one lower than 
the given determinant is obtained. This determinant is 
called a first minor of the gWen d^Wcm\Xi'^\A;. 
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Similarly, by erasing two rows and two columns we ob- 
tain a second minor ; and so on. 

Thus, in the determinant JO] 6, c,|, erasing the 
second row and third column, we obtain the first 



minor 



Ci c. 



This minor is said to correspond to 



«! 

^ 



a« 



^2 



6, 



the element h^, and is generally represented by A^^ ; so that, in this 
case, A^s = 









In general, to every element corresponds a first minor 
obtained by erasing the row and column in which the given 
element stands. 

632. Theorem. Ijf all the elements of the first row after 
the first element are zeros ^ the determinant redibces to aiAa^. 
Consider the determinant 



A = 



ai 

hi b^ bi b^ 

Ci Cj Cs C^ 

di di di di 



Every term of A contains one, and only one, element 
from the first row ; and all the terms that do not contain 
ai contain one of the zeros, and therefore vanish. The terms 
that contain a^ contain no other element from the first row 
or column, and, consequently, contain one, and only one, 
element from each row and column of the determinant 



^2 ^8 ^4 

Cj c^ c^ 
dt di di 



or A/ 



Hence, disregarding the sign, each term of A consists of 
ai multiplied into a term of Aa^. 

Take any particular term of A, as afiiCzd^ ; the sign is 
fixed (§ 519, Kule I.) by the number of inversions in the 
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series 14 3 2; the sign of the term btpijdt oi Aa^ is fixed 
by the number of inversions in the series 4 3 2. Adding 
«! makes no new inversions among either the letters or the 
subscripts. Consequently the sign of the term in A is the 
same as the sign of the term in aiA^^. 

Since this is true of every term of A, we have 

A = aAa^' 
Similarly for any determinant of like form. 

533. Terms containing an Element From § 532 it appears 
that the sum of the terms which contain Oi may be written 
ttiAoj. For, no one of the terms which contain a^ can con- 
tain any one of the elements Oj, as, a^, , and these terms 

are therefore unchanged if for a,, as, a^^ in the given 

determinant we put zeros. 

If we carry the second column over the first, the deter- 
minant is changed to — A. By § 532 the sum of the terms 
of — A which contain a, is ajAa^, and the sum of the corre- 
sponding terms of A is therefore — OsAo,. 

In general, for the element of the ^th row and g^th col- 
umn, we shall have to carry the pth row over p — \ rows, 
and the ^th column over q — 1 columns in order to bring 
the element in question to the first row and first column. 
The new determinant is A if jt? + g' — 2 is even, and is — A 
if ^ + ^ — 2 is odd (§ 524). Consequently, the sum of the 
terms of A which contain the element of the ^th row and 
g'th column is the product of that element by its minor ; 
the sign being + \i p + qi% even, and — if /? -f g' is odd. 



Thus, in 



«! 


a. 


08 


a, 


h 


^ 


h 


h 


Cl 


Ct 


Cz 


c* 



di d^ d^ d^ 
Here jd - 3, 5' =» 3, and p + q \a coca. 



the sum of the terms which contain 
Cj is CsAcj. 
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634. Oo-facton. Since every term contaius one element 
from each row and column, if we add together the sum of 
the terms containing ai, the sum of the terms containing a,, 
and so on, we shall obtain the whole expansion of the given 
determinant. 

Thus, in the determinant [oi i, Cj di], 

A = ajAflj — a,Aa, + aAa, — ^*^- 
The expressions Ao^, — Aa,, Aa,, — ^^ are called the 
oo-facton of the several elements Oi, a,, Os, a^j and are gen- 
erally represented by Ai, -4„ -4j, A^. 

Hence, in the case of |ai b^ c^ dt], we may write 

A = aiAi + OtAt + OiAi + a*^*. ; 
= b,B, + b,B,+b,B, + b,B,, 
= a,A^ + b^B^ + CrC,+d,D,, 

and so on. Similarly for any determinant. 

636i Theorem. ' If the elements in any row are multiplied 
by the co-factors of the corresponding elements in another 
row, the sum of the products vanishes. 

Thus, in the determinant laib^c^ dX 



Ol 


a. 


<h 


a* 


b. 


h. 


b. 


h 


Cl 


Ci 


Cs 


Ci 


d. 


d. 


d. 


d, 



b,B, + b,B, + bsB, + b,B,= 



No one of the co-factors Bi, B^, B^, B^, contains any of 
the elements bi, b^, b^, b^. These co-factors will, conse- 
quently, be unaffected if in the above identity we change 
^ii l>2i bi, bi to a,, Oj, 03, a^. This gives 



aiBi -f- Oj-Sa + a^Bi + a^B^ 



Similarly for any other case. 



ai 


a. 


as 


a* 


«! 


a. 


«8 


«4 


Cl 


Ct 


Cz 


Ci 


d. 


d. 


* 


d. 



= 0. 
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636. EvaJnation of Determinants. By using § 517, § 519, 
and § 534 we can readily obtain the value of any numer- 
ical determinant. 



Ex. Evaluate 



3 
1 
2 
4 



1 
3 
1 
3 



4 
2 
3 

2 



1 
1 
3 
3 



From the first row subtract 3 times the second, from the third 
twice the second, from the fourth 4 times the second. The result is 

-8 -2 -2 
13 2 1 
0-5-1 1 

-9 -6 -1 

which, by J 534, reduces to 



= 70 (J 621). 



8 


-2 


-2 




8 


2 


2 


5 


-1 


1 


or 


5 


1 


-1 


9 


-6 


-1 




9 


6 


1 



Write the determinant 



, and let Ai, A^, Bi, 



537. Simultaneous Equations. Consider the simultaneous 

equations 

aiX + b^ + CiZ = i„ 

a^ + h^ + CsZ^K 
ai hi Ci 

O] &2 Ci 

(h h ^8 
B^, etc., be the co-factors in this determinant. 

Multiply the first equation by Ai, the second by ^,, the 
third by A^, and add. The result is 

(aiAi + OiAa + aiAa)x = kiAi + k^At + hAt, 

since (§ 535), biAi + ij-4, + b^As = 0, 

and CiAi + c^ili -\- CxA%^ Q. 
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and EC=FA + KC= FA + EB = h + h\ 

••• 00= a + a' + {h-\- V)i = {a + bi) + {a! + hH), 
But 00=OA + OB, 

Consequently, the geometric sum of the vectors of two com- 
plex numbers is the vector of their sum. 

Since vector addition is commutative, it follows that the 
addition of complex numbers is commutative. 

The sum of two complex numbers is the geometric sum 
of the sum of the real parts and the sum of the imaginary 
parts of the two numbers. 

The preceding may be made clearer by a particular example. 
Find the sum of 2 + 3 1 and — 4 + i. 

2 + 3 1 = CM and — 4 + i = OM^. If now we proceed from M, 

y the extremity of OM, in the 

direction of OJf' as far as 
the absolute value of Oif , 
we reach the point if ^ 

Hence, OJlf'>' = - 2 + 4 i, 
the sum of the two given 
complex numbers. 

The same result is reached 
if we first find the value of 
X' A' A'' O AX 2 + (-4) = -2. That is, if 

we count from two real units to A^^y and add to this sum 3 1 + i= 4i ; 
that is, count four imaginary units from A'' on the perpendicular 
A^'M^'. 




543. Modtdns and Amplitude. Any complex number, 
a + &i, can be written in the form 



V 



VVa'- 



The expressions 



a 



and 



i=4 

a^ + h' J 



VoM^ Va'' + ^>' 



may be taken 



s 



Su 

c j3 
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In one case, however, that in which the representative 
vectors are collinear, the modulus of the sum is equal to 
the sum of the moduli. 

546. Mnltiplioation by Beal Numbers. Let a + bi be any 
complex number. If the representative vector be multi- 
plied by any real number c, it is easily seen from a figure 
that the product is ca + cb^- 

Therefore, c{a + bi) = ca + cbi. 

It follows that the multiplication of a complex number 
by a real number is distributive. 

Y Ex. To multiply - 2 + i by 3 : Take 
OA = — 2 on OX^, and erect at A the per- 
pendicular AM= 1. Then 0M= — 2 + i ; 
and, by taking OM three times, the 
.. result is OM^ = — 6 + 3i, the product 
of (-2 + 1) by 3. 
X' A' A 

546. Mnltiplioation by Pure Imaginaries. We have seen 
(§ 538) that multiplying a real number, or a pure imaginary, 
by i turns that number through 90°. Let us consider the 
effect of multiplying a complex number by i. 

By the commutative, associative, and distributive laws, 

i X r (cos ^ + * sin ^) = r {i cos ^ — sin ^) 

= r (— sin ^ + * cos <f>) 
by Trigonometry, = r [cos (90° + ^) + ^ sin (90® + ^)]. 

Here, also, the effect of multiplying by i is to increase 
<^ to <^ + 90° ; that is, to turn the representative vector 
in the positive direction through an angle of 90°. 

The effect of multiplying by a pure imaginar}'' bi will be 
to turn the complex number through a positive angle of 
90°, and also to multiply the modulus by J. 




I) 



in 
SiS. 




